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The airflow round an aircraft is a phenomenon of high complexity. To 
study it, in the present state of our knowledge, demands simplifying assump- 
tions. These must be largely based on experimental observation of what 
actually happens ; that is one aspect of the practical side of aerodynamics. 
To make mathematical deductions and predictions belong to the theoretical 
side and it is the theoretical* side with which this book is concerned. 

The aim is therefore to lay bare the assumptions, to bring them to explicit 
statement so that the reader may be consciously aware of what is assumed, 
and then to examine what can be deduced from the assumptions as a first 
approximation. 

The treatment is based on my lectures to junior members of the Royal 
Corps of Naval Constructors at the Royal Naval College during the past ten 
years. v 

The mathematical equipment of the reader is presumed not to extend 
beyond the elements of the differential and integral calculus. What further 
is needed is mostly developed in the course of the exposition, which is thus 
reasonably self-contained. It is therefore hoped that the book will provide a 
solid introduction to the theory which is the indispensable basis of practical 
applications. 

Since the use of vectors, or in two-dimensions the complex variable, intro- 
duces such notable simplifications of physical outlook and mathematical 
technique, I have had no hesitation in using vector methods. On the other 
hand the subject has been presented in such fashion that the reader who prefers 
cartesian notations should encounter little difficulty in adapting the vector 
arguments to a cartesian presentation. Chapter XXI on vectors has been 
added for the benefit of those with little or no previous acquaintance with 
vector methods. This chapter may be read first, or just before Chapter IX, or 
merely used as a compendium for reference. 

Apart from Chapters I and II which are of a preliminary general character, 
and Chapter XXI on vectors, the work falls into four fairly well-defined parts. 
Chapters III to VIII contain the theory of two-dimensional. Chapters IX to 
XIV that of three-dimensional aerofoils, including propellers and wind tunnel 
corrections. Chapters XV, XVI, XVII deal with the effect of the compres- 
sibility of air in subsonic and supersonic flow. Chapters XVIII to XX are 
concerned wdth the aircraft as a whole. 

The chapters are divided into sections numbered in the decimal notation. 
The equations are numbered in each section independently. Thus 7T4(3) 
refers to equation (3) in section 7T4 which, as the integer before the decimal 
point indicates, occurs in Chapter VII. Backward and forward references are 

* To “the uninstructed and popular world ” practical and theoretical are antonyms; a, 
palpably false proposition. 
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freely used to aid the reader in following an argument or in comparing similar 
situations. Each diagram, of which there are 260, bears the number of the 
section to which it belongs and may therefore be traced without delay or 
exasperation. 

About 300 exercises have been provided, collected into sets of Examples 
at the ends of the chapters. Some of these are very easy, others quite difficult, 
and many supplement the text. The majority were composed specially for 
this book. 

References to literature are given where they appear to me to be appropri- 
ate or useful, but no attempt has been made to give systematic citations. I 
have made absolutely no endeavour to settle or assign priority of discovery. 
The coupling of a particular name with a theorem or method simply indicates 
an association in my own mind. The proper historical setting I must leave to 
those who have the time and the taste for such research. 

This book was intended to appear long since, but other preoccupations 
during the war years prevented that. The delay has, however, allowed the 
presentation of matter which has appeared in the interim, and has also given 
me the fortunate opportunity of having the whole book read in manuscript by 
my colleague Mr B. M. Brown, to whom I owe a great debt for his criticisms 
and improvements. Another friend, Mr A. C. Stevenson, has likewise rendered 
invaluable service by his diligent help in proof reading and by important 
suggestions. To both these friends I wish to express my lively gratitude and 
appreciation. I also take this opportunity of expressing my thanks to the 
officials of the Glasgow University Press for the care and attention which they 
have given to the typography, and for maintaining a standard of excellence 
which could scarcely have been surpassed in the pre-war years. 

L. M. Milne-Thomson 

Royal Naval College 

Greenwich 

May 1947 

PREFACE TO THE FOURTH EDITION 

The gratifying reception accorded to this work has encouraged me to strive 
for improvements. Opportunity has been taken to make several corrections, to 
revise certain passages and to carry out extensive rearrangements. Additional 
matter has been introduced particularly in connection with supersonic flow. 
Moreover a new circle theorem, here called the “ second circle theorem ”, to 
deal with flow of constant vorticity is given for the first time. 

L. M. M.-T. 

Mathematics Department 
The University of Arizona 
Tucson, Arizona 
April 1966 
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SYMBOLS 


The following list is intended to show the most frequent conventional meaning 
with which certain symbols are used in this book. 

The list is not exhaustive nor does it preclude some symbols being used in 
other senses (which are always defined). 

The numbers in brackets indicate the section where the meaning is first used 
or explained. 

A aerodynamic force (1-01) 

A aspect ratio (1-13) 

a, a' slope of the (C L , a) graph for finite aspect-ratio (11-24) ; inter- 

ference factors (13-4) 

a 0 slope of the (C L , a) graph for two-dimensional motion (7-13) 

b span (1-1) 

c chord (1-11, 1-12) ; speed of sound (1-5) 

G cross-sectional area of a wind tunnel (14-4) 

C L lift coefficient, C D drag coefficient, etc. (1-73) 

D drag (1-02) 

g, g acceleration due to gravity and its magnitude (20-01, 2-5) 

i square root of - 1 (3-4) 

i, j, k unit vectors along the x-, y-, z-axes (11-1) 

J rate of advance coefficient (13-42) 

K circulation (5-5) 

L lift (1-02) 

l typical length (1-71) : l 2 in Joukowski transformation (6-1) 

M pitching moment (1-73) ; Mach number (1-71) 

n unit normal vector (9-31) 

p pressure (1-4) ; aerodynamic pressure (2-13) ; angular velocity 

of rolling (19-2) 

Q engine torque (13-1) 

q, q air velocity and speed (1-21); angular velocity of pitching (19-0) 
R Reynolds’ number (1-71) 

r position vector (1-21) 

r angular velocity of yawing (19-2) 

S plan area of wings (1-13) 

T absolute temperature (2-5) ; propeller thrust (13-1) 

t time 
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SYMBOLS 


u, v, w components of air speed (3*11) 

V, V velocity of aircraft, and aircraft speed (1-01, 1-71) 

W weight of aircraft (1-01) 

w complex potential (3*7) ; velocity of downwash (11-21) ; wing ; 

loading (18-31) 

X, Y, Z components of aerodynamic force (5-4) 

2 x + iy, complex variable (3-4) 

a incidence, angle of attack (1-15) 

P absolute incidence (7-13) ; angle of side-sbp (18-33) ; J(1 - Mf) 

(15-4) 

y angle between Axes I and II (7-14) ; gliding angle (1-02) 

dihedral angle (19-6) ; ratio of specific beats (15-01) 

P circulation (11-2) 

8 aerofoil characteristic (11-53) 

e angle of downwash (11-24) ; complex variable (17-12) 

€/ wind tunnel interference angle (14-4) 

£ vorticity vector (9-3) 

£ £ 4- ig in conformal mapping (3-6) 

r) efficiency of a propeller (15-1) 

k strength of a vortex (4-11) ; propeller characteristic (13-42) 

fi Mach angle (16-1) ; relative aircraft density (20-2) 

v kinematic viscosity (1-6) 

77 ratio of length of circumference of a circle to its diameter 

w impulsive pressure (3-31) 


n 

p 

E 

T 

-A 

si 

Q 

to 

to 


air pressure at infinity (5-32) 
air density (1-3) 
summation (1-71) 

aerofoil characteristic (11-51) ; propeller characteristic (13-42) ; 

unit of time (20-21) 
velocity potential (3-31) 
stream function (3-1) 
angular velocity of aircraft (20-01) 
angular speed of propeller (13-1) ; force potential (2-11) 
surface vorticity (9-6) ; angular velocity (20-1) 
magnitude of vorticity (3-21) ; angular speed 


• 1 ■ 1 kl 

' dx + dy + dz 


(9-1) 
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CHAPTER I 


PRELIMINARY NOTIONS 


i -0. The science of aerodynamics is concerned with the motion of air and 
of bodies moving through air. In particular it is concerned with the motion of 
aircraft. 

I 01. Aerodynamic force. Air is a fluid, and in accordance with the 
hydrostatical theorem known as the principle of Archimedes an aircraft will be 
buoyed up by a force equal to the weight of air displaced by the aircraft. Thus 
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if we denote by the vector * W the weight of the aircraft and by the vector w 
the force of buoyancy, the total force due to gravity and buoyancy is W + W. 
We observe that the weight W is a force of magnitude W whose direction is 
vertically downwards, while the force of buoyancy w is a force of magnitude 
w whose direction is vertically upwards, so that the magnitude of the force 
W + W is W - w. This force W + w will act whether the aircraft is at 
rest or in motion. 

To fix our ideas let us suppose that the aircraft is moving with constant 
velocity V in a horizontal direction through air which is otherwise at rest, that is 
to say any motion of the air is due solely to the motion of the aircraft. Let this 
motion be maintained by a tractive force T exerted by the propeller.! 

Newton’s first law of motion asserts that the resultant force on the aircraft 
must be zero, for the motion is unaccelerated. It follows that there must be an 
additional force A, say, such that the vector sum 

T + (W + w) + A = 0 . 


* We shall denote vectors by letters in clarendon (heavy) type while their magnitudes will be 
denoted by the corresponding italic letter. See 21-0. 

f We typify the propulsive system by the term propeller. The actual mechanism may be other 
than an airscrew, for example, jet propulsion. 
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This force A is called the aerodynamic force exerted on the aircraft. One of 
the major problems of aerodynamics is the investigation of this force. 

The above definition of aerodynamic force is based on a state of motion in 
which the aircraft advances with constant velocity V in air otherwise at rest. 
If we imagine superposed on the whole system, aircraft and air, a uniform 
velocity - V, the aircraft may be considered at rest with the air streaming 
past it, the air velocity at points distant from the aircraft being — V. 

It is important to observe that the aerodynamic force is theoretically the 
same in both cases, and therefore we may adopt whichever point of view may be 
the more convenient in any particular case. The use of wind tunnels to measure 
forces on aircraft is based on this principle.* We shall always refer to the 
direction of V as the direction of motion, and to the direction of - V as the 
direction of the air stream, or relative wind. 

The whole surface of the aircraft is subjected to air pressure. The aero- 
dynamic force is caused by that part of the pressure distribution which is due to 
motion, see 2'13, and this statement will serve to define the force in the general 
case when the velocity of the aircraft is not uniform. 


I '02. Lift and drag. The aerodynamic force can be resolved into two 
component forces, one at right angles to V and one opposite to V. 



Fig. 102 (i). 


These forces L and D are called respec- 
tively the lift and drag. If y is the angle 
between L and A, we have 


The angle y is called the gliding angle (see 
18-3). Inasmuch as drag is an undesirable 
(but unavoidable) feature, for it entails ex- 
penditure of energy to maintain flight, the 
gliding angle should be as small as possible. 
An aircraft with a small gli din g angle is said 
to be streamlined, and proper streamlining is 
another problem of aerodynamics. 


In order to avoid any false impression that lift and drag are related to 


vertical and horizontal directions we give two formal definitions 


Def. Lift is the component of aerodynamic force perpendicular to the direction 
of motion. 

* Corrections have to be made to measured values, see, for example, Ch. XIV. It may also be 
observed that natural air is but little turbulent whereas artificially generated wind streams are 
usually markedly turbulent. Thus the above mentioned theoretical equivalence of the two states 
has practical limitations. 
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Def. Drag is the component of aerodynamic force opposite to the direction of 
motion. 

This point is illustrated in fig. 1-02 (ii) which shows the various directions of 
the lift as an aircraft “ loops the loop ”. In particular it can be seen that the 
lift can be directed horizontally and even vertically downwards. 



Fig. 1-02 (ii). 

M. Monoplane aircraft. Fig. 1-1 (a) shows in diagram form the 
essential features of a monoplane aircraft. The propellers are omitted. The 



Fig. 1-1 (a). 


main lifting system consists of two wings which together constitute the aerofoil. 
The tail-plane also exerts lift. According to the design the aerofoil may, or 
may not, be interrupted by the fuselage. The designer wall subsequently allow 
for the effect of the fuselage as a disturbance or perturbation of the properties 
of the aerofoil. For the present purpose we shall ignore the fuselage, and 
treat the aerofoil as one continuous surface. 

The control surfaces consist of the elevators, ailerons, and rudder. 

When the ailerons and rudder are in their neutral positions the aircraft has 
a median plane of symmetry which divides the whole machine into two parts 
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each of which is the optical image of the other in this plane considered as 
a mirror. 


The wings are then the portions of the aerofoil on either side of the plane of 
symmetry. 



Plane of symmetry 

Fig. 1-1 (6). 


The wing tips consist 
of those points of the 
wings which are at the 
greatest distance from the 
plane of symmetry. Thus 
the tip can be a point, a 
line, or an area according 
to the design of the aero- 
foil. 

The distance between 
the tips is called the span 


. which will be denoted by b. 

e section of a wing by a plane parallel to the plane of symmetry is called 
a profile. The shape and general orientation of a profile will usually depend 
on its distance from the plane of symmetry. In the case of a cylindrical wing 
g. !•! (c), the profiles are the same at every distance. 



Fio. I-l (c). 

The curve which bounds a profile is of “ tadpole ” outline. Fig. 7-0 shows 
several profiles. 


I • 1 1 . Chord of a profile. As a general definition the chord of any profile 
is an arbitrary fixed line drawn in the plane of the profile. 

The chord has direction, position, and length. The 
main requisite is that in each case the chord should 
be precisely defined, since the chord enters into the 
constants which describe the aerodynamic properties 
of the profile. 

The official definition is the line which joins the 
centres of the circles of curvature of minimum radius 
at the nose and tail. Fl0 ' I * 111 

Another definition is the longest line which can be drawn to join two points 
of the profile. 
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A third definition which is sometimes convenient is the projection of the 
profile on the double tangent to its lower surface (i.e. the tangent which touches 
the profile at two distinct points). 



Fig. 1-11 (6). 

This definition fails if there is no such double tangent. 

I *12. Chord of an aerofoil. In the case of a cylindrical aerofoil, fig. 
1*1 (c), the chord of the aerofoil is taken to be the chord of the profile in which 
the plane of symmetry cuts the aerofoil. 

In all other cases we define the chord of the aerofoil as a mean or average 
chord located in the plane of symmetry. 

Take any convenient (see 11*1) axes of reference x, y, 2 , the origin being 
situated in the plane of symmetry and the y-axis being perpendicular to that 
plane. Consider a profile whose distance * from the plane of symmetry is | y | . 
Let c be the length of the chord of this profile, d the inclination of the chord to the 
xy plane, and (x, y, z) the coordinates of the quarter point of the chord, that is 
to say the point of the chord at distance \c from the leading edge of the chord 
(see 7-31). Since the profile is completely defined when y is given, all these 
quantities are functions of y. The chord of the aerofoil is defined by averaging 
across the span. Thus if c m is the length of the mean chord, (x m , 0, z n ) its 
quarter point, and 8 m its inclination, we take 



These mean values completely define the chord of the aerofoil in length, 
direction, and position. 


M3. Aspect ratio. Consider a cylindrical aerofoil, fig. 1-1 (c). Let us 
imagine this to be projected on to the plane which contains the chords of all the 
sections. (This plane is perpendicular to the plane of symmetry and contains 
the chord of the aerofoil.) The projection in this case is a rectangle of area S, 
say, which is called the plan area of the aerofoil. 

The plan area is quite distinct from the total surface area of the aerofoil. 
The simplest cylindrical aerofoil would be a rectangular plate and the plan area 
would then be half the total area. 

The aspect ratio of the cylindrical aerofoil is then defined by 



* | y | means the numerical or absolute value of y. Thus, for example, |3| =3, | - 4 | = 4. 
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In the case of an aerofoil which is not cylindrical the plan area is defined to 
be the area of the projection on the plane through the chord of the aerofoil 
(mean chord) perpendicular to the plane of symmetry, and the aspect ratio is 
then defined to be 



A representative value of the aspect ratio is 6. 

M4. Camber. 



H c M 


Fra. 114. 

Consider a profile and its chord. Let y v , y L be the ordinates of points on the 
upper and lower parts of the profile respectively for the same value of a; and let c 
be the chord, taken as z-axis. We then define 

upper camber = (y a ) m3X : c, 
lower camber = (yf)^ : c, 

where the notation refers to that ordinate which is numerically greatest. 
Camber has sign, positive or negative, according to the sign of (y n )^ or (y L ) rn ^. 
We observe that the abscissae of the points which correspond to (y n ) mix and 
(Vl) max may be different. r ‘ tL * 

We also define the camber line of the profile as the locus of the point 
(*> i {yv + yi))- In the case of a symmetrical profile y n + y L = 0 so that the 
camber line is straight and coincides with the chord. Denoting the numerically 
greatest ordinate of the camber line by («/) mas , we define 

mean camber = (y) max ; c . 

Observe that mean camber is not, in general, the same as the mean of upper and 
lower camber ; also that the mean camber of a symmetrical profile is zero. 
The word camber, without qualification, usually refers to mean camber. 

The thickness ratio is the ratio of the maximum thickness (measured per- 
pendicularly to the chord) to the chord. 

H5. Incidence. When an aircraft advances in the plane * of symmetry, 
the angle between the direction of motion and the direction of the chord of a' 
profile is called the geometrical incidence of the profile and will be denoted by the 

the plane of ^“°° d 40 “““ the of mot ‘“ *e aircraft is parallel to 
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letter a. An alternative term is angle of attack (fig. 1-15). For the aeroplane 
as a whole the geometrical incidence will be defined as the angle between the 
direction of motion and the chord of the aerofoil. When the chords of the 
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various profiles of an aerofoil are parallel the incidence is the same at each 
section. When the chords are not parallel the incidence varies from section to 
section and the wing has twist. 

The value of the geometrical incidence would be altered if a different line 
were chosen as chord. 

1*2. Fluids. All materials* exhibit deformation under the action of 
forces ; elasticity when a given force produces a definite deformation, which 
vanishes if the force is removed ; plasticity if the removal of the forces leaves 
permanent deformation ; flow if the deformation continually increases without 
limit under the action of forces, however small. 

A fluid is material which flows. 

Actual fluids fall into two categories, namely gases and liquids. 

A gas (such as atmospheric air) will ultimately fill any closed space to which 
it has access and is therefore classified as a (highly) compressible fluid. 

A liquid at constant temperature and pressure has a definite volume and 
when placed in an open vessel will take under the action of gravity the form of 
the lower part of the vessel and will be bounded above by a horizontal free 
surface. All known liquids are to some slight extent compressible. For most 
purposes it is, however, sufficient to regard liquids as incompressible fluids. 

It may be observed that for speeds which are sufficiently small fractions of 
the speed of sound, the effect of compressibility on atmospheric air can be 
neglected, and in many experiments which are carried out in wind tunnels the 
air is treated as incompressible.'!' 

Actual liquids (and gases) in common with solids exhibit viscosity arising 
from internal friction in the substance. Our definition of a fluid distinguishes a 
viscous fluid, such as treacle or pitch, from a plastic solid, such as putty or clay, 

* In this summary description the materials are supposed to exhibit a macroscopic continuity, 
and the forces are not great enough to cause rupture. Thus a heap of sand is excluded, but the 
individual grains are not. 

f In this sense we may use the convenient term “ incompressible air 
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since the former cannot permanently resist any shearing stress, however small, 
whilst in the case of the latter, stresses of a definite magnitude are required to 
produce deformation. Pitch is an example of a very viscous liquid, water is 
an example of a liquid which is but slightly viscous. For the present, in 
order to render the subject amenable to exact mathematical treatment, ’ we 
shall follow the course adopted in other branches of mechanics and make 
simplifying assumptions by defining an ideal substance known as an inviscid 
or ideal fluid. 

Definition. An inviscid fluid is a continuous fluid substance which can 
exert no shearing stress, however small. 

The continuity is postulated in order to evade the difficulties inherent in 
the conception of a fluid as consisting of a granular structure of discrete mole- 
cules. The inability to exert any shearing stress, however small, will be shown 
later to imply that the pressure at any point is the same for all directions at that 
point. 

Moreover, the absence of tangential stress between the fluid on the two 
sides of any small surface imagined as drawn in the fluid implies the entire 
absence of internal friction, so that no energy can be dissipated from this 
cause. A further implication is that, when a solid moves through the fluid or 
the fluid flows past a solid, the solid surface can exert no tangential action on 
the fluid, so that the fluid flows freely past the boundary and no energy can 
be dissipated there by friction. In this respect the ideal fluid departs widely 
from the actual fluid which, as experimental evidence tends to show, adheres 
to the surface of solid bodies immersed in it. 


1-21. Velocity. Since our fluid is continuous, we can define a fluid particle 
as consisting of the fluid contained within an infinitesimal volume, that is to say 
a volume whose size may be considered so small that for the particular purpose 
in hand its linear dimensions are negligible. We can then treat a fluid particle 

as a geometrical point for the particular purpose 



O 

Fig. 1-21 (a). 


of discussing its velocity and acceleration. 

If we consider, fig. 1-21 (a), the particle which 
at time t is at the point P, defined by the vector * 

r = OP, 


at time t x this particle will have moved to the 


point Q, defined by the vector 



The subject of vectors and the notations here used is explained in Chapter XXI. 
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The velocity of the particle at P is then defined by the vector * 


V ■ 1 1 

q — lim = — . 

h —*t — ■ t dt 

Thus the velocity q is a function of r and t, say 

q =/(r, t). 

If the form of the function / is known, we know the motion of the fluid. 
At each point we can draw a short line to represent the vector q, fig. 1-21 (6). 

To obtain a physical conception of the velocity field 
defined by the vector q, let us imagine the fluid to be filled yr 

with a large (but not infinitely large) number of luminous * 

points moving with the fluid. ^ 

A photograph of the fluid taken with a short time Fiq j. 21 
exposure would reveal the tracks of the luminous points 
as short lines, each proportional to the distance moved by the point in the 
given time of the exposure and therefore proportional to its velocity. This is 
in fact the principle of one method of obtaining pictorial records of the motion 
of an actual fluid. In an actual fluid the photograph may reveal a certain 
regularity of the velocity field in which the short tracks appear to form parts 
of a regular system of curves. The motion is then described as streamline 
motion. On the other hand, the tracks may be wildly irregular, crossing 
and recrossing, and the motion is then described as turbulent. The motions 
of our ideal inviscid fluid will always be supposed to be of the former 
character. An exact mathematical treatment of turbulent motion has not 
yet been achieved. 


1-22. Streamlines and paths of the particles. A line drawn in the 
fluid so that its tangent at each point is in the direction of the fluid velocity at 
that point is called a streamline. 

When the fluid velocity at a given point depends not only on the position 
of the point but also on the time, the streamlines will alter from instant to 
instant. Thus photographs taken at different instants will reveal a different 
system of streamlines. The aggregate of all the streamlines at a given instant 
constitutes the flow pattern at that instant. 

When the velocity at each point is independent of the time, the flow 
pattern will be the same at each instant and the motion is described as steady. 
In this connection it is useful to describe the type of motion which is relatively 
steady. Such a motion arises when the motion can be made steady by super- 

* The symbol is to be read as “ the limit when 1, tends to the value t ”, This is the 

usual method of defining differential coefficients, whose existence we shall infer on physical 
grounds. The symbol -> alone is read “ tends to 
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posing on the whole system a constant velocity. Thus when an aircraft flies on 
a straight course with constant speed in air otherwise undisturbed, to an observer 
in the aircraft the flow pattern which accompanies him appears to be steady and 
could in fact be made so by superposing the reversed velocity of the aircraft on 
the whole system consisting of the aircraft and air. 

If we fix our attention on a particular particle of the fluid, the curve which 
this particle describes during its motion is called a path line. The direction of 
motion of the particle must necessarily be tangential to the path line, so that the 
path line touches the streamline which passes through the instantaneous position 
of the particle as it describes its path. 

Thus the streamlines show how each particle is moving at a given instant 

The path lines show how a given particle is moving at each instant. 

When the motion is steady, the path lines coincide with the streamlines. 

I *23. Stream tubes and filaments. If we draw the streamline through 
each point of a closed curve we obtain a stream tube. 

A stream filament is a stream tube whose cross-section is a curve of in- 
finitesimal dimensions. 

When the motion is dependent on the time, the configuration of the stream 
tubes and filaments changes from instant to instant, but the most interesting 
applications of these concepts arise in the case of the steady motion of incom- 
pressible air, which we shall now discuss. 

In the steady motion, a stream tube behaves like an actual tube through 
which the air is flowing, for there can be no flow into the tube across the walls 
since the flow is, by definition, always tangential to the walls. Moreover, these 
walls are fixed in space since the motion is steady, and therefore the motion of 
the air within the walls would be unaltered if we replaced the walls by a rigid 
substance. 

Consider a stream filament of air in steady motion. We can suppose 
the cross-sectional area of the filament so small that the velocity is the same 

at each point of this area, which 
can be taken perpendicular to the 
direction of the velocity. 

Now let q v q 2 be the speeds of 
the flow at places where the cross- 
sectional areas are a 1 and a 2 . Since 
the air is incompressible, in a given time the same volume must flow out at 
one end as flows in at the other. Thus 

?i °i = ?2 a z- 

This is the simplest case of the equation of conservation of mass, or the 
equation of continuity, which asserts in the general case that the rate of genera- 
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tion of mass within a given volume must be balanced by an equal net outflow of 
mass from the volume. The above result can be expressed in the following 
theorem. 

The product of the speed and cross-sectional area is constant along a stream 
filament of incompressible air in steady motion. 

It follows from this that a stream filament is narrowest at places where the 
speed is greatest and is widest at places where the speed is least. 

A further important consequence is that a stream filament cannot terminate 
at a point within the fluid unless the velocity becomes infinite at that point. 
Leaving this case out of consideration, it follows that in general stream filaments 
are either closed or terminate at the boundary. The same is of course true of 
streamlines, for the cross-section of the filament may be considered as small 
as we please. 

1-3. Density. If M is the mass of the air within a closed volume V, 
we can write 

(1) M=V Pl , 

and Pl is then the average density of the air within the volume at that instant. 
In a hypothetical medium continuously distributed we can define the density p 
as the limit of Pl when F-» 0. 


1-4. Pressure. Consider a small plane of infinitesimal area da, whose 
centroid is P, drawn in the fluid, and draw the normal PN on one side of the 
area which we shall call the positive side. The other side will be called the 
negative side. 

We shall make the hypothesis that the mutual action of the fluid particles 
on the two sides of the plane can, at a given instant, be represented by two 
equal but opposite forces of magnitude p da applied 

at P, each force being a push not a pull, that is to / 

say, the fluid on the positive side pushes the fluid /pd<r 

on the negative side with a force of magnitude p da. y/ 

Experiment shows that in a fluid at rest these f j 

forces act along the normal. In a real fluid in motion Vs *^ F ^ 

these forces make an angle e with the normal (an- / 

alogous to the angle of friction). When the viscosity / 

is small, as in the case of air and water, e is very Fig ‘ 14 

small. In an inviscid fluid which can exert no tangential stress e = 0, and 

in this case p is called the pressure at the point P. 

In the above discussion there is nothing to show that the pressure p is 
independent of the orientation of the element da used in defining p. That this 
independence does in fact exist is proved in the following theorem. 


^pdcr ' 

Fig. 1-4 (a). 
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Theorem. The pressure at a point in an inviseid fluid is independent of 
direction. 

Proof. Let P, Q be two neighbouring points, and consider a cylinder of 
fluid, whose generators are parallel to PQ, bounded by a cross-section do 1 and 

an oblique section da 2 , the centroids 
dcr 2 of these sections being P and Q respec- 

T \ / tively. Let the pressures at P and Q, 

\.qX defined by the sections do 1 and da 2 , be 

J F P ldcr \ p x and p 2 , and let the normal at Q 

Fio. 1-4 (6). make an an ^ e ® with PQ. The volume 

of fluid within the cylinder is l da lt 
where l is infinitesimal. Let F be the component in the direction of PQ of the 
external force per unit mass of fluid, and let /be the acceleration of the cylinder in 
the direction of PQ. Then if p is the density, the second law of motion gives 
p 2 dcr 1 - p 2 da 2 cos 6 + F pi dcr 1 = / pi da v 

Now, da 2 cos 9 = da v Therefore dividing by da lt 

Pi ~ Pi = Ipif - F). 

If we let Q approach P, l will tend to zero and therefore p L - p 2 tends to 
zero. Thus when Q coincides with P we get p x = p 2 . Since the direction of 
the normal to the section at Q is quite arbitrary, we conclude that the pressure 
at P is the same for all orientations of the defining element of area, q.e.d. 

Pressure is a scalar quantity, i.e. independent of direction. The dimensions 
of pressure (see 1-7) in terms of measure ratios M, L, T of mass, length and 
time are indicated by ML~ l T~ 2 . 

The thrust on an area da due to pressure p is a force, of magnitude p da, 
that is, a vector quantity whose complete specification requires direction as well 
as magnitude. 

Pressure in a fluid in motion is a function of the position of the point at 
which it is measured and of the time. When the motion is steady the pressure 
may vary from point to point, but at a given point it is independent of the time. 

1*41. Thrust due to pressure. Consider a cylinder of ideal fluid of 
infinitesimal length ds and of cross-sectional area a, the dimensions of the 
cross-section being small compared with ds. 



Fio. 1-41. 

The pressure thrusts on the ends are pa and (p + ( dpjds)ds)a in opposite 
senses and the pressure thrusts on the curved surface of the cylinder form a 
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system of forces in equilibrium. Thus the net pressure thrust on the cylinder 
is in the direction of its length and is of magnitude 


( 1 ) 



where dr = a ds is the volume of the contained fluid. 

This result can be applied to a volume dr of any shape, provided its dimen- 
sions are infinitesimal, the thrust in the direction of a line element ds being given 
by (1). To see this, observe that such a volume can be divided into slender 
cylinders, of the type just considered, whose generators are all parallel to the 
direction of ds. 

In vector notation the thrust is - (y p ) dr, see 21-3. 


I '5. The speed of sound. We shall suppose that sound is propagated in 
air by small to-and-fro motions of the air whereby the disturbance passes rapidly 
from place to place without causing a transference of the air itself. This view is 
supported by “ dust tube ” experiments in which fine particles suspended in air 
show no appreciable motion when sound passes through the air in which they 
float. 

The basic assumptions are as follows : 

(i) The variations of the pressure, density and velocity caused by the passage 
of sound are infinitesimal quantities of the first order, that is to say their squares 
and products may be neglected. 

(ii) The pressure is a function of the density alone. 

With regard to (ii), experiment shows that the adiabatic law (15-01) 

(!) P = K P Y =f(p) 


is best suited to give agreement between theory and observation. Here y is the 
ratio of the specific heats at constant volume and constant pressure, and has for 
air the value 1-405 approximately. 

To fix our ideas, consider a long 

horizontal tube of small cross-section * Pq 

A containing air at rest and let us study * x * dx 

the portion of air, density p 0 , pressure ; ■ 

p 0 , between the sections at distance x p — \ — >• p ; ■* — p + dp 

and x + dx from a fixed point in tube. z + %+dx+d£ 

So long as the air is undisturbed p 0 and Fio. 1-5. 

p o are independent of x. 

W hen the sound is travelling through the air the bounding sections will be- 
come displaced, say to x + £ and x + £ + dx + d£ at time t, and the pressure 
on these sections will be perturbed, say to p and p + dp, while the density will 
change from p 0 to p. Observe that x is not a function of t but merely identifies 


x + f +dx+d% 
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the section which we are considering. On the other hand, £ measures the dis- 
placement of that section at time t and therefore f depends both on t and x. 
By the second law of motion 

a 2 £ 

- A dp = Po A dx , 

for d 2 £/dt 2 is the acceleration of all the air particles at x + £ and by (i) the 
accelerations of the remaining particles of air here considered will differ but 
infinitesimally from this. Thus 

(2 ) _ d 2 = n W 

( ' dx Po dt 2 ’ 

Again, the mass of air concerned is the same in both cases so that 

p(dx + d|) A = p 0 dx A 

and therefore p(l + dt//dx) = p 0 so that (see 1-9 (1)) 

(3) /■“ft(l-s)’ 

for p and p 0 differ infinitesimally and therefore (d£jdx) 2 is negligible. We proceed 
to eliminate p and £ from the three equations (1), (2), (3). From (1) and (3) 

d JP-r ln \ d -P- _ „ ft \ dH 

dx f dx P °S P ^ dx 2 ~ P °f ^ dx 2 

to our order of approximation (see 1-9). Combining this with (2) we get 


(4) 

3 2 /9p\ 
dt 2 \dx) 

-c 2 *( 
~ C ° dx 2 \ 

(5) 

c o 2 = f (po) 

(dp\ 

\dp/ 0 


It is readily verified that (4) is satisfied if we equate dp/dx to any arbitrary 
(differentiable) function of x — c 0 t or x + c 0 t, or the sum of any two such 
functions. If we take, for example, 

(®) J = J(* - <**), 


we see that the value of the pressure gradient dp/dx at the section * + c 0 r at the 
time t + r is the same as the value of dp/dx at the section x at time t. 

Thus the values of the pressure gradient move along the tube with the speed 
c 0 , and it is these changes of pressure gradient which the ear detects in audible 
sound. Thus we may identify the value of c 0 given by (5) as the speed of sound 
in air whose unperturbed pressure and density are p 0 , p 0 . 

In standard air at sea-level (2-5) we have approximately 
c 0 = 1120 ft. /sec. = 764 mi./hr. 
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In an ideal incompressible fluid any change of pressure is propagated 
instantaneously or, as we may say, with “ infinite speed ”. Thus the greater 
the speed of sound in a given fluid the more we should expect it to exhibit the 
properties characteristic of incompressibility. Therefore for motions of air in 
which the maximum speed involved is a sufficiently small fraction of the speed 
of sound we should expect to be able, as a first approximation, to treat the air 
as incompressible. 

1*6. Maxwell's definition of viscosity. 



Fig. 1-8. 


A horizontal plate moves forwards with velocity V over fluid which is in 
contact with a fixed horizontal plane. The fluid in contact with the plate is 
at rest relatively to the plate and moves with it, while the fluid in contact with 
the plane is at rest. Thus the fluid is urged forwards, i.e. in the direction of 
V, from above and retarded from below. If we consider the fluid between two 
planes at heights y and y + dy and denote by F the tractive force per unit 
area of the surface of the plane at height y, the assumption is made that 


where u is the velocity of the fluid in the plane at height y and p. is a constant. 
The corresponding tractive force per unit area on the fluid in the plane at 
height y + dy will then be 

' + "='(* + £4 

When a steady state has been reached we must have dF — 0 otherwise the fluid 
would be accelerated. Therefore d 2 u/dy 2 = 0 and so u = JJy/h where h is the 
height of the plate, since u = 0 when y = 0 and u — V when y = h; so that 
F = pU/h, which is constant. Thus if Z7 = 1 and h = 1, we get F = p, and 
we have Maxwell’s definition of the coefficient of viscosity p. 

The coefficient of viscosity is the tangential force per unit area on either of two 
parallel plates at unit distance apart, one fixed and the other moving with unit 
velocity. 

The dimensions (see 1*7) of p are those of 

force per unit area _ ML 1 !L 1 \ M 
velocity per unit length T 2 X L’ 1 ' \ T X Z' — LT 



16 


maxwell’s definition of viscosity 


PHYSICAL DIMENSIONS 


17 


[1-6 

In practice the kinematic coefficient of viscosity 

P- 

v = - 

P 

is more useful. The dimensions of v are therefore ML 1 T 1 x L 3 M — L T 
Thus in the c.g.s. system v is measured in cm. 2 /sec. ; in the British system in 
ft. 2 /sec. 

For air at 15° C., v = 1-59 x 10" 4 ft. 2 /sec. 

| . 7 . Physical dimensions. Physics deals with the measurable pro- 
perties of physical quantities, certain of which, as for example, length, mass, 
time and temperature, are regarded as fundamental, since they are independent 
of one another, and others, such as velocity, acceleration, force, thermal 
conductivity, pressure, energy are regarded as derived quantities, since they 
are defined ultimately in terms of the fundamental quantities. Mathematical 
physics deals with the representation of the measures of these quantities by 
numbers and deductions therefrom. These measures are all of the nature of 
ratios of comparison of a measurable magnitude with a standard one of like 
kind, arbitrarily chosen as the unit, so that the number representing the 
measure depends on the choice of unit. 

Consider a dynamical system, i.e. one in which the derived quantities depend 
only on length, mass and time, and change the fundamental units from, say, 
foot, pound, second, to mile, ton, hour. Let l v m v t, and l 2 , m 2 , t 2 be the 
measures of the same length, mass and time respectively in the two sets of units. 
Then we have 

(1) Zj = h x l 2 = Ll 2 , m l - Mm 2 , t 2 = Tt 2 , 

where L, M, T are numbers independent of the particular length, mass or time 
measured, but depending only on the choice of the two sets of units. Thus in 
this case, we have L = 5280, M = 2240, T = 3600. These numbers L, M, T 
we call the respective measure-ratios of length, mass, time for the two sets of 
units, in the sense that measures of these quantities in the second set are 
converted into the corresponding measures in the first set by multiplication by 
L, M,T. 

The measure-ratios V, A, F of the derived quantities, velocity v, acceleration 
a, and force/, are then readily obtained from the definitions of these quantities as 
V = L/T, A = V/T, F = MA, 

so that ultimately the measure ratio of a force is given by F = MLjT i . 
And in general if n v n 2 are the measures of the same physical quantity w in 
the two sets of units, we arrive at the measure-ratio 

^ = N = L x M y T z , 
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and we express this conventionally by the statement that the quantity is of 
dimensions L x M y T z (or is of dimensions x in length, y in mass, and z in time). 
If x = y = z — 0, then n x = n 2 , so the quantity in question is independent of 
any units which may be chosen, as for example, the quantity defined as the 
ratio of the mass of the pilot to the mass of the aircraft. In such a case we say 
the quantity is dimensionless and is represented by o pure number, meaning 
that it does not change with units. 

Now consider a definitive relation 

(3) a = be 

between the measures a, b, c of physical quantities in a dynamical system, i.e. a 
relation which is to hold whatever the sets of units employed, and which is not 
merely an accidental relation * between numbers arising from measurement 
in one particular set of units. Suppose the dimensions of o, b, c are respectively 
(p, 7> r )> (*» u )> an d ( x > y, z), so that 

(4) a x = a 2 L*M°T r , b t = b 2 L*M‘T u , c x = c 2 L x M y T“. 

Then (3) would become a x = b x c lt and (4) would then give by substitution 
a 2 L*M°T r = b 2 L , M t T u c 2 L x M y T‘. 

Now a 2 = b 2 c 2 , since the form of (3) is independent of units, and therefore 
L*M q T t = L’ +x M t+v T u +‘, or p = s + x, q = t + y, r = u + z. 

In other words, each fundamental measure-ratio must occur with the same 
index on each side of (3), i.e. each side of (3) must be of the same physical 
dim ensions. 

In systems involving temperature as well as length, mass, and time as 
fundamental quantities ( thermodynamical systems) a measure-ratio (say D) 
of temperature must be introduced (cf. 2-5). 

I *71. Aerodynamic force; dimensional theory. In 101 the aero- 
dynamic force was defined as the force on an aircraft caused by that part of the 
pressure distribution which is due to motion. Thus gravity does not enter into 
the specification of this force. Restricting our consideration to steady motion 
without rotation the aerodynamic force on an aerofoil or on a complete aircraft 
may be expected to depend on the following quantities whose physical dimen- 
sions are given : 


Quantity 

Symbol 

Dimensions 

Typical length 

l 

L 

Forward speed 

V 

LjT 

Air density 

P 

M/TJ 

Velocity of sound 

c 

LjT 

Kinematic viscosity 

V 

L 2 /T 


( 2 ) 


For an example of this see the period of the phugoid oscillation, 18-51. 
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Let us denote by A tbe magnitude of the aerodynamic force. The dimen- 
sions of A are then those of force, namely ML/T 2 . 

To begin with, let us suppose the air incompressible and inviscid. Then 
c = oo and v = 0, and A does not depend on either of these quantities, and we 
should be led to assume that A, depending only on l, V, p would be given by a 
formula such as 

( 1 ) A = \kp v V"l r , 

where \k is a dimensionless number, or by a sum of terms like that on the right. 
Since each side of (1) is of the same dimensions, we must have 

ml /jfy/zy _ M*L*+ r -* v 
= \J}) y[' L = 

Thus p = \, q = 2, q A r - Zp — and therefore (1) becomes 

(2) A = hkpVH 2 . 

It now appears that (1) only requires a single term. 

If we wish to take account of compressibility and viscosity, c and v should 
also appear and (1) will be replaced by * 

( 3 ) A = E\k ttP *V*Y#S, 

where \k st is a dimensionless number, and each term must have the dimensions 
of a force. Therefore 



Equating the indices of M, L, T on the two sides we get 

p = 1, q A r A s A 2i — 3 p — 1, q A s A t — 2, 
whence q — 2 - s - t, r = 2 - t, and therefore 

pfWl'&v* = pF 2 - s -‘l 2 -W = pVH^y’ (— ) _< . 

The dimensionless number M — V/c is called the Mach number or the 
Rayleigh number. It arises from taking account of compressibility. For an 
incompressible fluid M = 0. 

The dim ensionless number R — Vljv is called the Reynolds’ number. For an 
inviscid fluid R = oo, and for air, since v is small (see 1-6), R is large unless 
VI is also small. 

Thus (3) becomes 

A = \pVH*Zk st M-‘R-* = y\ n Sf(M, R), 


* 2 denotes the sum of all allowable terms such as the specimen which follows it. 
f There should be no occasion to confuse the Mach number M with the measure-ratio M. 
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where l 2 has been replaced by the plan area S, a proportional number of the 
same dimensions, and f{M, R) is a function, whose form is not determined by 
the present method, with values which are independent of physical units. 

The dimensionless number 


C A 


A 

\pV*S 


= f{M, R) 


is called the (dimensionless) coefficient of the aerodynamic force A. The effect 
of compressibility can usually be neglected if M < \ (see 2-32), so that in this 
case C A = F(R) a function of the Reynolds’ number only. 


I ‘72. Similar systems; scale effect. This last result gives rise to 
some remarks concerning the inferences to be drawn as to the behaviour of the 
full-scale machine from experiments made on a geometrically similar model. 
If the model tests give an aerodynamic coefficient C Am for a test conducted 
at a Reynolds’ number R m , the scale effect on the coefficient is given by 
C A : C Am = F(R) : F(RJ. 

The model tests will give the aerodynamic coefficient C A = C Am directly 

if R = Rm- 

Since R = Vl/v = Vlp/p and since p and p are the same in the machine and 
its model, while V and l are both greater for the machine than for the model, the 
model experiments are necessarily conducted for a smaller Reynolds’ number 
than that for which the machine will be used. Thus the above correction 
will have to be made in calculating the actual C A from the values obtained by 
model experiments. There is, however, a way out, namely by using a com- 
pressed air wind tunnel which has the effect of increasing p and therefore the 
Reynolds’ number. 

In conclusion it should be noted that in giving the Reynolds’ number a 
statement should always be made as to what particular length is taken for the 
typical length l. 


1*73. Coefficients. We have just seen how to define a dimensionles 
coefficient C A of aerodynamic force. In exactly the same way we define the 
coefficient of any component. Thus if L and D are the lift and drag components 
we have lift and drag coefficients 

C C - D 

L ipV 2 S’ D h P V*S' 

Fig. 1-73 shows typical curves of C L and C D plotted against geometrical 
incidence a. We shall consider the properties of such curves later. 
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In addition to force coefficients we have moment coefficients. The moment 
of the aerodynamic force about an axis perpendicular to the plane of symmetry. 



Fig. 1-73. 


called the pitching moment, will depend on the particular axis chosen. Denoting 
this moment about the chosen axis by M, we define the coefficient of pitching 
moment by 

_ M 
m %pV I 2 * * Sc' 

A typical graph is shown in fig. 1-73. 

It may be noted that if we choose \pV 2 S as the unit of pressure and the 
chord c as the unit of length the above aerodynamic forces reduce to the lift 
Ci, the drag C D and the moment C m . 

I - 8. The boundary layer. Consider a flat plate of length l at rest over 

which a stream of fluid passes with general velocity V. 

Consider a point P of the plate and a normal PN erected there. Let us 
draw vectors at points of this normal to represent the fluid velocity parallel to 

the plate. At P this velocity is zero (see 1-6). If the Reynolds’ number 

Vl/v is large, say of the order 10 5 , it is found that the velocity rapidly attains the 
value V as we recede from P. If we denote by 8 the height at which the velocity 
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attains the value 99F/100, say, the maximum value of S/l is about 0-02. 
Fig. 1-8 (i) shows the state of affairs, the vertical scale being greatly exaggerated. 
If PQ = § the locus of the points Q is a surface which passes through the leading 



Fra. 1-8 (i). 


edge of the plate, and the fluid between this surface and the plate constitutes 
the boundary layer. Inside the boundary layer the effect of viscosity is impor- 
tant. Outside the boundary layer the effect is negligible. The greater the 
Reynolds’ number the thinner becomes the boundary layer and we have prac- 
tically the case of an inviscid fluid flowing past the plate. There is, however, 
this difference. However small the viscosity the plate is subj ected to a tangential 
traction or drag urging it in the direction of V. This force is known as the 
friction drag , and this force can never be entirely eliminated. On the other hand 
the fluid outside the boundary layer behaves like an inviscid fluid. 

Now consider the steady flow past a circular cylinder at rest. 

If V is the speed of the stream in an inviscid fluid, it can be proved that 
the speed at the top A is 2 V and gradually falls off to zero at B. There is a 



V B 

Fig. 1-8 (ii). 


corresponding increase of pressure as we pass round from A to B. Now, if the 
fluid is viscous, the fluid in contact with the cylinder is at rest and the fluid in 
the immediate neighbourhood of the cylinder has a very small speed and cannot 
force its way round to B against the increasing pressure. Thus, if we perform 
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the same construction of vectors on the normals as before, fig. 1-8 (ii),* the 
diagram at A resembles that at P in fig. 1-8 (i), but just above a point such as D 
the component of velocity parallel to the tangent is actually reversed owing to 
the increase in pressure. Between A and D there is a point C such that at any 
point beyond C reversal will take place. At the point C the boundary layer is 
about to break away from the cylinder and in the portion beyond C there will be 
reversal of the flow and an eddying wake will form behind the cylinder, greatly 
increasing the resistance. The problem of “ streamlining ” is to devise shapes 
such that the boundary layer -will not break away and the wake will remain 
inconsiderable. This has been achieved in the profiles lik e that shown in 
fig. 1-8 (iii) which are found to make good aerofoil shapes. 



Fig. 1-8 (iii). 

For those there is a narrow ribbon wake but, to a first approximation, the 
problem of flow past such a shape is that of inviscid fluid flowing smoothly past 
the body. 

The above considerations give rise to some general observations : 

(1) It is found that to delay the breaking away of the boundary layer the 
region where the fluid is moving against increasing pressure should curve as 
gradually as possible, i.e. should have a large radius of curvature. 

(2) The importance of smoothing the surface over which the fluid passes lies 
in the fact that small projections above the general surface may so disturb the 
boundary layer as to cause a breaking away too near the leading edge. Apart 
from other reasons it is easy to see that a rivet whose head projects above the 
boundary layer may entirely alter the character of the flow, an exaggerated 
picture being shown in fig. 1-8 (iv). 



Fig. 1-8 (iv). 

(3) Good streamline shapes should be such that the breaking away point 
is as near as possible to the trailing edge. 

* The firm lines are streamlines ; is the boundary layers frontier ; between 

’ — * — * and the cylinder back flow is taking place. The diagram is purely schematic. 
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1*9. Approximations. In the applications of mathematics to physical 
measurements it is frequently desirable and often necessary to make approxima- 
tions in which certain numbers are neglected on the grounds that their inclusion 
would not affect significantly the accuracy of the calculation. The standard of 
approximation which is adopted in any given case is a matter of convention. 
Thus, if an error of ten per cent, is regarded as permissible, the approximate 
formula (1 + x) 2 = 1 + 2x might be used to yield (1-4)* = 1-8, the percentage 
error in defect of the true value 1-96 being less than 10 per cent. 

Without entering into individual numerical cases, the linear approximation 
will be defined as that approximation in which the squares (and higher powers) 
and products of the numbers which are to be regarded as small (in comparison 
with those retained) are neglected. On this understanding one of the com- 
monest approximations is the binomial formula 

(1) (1 + x) n = 1 + nx. 

Similarly, when x and y are small we can write 

(2) (1 + x){l + y) = 1 + x + y, = (1 + z)(l + «/) _1 

= (1 + x)(l - y) = 1 + x - y. 

Taylor’s theorem (or, when a = 0, Maclaurin’s theorem) in the form * 

/(a + x) =f(a) + xf (a) + \x 2 f"{a) + ••• 
yields the approximation 

(3) f{a + x) =f{a) + xf'(a) 
when x is regarded as small. 

An application of this was made in 1-5, where in effect, 

/'(/>) =f[Po+ (p-Po)] =f'{po) + (P ~ Po)f'(po) + ••• . 

and therefore if (p - p 0 ) and d 2 £;/dx 2 are small, we have approximately 

/»g=/'wg- 

It may happen that/' (a) = 0, and then Taylor’s theorem yields the approxima- 
tion 

f{a + x) = f (a) + \x 2 f"(p). 

This is not a linear approximation in the sense defined above (the linear 
approximation is f(a)), but it is the first approximation in the sense that it is 
the first approximation which differs from a simple constant. The idea of a 

* f'(a) is always to be obtained by first differentiating / (z) with respect to x, and then putting 
x = a. 
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first approximation is thus more general than the idea of a linear approxi- 
mation. 

To illustrate this latter point, the expansion 

tan (Jit - x) = - - | - ... 

shows that when x is small, the first approximation to tan (jtt - a;) is 1/a;, 
a number which increases as x decreases. Taking \tt = 1-5708 we get the 
approximation tan 1-4 = 5-851, which exceeds the correct value 5-798 by less 
than 1 per cent. 

A few examples which will be useful later are given ; 

(i) Expand 2Ae 3 /(e 2A - 1) as far as the term in A 2 . Since 

e 3 = 1 + A + JA 2 + JA 3 + ... , 
e 23 = 1 + 2A + 2A 2 + fA 3 + ... , 

the given expression is 

1 + A + |A 2 + ... _ _ 1A 

1 + A + §A 2 + ... 6 + 

by long division of the numerator by the denominator. 

1 “I* 

(ii) If cn* = 1 — \x 2 -i — - ^ — X 1 - ... , find the first approximation, 
when x is small, to 


UL+ 

cn x 

/I - cnx' 

LVl - 

cn x ^ 

1 + cn *- 


Here 1 - cn x = |* 2 ^1 - — 
Using (2) we get 


1 — cn x 
1 + cn x 


= \x 2 1 + 


1 j , 1 + cn x = 2 (1 

1 - 2 m A 
h 6 / 


Therefore from (1) 

/I - cn* , (, , 1 - 2m /I h 

Vrr^ = i n 1 + ^2“^j’ Vr; 

and therefore the given expression is equal to 


/ v 1 - cn * * \ 


1 - 1 + 


1 - 2 m 


lg2 - 2 ~ ” , 

4 a; - 6 a;. 


Observe that here the term in * 2 must be retained throughout. 

(iii) If a = x - |* 3 , find a second approximation to x when a is small. 
Clearly a first approximation is x = a. We therefore put x = a + e, which 
gives 

a = a + e — j (a 3 + 3 a 2 e + 3ae 2 -1- e 3 ). 
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Now c is necessarily small since o is itself small. Neglect all powers of e 
except the first. We then get e(l - \a 2 ) = ^a 3 , so that from (1), 

e = £a 3 (l + \a 2 ) = \a 3 , 

retaining only the most important term. Thus to a second approximation 

x = a + la 3 . 

This process could be continued as often as required. 

Indeterminate ratios of the form 0/0 may be evaluated by l’Hospital’s 
theorem, namely, if f(a) = 0 and <f>{a) = 0, then 

/(*) = />) 

X ,*4>(x) <f>'(a) 

Proof. If h is small, we have, approximately, from (3), 

/(a + h) — f (a) + hf (a) = hf (a), f{a + h) = <f>{a) + h<j>'(a) = h<f>'{a), 
lim^ = lim / (a - ^ A) 

x-+a<t>{ x ) h—*G *f>[ a + h) (f> (a) 

If f'(a) — 0 and </>' (a) = 0, the theorem can be applied again. 

Now consider f(a + x,b + y) when x, y are small. The extended form of 
Taylor’s theorem gives the linear approximation 


f{a + x, b + y) =/(a, b ) + *[^- 


+ x, b + 


f \ bf{a + x, b + y) 


where suffix 0 denotes that, after the differentiation, we put x = y = 0. 
Denoting these coefficients by A and B, we get 

(4) f(a + x, b + y) = f{a, b) + Ax + By. 

This result embodies the very important principle of the superposition by addition 
of small changes. If y were zero, we should have 

f(a + x, b) = f(a, b) + Ax, 

so that Ax is the increment in/(a, b) when b remains fixed and a is increased to 
a + x. Similarly By is the increment in /(a, b) when a remains fixed and b is 
increased to b + y. When both a and b vary slightly we add the increments, 
each of which can be obtained independently of the other. The principle applies 
whatever the number of variables. 

Thus, for example, if an aircraft is given a small rotation and a small 
translation, the change of position in space of its centre of gravity can be got by 
considering the changes due to rotation without translation, and translation 
without rotation, and then adding the results. 



26 


EXAMPLES 1 


EXAMPLES I 


27 


EXAMPLES I 

1. An aircraft has a mass of 6 tons and its solid structure displaces 250 ft. 3 
Calculate in lb. wt. the force of buoyancy, and the vertical component of the aero- 
dynamic force when the aircraft is moving horizontally at constant speed. 

Take the density of air to be 0-002378 slug/ft. 3 See 2-5. 

2 . An aircraft is travelling horizontally at constant speed of 300 mi./hr. 
If the drag is 70 lb. wt., calculate the least horse-power which the engines must 
exert to overcome this. 

3. The following table gives corresponding values of lift and drag on a certain 
aircraft ; calculate the gliding angles and exhibit your results as a graph. 

L 1820 3540 5290 7020 8760 10,480 

D 120 165 243 361 506 666 

Draw also a graph of the efficiency L/D. 

An aircraft of mass 3000 lb. is “ looping the loop ”. At the top of the loop 
the speed is 90 mi./hr. and the radius of curvature of the path is 500 ft. Calculate 
the lift at the top of the loop. 

5 . A flat aerofoil is in the shape of the quadrilateral ABCD where A, B, G, D 
are successive vertices of a regular hexagon. If the span is 30 ft., calculate the length 
of the mean chord, the plan area, and the aspect ratio. 

6. The aerofoil of Ex. 5 has the port and starboard wings rotated upwards 
through 5 about the line of symmetry so that the aerofoil is no longer plane. Find 
the mean chord and calculate the percentage change in the aspect ratio. 

7. A symmetrical profile is formed by drawing direct common tangents to two 
circles of radii 1 and 20, the nose and tail thus consisting of circular arcs. Find 
the length of the chord c, taken as the longest line in the profile, in terms of d the 
distance between the centres of the circles, and draw a graph to show the relation 
between c and d. 

Find the upper camber and the thickness ratio in terms of c. 

8. A profile is in the form of a segment of a circle of radius a cut off by a chord 
of length c. Calculate the mean camber, and obtain an approximation if c 4 /a 4 is 
negligible. 

9 . A profile is in the form of the segment of the parabola x 2 = l(h - y) cut off 
by a chord of length c parallel to the x-axis. Show that the mean camber of the 
profile is c/8l, and express this in terms of the angle which the tangent to the profile 
at the leading edge of the chord makes with the chord. 


10 . Plot the profile of the aerofoil Clarke YH from the following values of (x, y) 
where x, y are percentages of the chord length, and x is measured from the leading 
edge of the chord ; y Ut y L refer to the upper and lower surfaces. 


X 

0 

1-25 

2-5 

5 

7-5 

10 

15 

20 

30 

2/(7 

3-50 

5-45 

6-50 

7-90 

8-85 

9-60 

10-68 

11-36 

11-70 

2 /£ 

3-50 

1-93 

1-47 

0-93 

0-63 

0-42 

0-15 

0-03 

0 

X 

40 

50 

60 

70 

80 

90 

95 

100 


2/ v 

11-40 

10-51 

9-15 

7-42 

5-62 

3-84 

2-93 

2-05 


Vl 

0 

0 

0 

0-06 

0-38 

1-02 

1-40 

1-85 



Draw the camber line, estimate the upper, lower and mean cambers, and the 
thickness ratio. 


11. Incompressible air flows steadily through a conical tube whose cross-sectional 
diameter decreases linearly in the direction of flow from 2 R to R. If V is the mean 
speed where the diameter is 2 R, and v the mean speed where the diameter is 2r, 
draw a graph to show v/V as a function of Rjr at different points of the tube. 

12 . Show that atmospheric pressure at sea-level is about one ton weight per 
square foot. See 2-5. 

13. Assuming the speed of sound in air at sea-level to be 

331-1 + 0-6 T 

metres per second when the temperature is T° C., draw a graph to give the speed in 
ft./sec. when the temperature is T° F., in the range -40° F. to 20° F. 

14 . The following table gives the kinematic viscosity of air at various Centigrade 
temperatures : 

T° C. 0 20 40 60 80 

1000v ft. 2 /sec. 0-142 0-161 0-181 0-202 0-225 

Exhibit these results graphically and estimate v for T — 56°, 30°, 15°. 
Assuming that v> is increased by 4% when the pressure is increased to 25 atmo- 
spheres, draw a corresponding graph of ( v, T) for the range of temperature 0° to 80°. 

15 . Assuming that a mass m falling vertically under gravity experiences a drag 
kmv 2 when its speed is v, prove that when the mass has fallen a vertical distance y 
from rest 

dv 1 2 
v -=- + kv 2 = g. 
dy 

Prove, or verify, that this problem is solved by 

u 2 = | (1 - 

and that the terminal speed of the body is J ( g/k ). (The terminal speed is the lowest 
speed which cannot be exceeded. At this speed the drag is equal to the weight.) 

16 . Assuming the resistance to vertical descent of a passenger-carrying parachute 
of area S to be Sv 2 / 54 when the speed is v, find an expression for the terminal speed 
in terms of the total mass M of parachute and passenger. 

If S = 600 ft. 2 , the parachute weighs 30 lb., and the passenger 10 stone, calculate 
the terminal speed in ft./sec. and mi./hr. 

17 . An aircraft is flying at 200 mi./hr., in air at temperature 15° C. Taking the 
wing span 30 ft. as the typical length, calculate the Reynolds’ number R and the 
Mach number M. 

18 . A sphere of radius a moves with speed V in incompressible air (i.e. in air 
whose compressibility is neglected.) Prove that the resistance is of the form 

where v is the kinematic viscosity. 

19 . Show that two spheres will have the same drag if their speeds are inversely 
proportional to their radii. 

20 . If the aircraft rolls with angular velocity Q, show that the coefficient of 
aerodynamic force is a dimensionless function of the type 

f(R, M, IQ IV), 

where V is the forward speed,! the typical length and R and M are the Reynolds’ and 
Mach numbers. 
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21. The following table gives corresponding values of incidence, lift coefficient, 
and drag coefficient for the aerofoil profile Clark YH, aspect ratio 6, Reynolds’ 
number 6-83 x 10 6 : 


o 

a 

-2-9 

-1-7 

+ 0-6 

2-8 

5-1 

7-4 

9-6 

11-8 

14-0 

C L 

-0-011 

+ •076 

•250 

•420 

•590 

•760 

•924 

1-084 

1-224 


0-009 

•009 

•012 

•018 

•027 

•041 

•058 

•081 

•103 

a° 

16-2 

17-3 

18-4 

19-3 

20-3 

22-3 

25-3 

28-4 


C L 

1-366 

1-426 

1-474 

1-304 

1-252 

1-102 

0-912 

•854 



•126 

•138 

•151 

•196 

•220 

•277 

•330 

•396 



Draw the (Cp, a), (Cp, a) graphs and estimate the maximum value of Cp and the 
incidence at which this occurs. 


22. Referring to fig. 1-8 (i), show that the velocity u given by 


u = V sin ~ , 


where y is the distance from the plate, is a possible distribution in a boundary layer 
of thickness h. 


where x is the distance from the leading edge, sketch the outline of the boundary 
layer as x increases from 0 to l. 


CHAPTER II 


BERNOULLI’S THEOREM 

2-0. In this chapter we consider Bernoulli’s theorem * and some of its 
consequences, and, in particular, derive the justification for ignoring the com- 
pressibility of air in a first approximation to flight phenomena at sufficiently 
low speeds. 

2-1. Bernoulli’s theorem 

In its most general form the theorem is as follow's. 

In the steady motion of an inviscid fluid the quantity 

- + K 
P 

is constant along a streamline, where p is the pressure, p is the (tensity and K is the 
energy per unit mass of the fluid. 


D D' 



Fra. 2-1. 


Proof. Consider the fluid body bounded by the cross-sections AB and CD 
of a stream filament. 

We shall denote by suffixes 1 and 2 the values of quantities at AB and CD 
respectively. Thus p v q v p lt a lt K 1 will denote the pressure, fluid speed, density, 
cross-sectional area and energy per unit mass at AB. 

After a short time St the above fluid body will have moved and will now 
occupy the portion of the filament bounded by the cross-sections A'B' and CD' 
W'here 


Discovered by Daniel Bernoulli, 1700-1783. 
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(1) AA’ = q x St, CC’ = q 2 St. 

Since the motion is steady, the mass m of fluid between AB and A'B' will be 
the same as that between CD and C'D' so that 

(2) m - app S t Pl = a 2 q 2 St p 2 

Let H denote the total energy of the portion of the fluid between A'B' and 
CD. Then the increase of energy of the fluid body in time St is 

( 3 ) (mK 2 + H) - (mK 1 + H) = m(K 2 - K 2 ) 

This increase of energy is due to the work done by the pressure thrusts at 
AB and CD, namely 

( 4 ) Tx a i<h & - lh a 2 r h & = — - - — 

Pl Pi 

Equating (3) and (4) we find that 


which shows that 


pi pi 


K 2 


P 

has the same value at any two points of a streamline and is therefore constant 
dong it. q.b.d. 

It should be emphasised that the above theorem has been proved only for 
steady motion of inviscid fluid which may, however, be compressible or in- 
compressible. 

21 1. Incompressible fluid in the gravitational field. The gravita- 
tional field of force is a conservative field, meaning by this that the work done by 
gravity in taking a body from a point P to another point Q is independent of the 
path taken from P to Q and depends solely on the vertical height of Q above P. 
A conservative field gives rise to potential energy which is measured by the work 
done in taking the body from one standard position to any other position. In 
the case of the gravitational field the potential energy per unit mass is gh, 
where h is the height above a fixed horizontal datum plane. Thus in fig. 2-1 the 
potential energy per unit mass is gh x at A and gk 2 at C. 

In addition to potential energy per unit mass the fluid has kinetic energy 
i? 2 per unit mass. Also p is constant so that there is no energy due to com- 
pressibility, therefore in 2-1 we have 

K =\f+gk, 

and Bernoulli's theorem is 


'I? 2 +5^ = constant along a streamline. 


2 - 12 ] the constant in Bernoulli’s theorem 31 

2-12. The constant in Bernoulli’s theorem. If we fix our attention 

on a particular streamline, 1, Bernoulli’s theorem states that 


v - + W + 9h =(C^) 

P 

where C 2 is constant for that streamline. If we take a second streamline, 2, 


we get 



where C 2 is constant along the second streamline. We have not proved (and 
in the general case it is false) that C, = C„ When, however, the motion is 
irrotational . a term which will be explained later (3-3), it is true that the 


constant is the same for all streamlines, so that 

- + \<fl + gh = C, 
P 



where C has the same value at each point of the fluid. It will also be shown 
later (3-31) that this case arises whenever an inviscid fluid is set in motion 
by ordinary mechanical means, such as by moving the boundaries suddenly 
or slowly, by opening an aperture in a closed vessel, or by moving a body 
through the fluid. 


2-13. Aerodynamic pressure. In the steady motion of an incompres- 
sible fluid Bernoulli’s theorem enables us to elucidate the nature of pressure still 
further. In a fluid at rest there exists at each point a hydrostatic pressure p H 
and the principle of Archimedes states that a body immersed in the fluid is 
buoyed up by a force equal to the weight of the fluid which it displaces. The 
particles of the fluid are themselves subject to this principle and are therefore 
in equilibrium under the hydrostatic pressure p E and the force of gravity. It 
follows at once that pujp 4- gh is constant throughout the fluid. If we write 

P — Ph + Pd, 

Bernoulli’s theorem gives 

PJ> + + ?E + g h = C, 

P P 

and therefore 

( 1 ) J + W = V, 

where C' = C - (pnlp + gh) is a new constant. 

Note that (1) is the form which Bernoulli’s theorem would assume if the 
force of gravity were non-existent. 

The quantity p D may be called the aerodynamic pressure, or the pressure 
due to motion. This pressure pn measures the force with which two air particles 
are pressed together (for both are subject to the same force of bouyancy). It 
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will be seen that the knowledge of the aerodynamic pressure will enable us to 
calculate the total effect of the air pressure on a body, for we have merely to 
work out the effect due to p D and then add the effect due to p H , which is 
known from the principles of hydrostatics. This is a very important result, for 
it enables us to neglect the external force of gravity in investigating many 
problems, due allowance being made for this force afterwards. 

It is often felt that aerodynamic problems in which external forces are 
neglected or ignored are of an artificial and unpractical nature. This is by 
no means the case. The omission of external forces is merely a device for 
avoiding unnecessary complications in our analysis. 

It should therefore be borne in mind that when we neglect external forces 
we in effect calculate the aerodynamic pressure. 

We also see from (1) that the aerodynamic pressure is greatest where the 
speed is least, and also that the greatest aerodynamic pressure occurs at points 
of zero velocity i.e. stagnation points. 


22. The Pitot tube. Fig. 2-2 (a) shows a tube A BCD open at A, where 
it is drawn to a fine point, and closed, at D containing mercury in the U-shaped 

part. 

ts -* If this apparatus is placed 

D A with the open end upstream 

f in steadily flowing air, the axis 

\ \ B °f the horizontal part in the 

figure will form part of the 
Fig. 2-2 (a). streamline which impinges at 

A. Hence if p 1 is the pres- 
sure just inside the tube at A, and p is the pressure ahead of A, we shall 
have, by Bernoulli’s theorem, 

h = P + W 

D O 2? ’ 


since the air inside the tube is at rest. The pressure p 1 is measured by the 
difference in levels of the mercury at B and C, assuming a vacuum in the part 
CD. This is the simplest form of 
Pitot tube for determining the quantity 

v + Ip? 2 - H 

In applications it is often required 
to measure the speed q. In order to 
do this we must have a means of 

measuring p . Fig. 2-2 (6). 

This measurement can be made by means of the apparatus shown in fig. 
2-2 (6), which differs from the former only in having the end A closed and holes 
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in the walls of the tube at E slightly downstream of A. The streamlines now 
follow the walls of the tube from A, and the air within the tube being at rest 

and the pressure being neces- g ^ 

sarily continuous, the pressure 
just outside the tube at E is 
equal to the pressure just in- c 
side the tube at E, and this is 
measured by the difference in 
the levels of the mercury at G 
and F. In practice it is usual Fl °- 2 ' 2 C)- 

to combine both tubes into a single apparatus as shown in fig. 2-2 (c). 

In this apparatus the difference in levels of the mercury at B and G 
measures Pi - p — ip? 2 - 

The above description merely illustrates the principle of speed measurements 
with the Pitot tube. The actual apparatus has to be very carefully designed, 
to interfere as little as possible with the fluid motion. With proper design and 
precautions in use, the Pitot tube can give measurements within one per cent, 
of the correct values in an actual fluid, such as air or water. 



2-3. The work done by air in expanding. Let S and S' be the 

surfaces of a unit mass of air before and after a small expansion. 

Let the normal displacement of the element dS 

@ of the surface S be dn. 

Suppose the pressure of the air to be p. Then 
the work done by the air is 

p E dS . dn = p x increase in volume = p dv, 
where v is the volume within S. But since the mass 

Fig. 2-3. 

is umty, vp = 1. 

Hence the work done by the air = pd(^j> 
and if the expansion is from density p to density p Q , 
the work done = f pd(-) • 

J p P 

We suppose that the pressure is a function of the density only.* 

We shall call intrinsic energy per unit mass the work which a unit mass of 
the air could do as it expands under the assumed relation between p and p 
from its actual state to some standard state in which the pressure and density 
are p a and p 0 . Calling E the intrinsic energy per unit mass, we get 

u=r J j(i)=a-?-r^ 

Jp V Po P h P 


When the pressure is a function of the density the flow is called barotropic. 
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THE WORK DONE BY AIR IN EXPANDING 


on integrating by parts. Thus 


a) £=?•-?+ r^?. 

PO P Jpo P 

Note that intrinsic energy is a form of potential energy analogous to that 
of a stretched elastic string. 


2 - 31 . Bernoulli’s theorem for compressible flow. Here the energy 

per unit mass is 

K=\q i +gh+E 

where E is the intrinsic energy given by 2-3 (1), Substituting in 2- 1 we find that 


+ J rs 

Pn P J Vn p 


si if 1 r i — 

P Pa P J Po p 

is constant along a streamline and therefore that 

P dp 

~T + W + gh = constant along a streamhne. 

J Po r 

If we neglect gravity, that is if we deal with aerodynamic pressure only 
(2-13), we have 

P dp 

~ + i? = constant along a streamline. 

J Po r 

The differential form of this, which is useful in considering compressible 
flow about an aerofoil is 

( 1 ) dp- - - pq dq 

2 ' 32 * A PP lica tion of Bernoulli’s theorem to adiabatic expansion. 

When air expands adiabatically (that is to say without gain or loss of heat, 
15-01), the pressure and the density are connected by the relation 

p = KpV, 

where k and y are constants. For dry air, y = 1-405. Therefore 

L ? - H>- * - & - fh t -2)- 

Since p 0 / Po refers to a standard state, this is constant, and therefore Ber- 
noulli’s theorem gives 

? + lq* + gh= C. 
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If we take p a to be the pressure when the velocity is zero * and neglect 
the effect of gravity, we obtain 


so that 


^r + 1? .w 

y - l P y-lpo 

v 2 r VoL _l£a \ 
y ~ l Po * Pop' 

PP! = £l = (L)~ frc 
Po P Po y vp„/ 


from (1). 


Also, from the theory of sound waves, it is known (1-5) that the speed 
of sound c 0 when the pressure is p a is given by 


Therefore we obtain from (2) 


(r — 


and therefore 




= i-i£i£ + r(iV 


2 p 0 8 \c 0 / 

The ratio of the third term to the second in this expansion is q 2 jic^, so 
that even when the speed q is equal to half the speed of sound this ratio is 1/16. 
Thus it appears that we may, to a good approximation, neglect the third term, 
unless q is a considerable fraction of c 0 . 

Bernoulli’s theorem for air will then take the form 


which means that the air may be treated as incompressible within a very 
considerable range of speeds. In particular, for speeds of 300 miles per hour, 
the error in speed measurements made by the use of the Pitot tube (see 2-2) 
will only be about 2 per cent. 

* It is not asserted that zero velocity is attained. The pressure p 0 is nevertheless 
uniquely defined by the equation which follows. 



THE VENTUKI TUBE 


2 - 4 . The Venturi tube. The principle of the Venturi tube is illus- 
trated in fig. 2-4. The apparatus is used for measuring the flow in a pipe and 



Fig. 2-4. 

consists essentially of a conical contraction in the pipe from the full bore at A 
to a constriction at B, and a gradual widening of the pipe to full bore again 
at C. To preserve the streamline flow, the opening from B to C has to be very 
gradual. A U-tube manometer containing mercury joins openings at A and 
B, and the difference in level of the mercury measures the difference in pressures 
at A and B. Let p x , q x , p 2 , q 2 be the pressures and speeds at A and B respec- 
tively. Then 

* + **■ = * + 

by Bernoulli’s theorem. 

Let S lt S 2 be the areas of the cross-sections at A and B. 

Then q x S x = q 2 S 2 , 

since the same volume of fluid crosses each section in a given time. Therefore 


2 (Pi ~ Pi) 

•(I-)' 


Pi ~ Tt is given by observation and the value of q x follows. 

If A is the difference in level of the mercury in the two limbs of the mano- 
meter and a is the density of mercury, the formula becomes 


■(!-■) 


= KJh, 


K being a constant for the apparatus. 
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2-41] 

2-41. Flow of air measured by the Venturi tube. Assuming 
adiabatic changes in the air from the entrance to the throat, we obtain from 
Bernoulli’s theorem and the equation of continuity 



whence we easily obtain 




To use this formula we must know p x , p 2 and p x . The instrument must 
therefore be modified so that A and B in fig. 2-4 are connected to separate 
manometers, thereby obtaining measures of the actual pressures p x , p 2 and 
not their difference, as in the case of incompressibility. For speeds not com- 
parable with the speed of sound, the ordinary formula and method may be 
used (see 2-32). 


2 5. Standard atmosphere. Since the density, pressure and temperature 
of air depend on many circumstances of date, position, humidity and so on, it is 
usual in aerodynamics to postulate certain arbitrary standard values for these 
fundamental quantities, afterwards making any necessary corrections for local 
conditions. 

The combined gas laws of Boyle and Charles may be expressed in the form 

( 1 ) P = RpT, 

where T is the absolute temperature and R is a constant,* whose physical 
dimensions are IPT-^D* 1 , where D is the measure-ratio of temperature. The 
absolute zero of temperature is taken to be - 273° C. If we assume that, at 
normal temperature 15° C., and normal atmospheric pressure 760 mm. of 
mercury, or 2116 lb.wt./ft. 2 , the density of air is 0-07651 lb./ft. 3 , then 
T — 273° + 15° = 288° C., and R — 3090 ft. 2 /(sec. 2 degree C.). 


* There should be no occasion to confuse this with Reynolds’ number. 
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If, however, we adopt the practical or British engineering units in which 
the fundamental quantities are length, time and force, with the foot, second 
and lb. wt. respectively as their units, then mass is a quantity derived from 
Newton s second law of motion, force = mass x acceleration, whose unit is 
termed the slug. With this new set of three fundamental quantities, of 
measure -ratios L, T, F, the dimensions of mass are FL^T 2 . Hence, since 
I lb. wt. = g poundals, we find, on changing from practical units to the 
ft.-lb.-sec. system by the method of dimensions of 1-7, that 1 slug = g lb. 

If we take g = 32-174, the density of air becomes 0-002378 slug/ft. 3 at 
normal temperature and pressure. 

Consider a small cylinder of air whose axis, of length dh, is vertical and whose 
cioss-sectional area is cr. The weight of the contained air is, in equilibrium, 
just balanced by the difference in pressure thrusts on the ends so that 
a dp +adhgp = 0. Thus 

(21 — 

dh ~ 9P ' 

The international standard atmosphere is defined by the assumption that the 
temperature is a particular linear function of the height h above sea-level up to 
36,093 ft* and is thereafter constant. Using the centigrade absolute scale 

(3) T = 288 - 0-001981A, h < 36,093 ft. 

( 4 ) T = 273 - 56-5, h > 36,093 ft. 

The part of the atmosphere below 36,093 ft. is called the troposphere, the part 
above that level is the stratosphere. The height which divides the two parts is 
arbitrarily laid down as a reasonable average representation of the conditions. 

Considering the troposphere and eliminating p and T between (1), (2) and 
(3), we get lip_ g 

pih~ £(288 - 0-00198U) 
which yields on integration 

(5) 2 - = (i - o-ooooo688A) 6 - 2 56, 

P o 

where p 0 is the pressure at sea-level. 

If p a and T 0 are the density and absolute temperature at sea-level, (1) gives 

P - P „ 1 


and therefore 


P = L x £. 

Po Po To 


= (1 - 0-00000688A) 4 ' 256 . 


Corresponding relations for the stratosphere are obtained from (I), (2) and 


* The odd 93 ft. have no real significance. The numbers here given are simply adjusted to be 

consistent. 



established, among which are the ascent of Malcolm Ross in a balloon to 113,500 
ft. in 1961, and the reaching of a height of 351,000 ft. in 1963, by Joseph Walker 
in an X-15 rocket plane. Heights of satellites are excluded. 

EXAMPLES II 

1. Petrol is led steadily through a pipe line which passes over a hill of height h 
into the valley below, the speed at the crest being v. Show that by properly 
adjusting the ratio of the cross-sections of the pipe at the crest and in the valley 
the pressure may be equalised at these two places. 
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2. Incompressible air of density p flows through a Venturi tube. The points 
where the cross-sections are oq, <j 2 are connected by a differential pressure gauge 
which indicates the pressure Pl - p 2 . Prove that the mass of air flowing through 
the tube per unit time is 



3. If air pressure is halved under adiabatic expansion, find the ratio of the 
initial and final densities. 

4. If pv 1 4 = constant, show that the work done by air expanding from the 
state (pj, Vj) to the state (p 2 , u 2 ) is 2-5(p 1 v 1 — p 2 u 2 ). 

An air compressor takes 4 ft. 3 of air per stroke at the pressure of standard air 
at sea-level and compresses it to 4 times that pressure according to the above law. 
Find the least horse-power required at 60 strokes per minute. 

5. One cubic metre of air at 20° C. and pressure 950 gm. wt./cm. 2 is compressed 
to a pressure of 9,500 gm. wt./cm. 2 in such a way that pv 1 ' 2 = constant throughout 
the compression. Find the work done. Take the density of air at 20° C to be 
0-0013 gm./cm. 3 

6. With notation of 2-32 show that 

£-i -w + 4-* 

where il/ 0 is the Mach number q/c 0 . 

If M 0 l is neglected, exhibit graphically the relation between pl Po and M 0 . 

7. Establish the formula for the pressure along a streamline 

p 0 = l ~ i? M o 2 + iy M 0*> 

where M/ and higher powers are neglected, M 0 being the Mach number q/c. 

An air-speed indicator is graduated on the basis of the formula p 0 - p = Ip q 2 . 
Draw a graph to show the percentage error in the indicated air-speed for values of 
M 0 up to 0-6. 

8. If air flows out adiabatically, from a large closed vessel in which the pressure 
is n tunes the atmospheric pressure p, through a thin pipe, show that the speed V 
of efflux is given by 

-U 

p being the density of the atmosphere. 

9. Air flows along a tube of small variable cross-section a at the point whose 
distance in arc from a fixed cross-section is s. Use the equation of continuity to 
prove that 

d . d . d 

S l°gP + S Iog?= _ ds og a ' 

i0. Air flows along a tube of small variable cross-section o- at the point whose 
distance in arc from a fixed cross-section is s. Prove that, if the expansion is 
adiabatic, 

! logff + (* ~ ^)s Iog? = 0 - 

where c is the speed of sound at the point considered. 
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11. If q, a, p, p are corresponding values of speed, cross-section, density and 
pressure at any point of a stream filament, prove that 

(i) q + - j = °. 

p dq 



where c 2 = yplp gives the local speed of sound. 


12. In the preceding example show that the cross-sectional area and the 
speed increase together if the speed exceeds the local speed of sound. Prove also 
that the cross-sectional area of the filament has a minimum value. 


13. If c m is the speed of sound at the minimum cross-section in Ex. 12, prove 
that there is an upper limit to the value of q given by 

?max = C m X = 2-45 C m . 

14. Show that the density of standard air at sea-level is 0-07651 lb./ft. 3 

15. Draw graphs to show how relative pressure p/p 0 , and relative density p/p 0 are 
related to height in the standard atmosphere. 

16. Express the (temperature, height) relation for standard air in the Fahrenheit 
scale of temperature. 

Find the temperature, density and pressure of standard air at 10,000 ft. 

17. Calculate the pressure and density of standard air at 50,000 ft. 

18. Compare the work done by 3 ft. 3 of air at a pressure of 120 lb. wt./in 2 . 
expanding to 10 ft. 3 in the two cases where the air obeys (i) Boyle’s law, (ii) the 
adiabatic law. 


19. If dry atmosphere air (y = 1-4) at 14° C. is suddenly compressed adiabatically 
to one-tenth of its original volume, find its final temperature and pressure, taking 
the barometric height to be 76 cm. of mercury. 



CHAPTER III 


TWO-DIMENSIONAL MOTION 


3-0. Motion in two dimensions. Motion of a fluid is said to be two. 


dimensional when the velocity at every point is parallel to a fixed plane and if 
the same at every point of any given normal to that plane. 

We shall in particular consider the two-dimensional motion of air regarded 
as an ideal inviscid fluid whose compressibility is neglected ; incompressible air, 
It is often useful in order to form a vivid mental picture of the phenomenon 
to suppose the fluid to be confined between two planes parallel to the plane of 
the motion and at unit distance apart, the fluid being supposed to glide freely 

over those planes without en- 
countering any resistance of 
a frictional nature. 

This idea corresponds with 
the case of a two-dimensional 
wind tunnel. Here the aero- 
foil on which experiments are 
to be performed is cylindrical 
Fig. 3-0 (i). an d stretches from one wall to 

the opposite, fig. 3-0 (i). 

To complete the picture we choose as representative plane of the motion the 
parallel plane midway between these hypothetical fixed planes. 



We shall call this plane the x, y 
plane and the section of the aerofoil 
by this plane will be a profile, fig. 
3-0 (ii). We can then use the lan- 
guage of plane geometry and speak of 
the flow past the curve. In using this 
terminology the state of affairs con- 
ventionally depicted in fig. 3-0 (ii) 



should always be mentally referred to the state depicted in fig. 3-0 (i). 


3- 1 . Stream function. In the two-dimensional motion of air regarded as 
a “„ P r ible fluid ’ kt Ah& a fixed P° mt “ the plane of the motion, and 
’ CP ,: ' V0 curves also m the plane joining A to an arbitrary point P. 
We suppose that no air is created or destroyed within the region R bounded by 

these curves. Then the condition of continuity may be expressed in the follow- 
ing form. 
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The rate at which air flows into the region R from right to left across the 
curve ABP is equal to the rate at which it flows out from right to left across the 
curve ACP. We shall use the convenient 

term flux to denote rate of flow. — p 

The term from right to left is relative to 
an observer who proceeds along the curve z' 

from the fixed point A in the direction in — - — B 

which the arc s of the curve measured from A 
... • Fig. 3-1 (i). 

A is increasing. 

Thus the flux from right to left across ACP is equal to the flux from right to 
left across any curve joining A to P. 

Once the base point A has been fixed this flux therefore depends solely on the 
position of P, and the time t. If we denote the flux by tp, it is a function of the 
position of P and the time. In cartesian coordinates, for example, 

<p = >p(x, y, t). 

The function </i is called the stream function. 

The existence of this function is merely a consequence of the assertion of the 
continuity of incompressible air. 

Now take two points P v P 2 , and let ifi lt be the corresponding values of 

the stream function. 

P\ Then, from the same principle, the flux 

/ r y' across AP 2 is equal to the flux across AP 1 

/ plus that across F\ P 2 . Hence the flux across 

Pi P 2 from right to left = i/< 2 - ifi v 

-<=— - — " It follows from this that if we take a 

A 

„ different base point, A' say, the stream 

function merely changes by the flux from 

right to left across A' A. 

Moreover, if P 1 and P 2 are points of the same streamline, the flux from right 
to left across PjP 2 is equal to the flux from right to left across the part of the 
streamline between P 1 and P 2 . Thus - </< 2 = 0. Therefore 


Fig. 3-1 (ii). 


the stream function is constant along a streamline. 


The equations of the streamlines are therefore obtained from f = c, by 
giving arbitrary values to the constant c. 

When the motion is steady, the streamline pattern is fixed. When the 
motion is not steady, the pattern changes from instant to instant. 

The dimensions of the stream function are represented by L*T -1 . See 
1-7. 



VELOCITY DERIVED FROM THE STREAM FUNCTION 


3-H. Velocity derived from the stream function. Let P 1 P i = 8t 
be an infinitesimal arc of a curve, so short that it may be considered as straight* 
The fluid velocity across this arc can be resolved into coni'* 
ponents along and perpendicular to Ss. The component along 
gyy Ss cont nbutes nothing to the rate of flow across. The com-* 
/ \ ponent at right angles to Ss 

y = flux across divided by Ss 

Fig. 311 (i). = (fa ~ fa)l?>S, 

where fa, </- 2 are the values of the stream functions at P t , P s . 
Thus the velocity from right to left across Ss becomes in the limit dfads. 



Fig. 3-11 (ii). 


Fig. 3-11 (iii). 


In cartesian coordinates, by considering infinitesimal increments Sx, S y, 
the components u, v of velocity parallel to the axes are given by 

dili dib 

« = - v = y. 

oy dx 

In polar coordinates, we get similarly 

dib dili 

U '=~Ff9’ U °~Tr’ 

for the radial and transverse components, fig. 3-11 (iii), since Ss will be Sr and 
r S 6 for the radial and transverse increments respectively. 


3-12. Rankine’s theorem. If the stream function if, can be expressed 
as the sum of two stream functions in the form if, = fa + fa, the streamlines 
can be drawn when the streamlines fa = constant, fa = constant are known. 

Taking a small constant u>, we draw the streamlines fa = o>, 2a», 3a» 

fa = CO, 2ui, 3oj, . . . , and so obtain a network of streamlines ’ as shown iii 
fig. 3-12. 

At the points marked 3, ip = 3m, at the points marked 4, ifi = 4oi, and so 
on. If we join the points with the same numeral we obtain lines along which 
ip = constant, the dotted lines in the figure. 

The meshes of the network can be made as small as we please by taking 
co small enough, and the meshes can be regarded as parallelograms (of different 
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3-12] 

sizes). The streamlines are then obtained by drawing the diagonals of the 
meshes. The streamlines which pass through the corners of a mesh are 
approximately parallel in the neighbourhood of the mesh. 



V 2 =4w 


Fig. 312. 

3-13. The stream function of a uniform wind. Suppose every 
air particle to move with the constant speed V parallel to the z-axis. 



Fig. 3-13 (1). Fig. 3-13 (ii). 


If P is the point (x, y ), the flux from right to left across OP is the same 
as the flux from right to left across PM, where PM is perpendicular to Ox. 
Thus the flux is - Vy, and therefore 

-Uy 

is the stream function for this motion. In polar coordinates, 

i ji = - Ur sin 9. 

Similarly, for a uniform wind in the direction Oy of speed V we get 
ip = Vx = Vr cos 9. 

If we superpose the two winds, we get a wind of speed JU 2 + F 2 inclined 
to the z-axis at the angle a = tan -1 V/U, and for this wind 

* p = - Uy + Vx. 
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riting U — Q cos a, V = Q sin a, we obtain the stream function for i 
uniform wind Q, making an angle a with the x-axis, namely 

y >fi = Q(x sin a - y cos a), 

yf or, in polar coordinates, 

/Q 

/ >p = - (>rsin(0 - a), 

<<■■■“ — and in all these cases the streamlines are straight lines, aj 

is indeed obvious. 

The streamline which passes through the origin corns 
sponds to i(i = 0 and is therefore the line 

6 = a. 


Circular Cylinder. Consider the following stream function, whicl 
gives the flow of a uniform wind past a circular cylinder, as can readily b< 
verified, for <p = 0 on the circle r = a, and the motion is irrotational (3-311) ' 

t=v(r sinfl - -sind) = Vy (l - ^) = ^ + -/- 2 , 
where & = V y, 0, = - 

x 2 + y 2 

Putting \f) x — m Va, = - w Fa, we get 

, / a A 2 a 2 

so that the lines corresponding to i/t l and i/; 2 are straight lines parallel to thfl 
®-axis and circles touching the x-axis at the origin. By giving m, n the valuer 
0-1, 0-2, 0-3, . . . , the streamlines can be readily plotted with the aid of Rankine’S 
theorem. 



Fig. 3*14 (a). 
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The streamlines are symmetrical with respect to the y-axis, for changing the 
sign of x does not alter the equation. 

The streamlines above the x-axis are the reflection in that axis of the 
streamlines below it, as is obvious from symmetry. If the velocity V is reversed 
the streamline pattern is unaltered. 

Writing tfi — k Va, the equation 
of the streamlines is 

k* = y( 1 -~ r i) ’ 

so that when r-> oo, y-+ka and 

therefore y = ka is the asymptote 

of the streamline. Also if k > 0, 

then y > ka and therefore the 

streamline approaches its asymp- 

„ 3 v Fra. 3-14(6). 

tote from above. 

3-15. The dividing streamline. In the flow past any cylinder the 
contour of the cylinder must itself form part of a streamline. Since the stream 
function for the circular cylinder (3-14) is 

'P = uy( i-$). 

and since on the cylinder we have r = a, it follows that the contour is part 
of the streamline 0 = 0. The complete streamline 0 = 0 consists therefore 
of the circle r = a and that part of y = 0 which is external to the cylinder, see 
fig. 3-14 (6). 

Thus the stream advances towards the cylinder along the x-axis until the 
point A is reached, then divides and proceeds in opposite senses round the 
cylinder, joins up again at H and moves off along the x-axis. This streamline 
which divides on the contour is called the dividing streamline. The dividing line 
is important, for a knowledge of its position at once enables us to draw the 
general form of the flow pattern by successive lines at first nearly coincident 
with it, and then becoming less and less influenced by its shape. A study of 
fig. 3-14 ( b ) will make this clear. 

3-2. Circulation. Consider a closed curve C imagined to lie entirely in 
the fluid. Note that such a closed curve, or circuit, is a purely geometrical 
concept ; it is not a boundary interfering with the flow. 

Let A be a fixed point on the curve and let P be any other point of C. The 
position of P is determined if we know the length s of the arc AP and the sense, 
say counterclockwise, in which this arc is to be measured. The fluid velocity q 
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at P will make an angle a, say, with the tangent at P drawn in the sense ii 
which s increases. Then 

is = 1 cos a 

/ J will be the component along the tangent o: 

/ Sy' the velocity q . 

V p ** Def. The circulation in the dosed circui 

j* ' C is the line integral of the tangential com 

Fio. 3-2 (a). ponent of the velocity taken round the circui 

in the sense in which the arc s increases. I 


Fio. 3-2 (o). 

Thus we can write 
(1) circ ( 


(1) circ C = q cos a ds = | q„ds — f q dr, 

•1(C) J(C) J(C) 

the last being the vector form of the statement (see 21-12). 

If the curve lies in the x, y plane the tangential component of the velocity ii 

dx dy 



P Sx 

Fig. 3-2 (6). 


1 

0 

C 

- 

^ 


(x.yP 

u 


Fig. 3-2 (c). 


and in this case 


= (udx + v dy). 

J (C) 


If in particular we take for C an infinitesimal rectangle ABCD whose] 
centre is the point (x, y) and whose sides AB, BC are parallel to the axes and! 
of lengths Sx, S y, respectively, 

circ ABCD = u AB . AB + v B0 . BC - u CD . CD - v DA . AD, 

where u AB means the average value of u on AB, with similar meanings forj 
v BC , etc. Thus 


circ ABCD = Sx Sy ( Vbc ■■ V ° A - U P 1, - ~ Uab \ . 

“ \ Sx Sy j 

Now to the first order, by Taylor’s theorem for two variables,* 


vbc = v + |Sx ~, v DA = v~iSx^ > - 
ox dx 


* At any point (x + §bx, y + rj) of BC the ^-component is 

.. dv dv 

v + iSx Fx + 7 >^ 

and the average value of the last term is zero as tj goes from - ! 2 by to JS y. 
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Thus we can write 

(2) circ ABCD = Sx Sy (f? - = ABCD [~ - — V 

\dx dy) \dx dy) 

Thus the circulation in an infinitesimal 
rectangle will be proportional to its area. 

Now any simple plane circuit C can be 
divided by lines parallel to the axes into 
infinitesimal rectangles, and the circulation 
round C is clearly the sum of the circula- 
tions in the infinitesimal meshes of the 
net so obtained, for the contributions to 
the circulations of any boundary common to two meshes cancel. Thus 

(3) 

circC = lI£-|)^^ or \j UdX + Vdy) = \\^-Jy) dxd y> 

the surface integral being over the whole sur- 
face contained by C. 

It is proper to remark that the above proof 
assumes that the fluid is distributed over the 
whole of the interior of C. 

If, for example, the circuit C were to embrace 
Fig. 3-2 (e). a cylinder or aerofoil C, the above demonstra- 

tion would now prove only that 

(4) circ C- circ C' = y^dxdy, 

the surface integral being taken over the area between C and O' . 

We also observe that if P and Q are any two continuous and differentiable 
functions of x, y defined over the whole area inside C a similar argument shows 
that 

(5) + sHKS-fH'- 

and on writing - Q for P and P for Q that 

These results constitute the two-dimensional form of Stokes’s theorem 

(21-7). 

3-21. Vorticity. We have seen in 3-2 that the circulation in an infini- 
tesimal plane circuit is proportional to the area of the circuit. 

Def. In two-dimensional motion the vector at a point P which is perpendicular 
to the plane of the motion and whose magn itude is equal to the limit of the ratio of the 
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[3-2] 

circulation in an infinitesimal circuit embracing P to the area of the circuit is called 
the vorticity at P. 

Thus if we denote the magnitude of the vorticity by co, we see from 3-2 (2) 
that 

dv du 
w = — — — , 
dx dy 

while the vorticity is the vector oik where k is a unit vector perpendicular to 
the plane. 

In the general case of three-dimensional motion the vorticity (see 9-3) is the 
vector whose components (£, g, £) parallel to the x, y, 2 -axes are given by 

t _ dw dv _ du dui dv du 

dy dz ’ ^ dz dx ’ dx dy 

In the two-dimensional case w = 0 and u, v are by definition independent of z. 
Thus £ = 0 , 77 = 0, £ = w. 

3*22. Motion of a fluid element. Consider a circular drop of fluid of 
infinitesimal radius, whose centre is at the point (x, y) and has velocity (w, v). 



Fio. 3-22 (a). 


Let (u\ v') be the velocity of any point P of the drop whose coordinates are 
(x + x',y + y'). Since x' , y' are infinitesimal, Taylor’s theorem gives 

, .du .du . , dv . dv 

u = u + x + y -r-> v=v+x^-+y— , 

dx dy dx dy 


- _ 


du dv 


dy dx. 


+ TJ x 'y' - 


The vorticity at the centre of the drop is of magnitude 

__ dv du 

01 dx dy 

Thus, as can be easily verified, 

dy dy 

u' = u - - \y'a >, v' = v - ~ + ix'co. 

dx dy 


3 - 22 ] 
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This shows that the drop moves like a rigid body with velocity of translation 
of its centre (u, v), and angular speed of rotation \oj about an axis perpendicular 
to its plane, and that on this motion is superposed a velocity of deformation in 
which the point (x, y’) moves relatively to the centre with a velocity whose 
components are - dx/dx’, - dx/dy’. 

The foregoing result is known as Helmholtz’s first theorem. It is equally true 
for the three-dimensional motion of a spherical drop and the analysis is sub- 
stantially the same. 

It is precisely this velocity of deformation which is characteristic of the 
“ fluidity ” of the medium. If the drop were suddenly frozen solid without 
change of angular momentum, it would begin to rotate with angular velocity 
|o>. 

It may also be observed that if the vorticity were zero, the drop, so frozen, 
would move with a velocity of translation only. 

In an ideal fluid the pressure thrust on the boundary of a circular drop is 
normal to the boundary and therefore passes through the centre. Thus pressure 
can neither increase nor decrease the angular momentum of the drop. 


Def. Motion in which the vorticity is different from zero is called rotational, 
In an ideal fluid rotational motion persists, for its rotational character 
cannot be altered by pressure, and therefore fluid which is once moving rota- 
tionally will continue so to move and must have been so moving in all its past 
history. 

As a simple example of rotational motion in an actual fluid consider the 
motion described in 1-6. Here ,, 



ticity throughout, the sense of rotation being clockwise in fig. 1 - 6 . 

Fig. 3-22 ( b ) indicates the vorticity between two adjacent planes parallel 
to the direction of U. 


3-3. Irrotational motion. Motion in which the vorticity is zero is said 

to be irrotational. 

In an inviscid fluid irrotational motion is permanent in the sense that fluid 
which at any instant has no vorticity can never acquire vorticity, nor can it 
have lost vorticity at a previous time. 

Since fluid at rest has no vorticity it follows that inviscid fluid set into 
motion from rest will move irrotationally. The same is true of the initial 
motion of fluids of small viscosity such as air and water. Thus, for example, 
in the case of streaming past a circular cylinder, photographs show that the 
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initial stages of the motion conform to the flow pattern of an inviscid fluid. 
The reason for this is accounted for by the boundary layer theory (1-8). The 
only fluid appreciably affected by viscosity is that which has passed near the 
boundary of the cylinder, and when the coefficient of viscosity is small a corre- 
spondingly large volume of fluid must have passed the boundary before a 
visible effect can be built up. 

3-31. Velocity potential. Referring to fig. 3-1 (i), let us suppose that 
ABP, ACP are two curves joining A to P, these curves and the region between 
them being in fluid in which the vorticity is everywhere zero, i.e. 

dv du 
dx dy 

From 3-2 (3) it follows that circ ABPCA = 0 and therefore 

q s ds = \ q s ds. 

J (ABP) J (A CP) 

Thus the line integral from A to P is independent of the particular path taken 
from A to P, so that if A is a fixed point, the value of the integral depends on 
P alone. If we write 

r/> = <j,p = - q, ds, 

J(AP) 

the function <f> is called the velocity potential. If we wish to emphasise the 
particular point P at which the velocity potential is to be evaluated we use the 
notation <f> P instead of <f>. Like the stream function the velocity potential is, 
in general, a function of (x, y, t). When the motion is steady the velocity 
potential is a function of (x, y) only. 

If P lt P 2 are adjacent points (fig. 3-11 (i)), we have 


4>p, ~ — - I q s ds = - P 1 P 2 q s approximately. 

J (Pi Pi) 

Thus the velocity component in the direction P 1 P 2 is 


?. = 


— lim 

P*-*Pi 


^Pi ~ fa 

P*Pi 


d$ 

ds 


The negative sign used in the above definition of <J> has no essential 
significance. Its conventional adoption here means that the fluid moves 
in the direction in which the velocity potential decreases, and agrees with 
the convention adopted for the derivation of other quantities from potential 
functions in mathematical physics. 

Referring to figs. 3T1 (ii), (iii), we have for cartesian coordinates 


( 1 ) 


d$ 

dx’ 



u = 


3-31] 

and for polar coordinates 

( 2 ) 


VELOCITY POTENTIAL 


«r = -- 


It is important to observe that, provided the motion is irrotational, a 
velocity potential exists whether the fluid is compressible or incompressible. 

On the other hand the stream function, as defined in 3T, exists only when 
compressibility is negligible, irrespectively of whether the motion is rotational 
or irrotational (see 15-44 (1)). 

In the case of the irrotational motion of an incompressible fluid both cf> and t/r 
exist, and if we equate the values of the velocity components ( u , v) derived from 
them, we obtain the relations 

d<j> dip d$ _ _ dtp 

dx dy’ dy dx 

The velocity potential, when one-valued, has an interesting physical inter- 
pretation. Suppose the existing irrotational motion of an incompressible fluid 
to be generated instantaneously from rest by the application of impulsive 
pressure m. Then the dynamical law of impulse applied to a small volume dr 
gives 

- — dr = pdrq s , 

for the left side gives the resultant impulsive pressure thrust (see 1-41) in the 
direction of ds and the right side gives the momentum generated. Therefore- 


-ds\-p)’ 

so that the velocity potential is m/p. Thus p<f> is the impulsive pressure required 
to generate the motion instantaneously from rest. 

Conversely, a motion generated from rest by impulsive pressure only is 
necessarily irrotational, the velocity potential being mjp. Irrotationality must 
characterise any motion started from rest, as for example when an aircraft 
starts in still air. The argument is true even for a viscous fluid as regards the 
initial motion, but vortex sheets (see 10-2) may form even in inviscid air due to 
the bringing together of layers of air which were previously separated, and which 
are moving with different velocities. The presence of even slight viscosity may 
cause these sheets to roll up and form concentrated vortices (see 10-4). 


3-311. Laplace’s equation. 

from 3-31 (3) that 


In the case of irrotational motion it follows 


, ** = 0 

dx 2 dy 2 ’ 


and therefore that 



LAPLACE S EQUATION 


which is known as Laplace’s equation * (in its two-dimensional form), wj 

prove similarly that f also satisfies Laplace’s equation. ; 

Cyclic motion. The existence of a velocity potential is noj 
incompatible with the coexistence of circulation. Referring to fig. 3-2 (e), if thi 
air between the circuit C and the aerofoil C' is devoid of vorticity, there is 4 
velocity potential <f>, and : 

circc =L ~ ! 

J(C) as j 

where the notation means the change in — <f>, i.e. the decrease in <f>, whei 
we go once round the circuit C. On the other hand, from 3-2 (4), we see that 

circ C = circ C', 

so that cf> decreases by the same amount when we go round any circuit embracing 
the aerofoil once. In this case <f> is a many-valued function. ' 

For example, suppose that 

<f> = — k tan -1 - = - k 6. 
x 


x 2 + y 2 


x 2 + y 2 


. dv du 

" d E-sj = °- 


but if we go round a circuit C which embraces the origin once, 9 increased 
by and <j> decreases by 2? tk, so that there is a circulation of this amount 
in the circuit. 

i 

3-4. Complex numbers. Let x, y be real numbers positive or negative. 
Let i be a symbol which obeys the ordinary laws of algebra, and in addition* 

satisfies the relation 

(1) i* = - 1. 

p 

The combination 

y (2) 2 = x 4- iy 

— — — £ is then called a complex number. 

Such a complex number can be repre-j 
Fig. 3 4. sented by the point P whose cartesian j 

coordinates are (x, y). ' 

The resulting picture in which the number is so represented is called the’ 
Argand diagram. With this representation we may talk of “ the point 2 ”, 
meaning thereby the point ( x , y) or P. j 

* The three-dimensional form is V s 4 — 0, or in cartesian coordinates. 


d % 4> 8*4 d'-j, 

ox- + 8y 2 ~ 8z 2 


■ 0 (19-o). 
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The numbers x and y in (2) are called respectively the real and imaginary 
parts of the complex number 2 ; 

x = Real part of 2 , y = Imaginary part of 2 . 

When y = 0 the number 2 is said to be purely real, 2 = x. When x — 0 the 
number 2 is said to be purely imaginary, 2 = iy. 

Two complex numbers which differ only in the sign of i are said to be 

conjugate. 

We turn a number into its conjugate by writing a bar above it. Thus 2 , z are 
conjugate, 

(3) z = x + iy, z = x - iy. 

Since 2 + 2 = 2a;, and 2 - 2 = 2 iy we have two seemingly trivial but in 
fact important theorems. 

Theorem A. The imaginary part of the sum of two conjugate complex numbers 
is zero. 

Theorem B. The real part of the difference of two conjugate complex numbers it 
zero. 

Moreover equations (3) may be regarded as equations of transformation 
from two real variables x, y to two complex variables 2 , 2 . 

Since the point P can also be described by polar coordinates (r, 0), in which 
r is necessarily positive, we have, using Euler’s theorem * cos 9 + i sin 9 = e*, 

(4) z = x + iy — r cos 6 + ir sin 9 = r(cos 9 + i sin 9) = re*, 

2 n = r n (cos nO + i sin nd) = r n e ni0 . 

Note also that 2 cos 9 = e* + e~ ie , 2 i sin 9 = e* - e~*. 

When polar coordinates are used the positive number r is called the modulus 
of 2 , written 

r = mod 2 = | 2 | = J{x 2 + y 2 ) = J{z z). 

Thus the product of two conjugate complex numbers is the square of the modulus 
of either. 

3'4I . The Argument. The angle 9 is called the argument of 2 written 

9 = arg 2 . 

Clearly all complex numbers whose moduli are the same and whose argu- 
ments differ by an integral multiple of 27 t are represented by the same point 
P in the Argand diagram. We call the principal value of arg 2 that angle 9 
which lies between —rr and +rr. Denoting by P[arg 2 ] the principal value of 
arg 2 , the precise definition is 

- rr < P[arg 2 ] ^ rr. 

The principal value of the argument of a positive real number is zero, and of 
a negative real number is rr. 


Milne -Thomson, Theoretical Hydrodynamics , 5-13. See also Ex. Ill, 7. 
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Referring to fig. 3-41, the curve C encircles the origin, the curve C 1 does not. 
If 9 is the initial value of arg z and if z is represented by the point P, it is clear 



Pig. 3-41. 


that when a point Q originally coinciding with P is moved round C in the 
counterclockwise sense, the corresponding value of its argument increases, 
and when we finally return to P after one excursion round C, we now have 
arg z = 6 + 2tt. On the other hand, if we go round C lt the argument of Q 
decreases at first (for the position shown in fig. 3-41) until OQ becomes a tangent 
to C lt then increases until OQ again becomes a tangent and finally decreases to 
its original value. Thus we conclude that if arg z has a given value at one point 
of a curve such as C x which does not encircle the origin, the value of arg z is 
one-valued at every point inside and on C v provided we assume that arg z varies 
continuously with z. 

Now consider 

(1) log z = log (re is ) = log r + id. 

If we take z once round C, 9 increases by 2-7r and therefore log z increases 
by 27rt. Thus log z is a many- valued function if z moves inside or upon a 
curve which encircles the origin. On the other hand, log z can be regarded 
as a one- valued function if z is restricted to the interior of a curve such as C 1 
which does not encircle the origin. 

As to the multiplication of complex numbers, if z 1 = r x e i8 ', z 2 = r„ e ie ', 
then z t z 2 = r x r 2 e‘ (ei+<, * ) . 

Thus the modulus of the product is the product of the moduli, while the 
argument of the product is the sum of the arguments, in symbols 

(2) I 2 i * 2 1 = I 2i I I 2 2 1 and arg (z x z 2 ) = arg z x + arg z 2 . 

In applying this last result it is well to bear in mind that each of the 
arguments may be many- valued and therefore the right-hand member is only 
one of the possible values of arg (z x z 2 ). 

Clearly with similar limitations 

arg (zj) = arg Zl ~ arg z 2‘ 


( 3 ) 


3-42] DIFFERENTIATION 57 

3-42. Differentiation. Let n be a positive integer. Then we define, 

as in the case of real variables, 


■f- z” = lim — — = lim (Zj”- 1 + z^ -2 z + . . . + z"- 1 ) x — = 

dz z x -*-z Zj. — Z Zx—±z — Z 

Clearly if /(z) is a polynomial, say 

/(z) = a 0 + %2 + « 2 2 2 + ... + a„ 2 n , 


/■(,) = = a, + 2«., 


+ n a n z n 


wz n_1 . 


More generally we shall assume, for a rigorous proof would lead too far 
afield, that if/(z) can be represented by an infinite power series, 


f(z) = a 0 + Oj z + a 2 z 2 + . . . + a n z n + . . . 
convergent in a certain region, then 

f(z) — a x + 2a 2 z + . . . + na„ z" -1 + . . . , 
where the new power series is convergent in the same region. 


3-43. Holomorphic functions. Consider a simple closed curve C and 
a function/(z). The function f(z) is said to be holomorphic when z is within C if 

(i) to every value of z within C there corresponds one and only one value 
of f(z) and that value is finite (i.e. its modulus is not infinite) ; 

(ii) for each value of z within C the function has a one-valued finite deriva- 
tive (differential coefficient), defined by 


f(z) = lim 


/( 2 1 ) - /(*) 


where z t -> z by any path all of whose points lie within C. 

A function is said to be holomorphic inside and upon C, if it is holomorphic 
inside a larger curve C to which every point of C is interior. 


Examples. The functions z n (n a positive integer), e z , sin z, cos z, sinh z, 
cosh z are holomorphic in any finite region. 

The function z~ n (n a positive integer) is holomorphic in every region which 
does not include the origin. 

The function log z is holomorphic in any finite region which does not enclose 
the origin, provided that the determination (see 3-41) of log z is prescribed at 
one point of the region. 


3-44. Conjugate functions. The real and imaginary parts of a holo- 
morphic function /(z) are functions of x and y which are called conjugate 
functions. Thus we can write 

(!) /(z) =/(* + iy) = 4>{x, y) + i i/i (x, y) = <j> + if. 
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Hence 


These yield 


2 * 

, '(r + , 'r) = r + 1 'r » 

\ox ox) dy dy 


dp _ dip dp _ 3i/< 

3a: dy ’ dy dx ' 

These two relations embody the characteristic property of conjugate func- 
tions and are known as the Cauchy-Riemann equations. They express the 
geometrical fact that if the two families of curves 

<p(x, y) = constant, p(x, y) — constant 
are drawn, then they intersect everywhere at right angles. 

To prove this observe that the gradients dy/dx of the two families of curves 
are given by, respectively, 

H ^ o ^ + ^ ^ _ o 

dx dy dx ' dx dy dx ’ 

and the Cauchy-Riemann equations express that the product of these two 
gradients is - 1, i.e. the tangents are at right angles. 

Another proof is as follows. From (1) 

f ( 2 ) dz- dp + i dp. 

Therefore ( ar g dz)$~ constant = J 77 + ( ar g ^zj^conatanti 

so that the elements of arc of the curves p — constant, p — constant, are at 

right angles. 

We state here, without proof, that if equations (2) are satisfied, and if all the 
partial derivatives are continuous, then f(z) is a holomorphic function of z. 
See also Ex. Ill, 32. 

3*45. The function f(z). Given a holomorphic function /(z) we can form 
the conjugate eomplex/(z) by replacing i by - i wherever it occurs. Thus if 

(1) /(«) = (2 + 3 i)z + e~ iiz 
we shall have 

(2) f(z) = (2 - 3i)5 + er ia 

Def. The function /(z) is formed from the function/(z) by first forming/(z) 
and then in f(z) writing z instead of z. 

Thus in (1) above, we get from (2) /(z) = (2 - 3i)z+ e~ iiz 

Again i£f(z)=i K log (3 -h) where A is a complex constant and k is real the 
steps are 


3-45] 
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THE FUNCTION /(z) 

/(z) = - Ik log ( Z-ll ), f{z) = - IK log (z - h) 

We shall have frequent occasion to use this process and after a little practice it 
will be found quite simple to go straight to the final result. 

The function/(z) which is distinct from both/(z) and/(z) is formed by writing 
J for z in /(z). Thus from (1) 

f(z) - (2 + 3i)z + e 4i * 

Thus starting with f(z) 

(i) to form f(z) we change i into —i in z only. 

(ii) to form/(z) we change the signs of all the i’s. 

(iii) to form/(z) we change the sign of all the i’s except those in z 

3'47. The coordinates z and z. Since z = x + iy, z = x - iy, we have 
x = \(z + z) and y = \i(z - z) so that any function of x, y can be expressed 
as a function of z, z and vice-versa. Also 

dz dz dz . dz 

dx dx ’ dy *’ dy 

Let us regard the stream function p as expressed as a function of x, y and 
again as a function of z, z. Then from 3-11 

dp dp dz dp dz .dp. dp 
U dy dz dy dz dy 1 dz 1 dz 
dp dp dz dp dz dp dp 

V dx dz dx + dz dx dz dz 

Combining these we get 

. dib . . dilt 

( 1 ) u - iv = - 2 ^ , u + iv — 

v ' dz dz 


Since 



we have, on comparison of the two expressions for u - iv the equivalence of 
operators 


( 2 ) 


2 d _ d ^ d g d _ 3 . d_ 

dz dx dy ’ dz dx dy 


the second result following from the expression of u + iv, or more simply as the 
conjugate complex of the first. 

From 3-21 we have for the vorticity 


dv du d 2 p d*p / d . d \ / d . d \ , 
dx dy dx 2 dy 2 1,9* dy) \9* + dy) 


4 d^p 
dz dz 


(3) Thus, using (2), 


oj=v¥ 
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cauchy’s integral theorem 


3-5. Cauchy’s integral theorem. Let C be a simple closed conto 
such that the function f(z) is holomorphic at every point of C and in t] 
interior of C.* Then 


ontoui 
in th# 


f f(z)dz = 0. 

J (C) 


This is Cauchy’s integral theorem. 

Proof. Let f(z) = <j> + if. 

Then 


L /(*)* = J> + i '/')( dx + » d V) = f (4>dx - fdy) + i\ (fdx+f dy) 

J (C) J(C) ,p ' 

(1) = ~ f (r + jr) ds + i ( 

J(S) \Sx dy J 3(S)\dx dy) 

using Stokes’s theorem (3-2, (5), (6)). 

From the Cauchy-Riemann equations (3-44), 

# , <¥ _ n dj> df _ 

dx dy ’ dx dy 


Therefore 


f f(z) dz = 0. 

J(C) 


The proof here given is of course based on the assumption pointed out 
in 3-44 that sufficient conditions of holomorphy are satisfied. A complete 
proof would be long and difficult and the conditions here assumed are satisfied 
in the applications. 


3-51. Singularities. A point at which a function ceases to be holo- 
morphic is called a singular point, or singularity of the function. 

Thus the function /(z) = (z - a)* 1 is holomorphic in any region from which 
the point z = a is excluded (e.g. by drawing a small circle round it). At z = a 
the function ceases to be finite and therefore does not satisfy the first part of 
the definition of holomorphy. 

More generally, if near the point z = a the function can be expanded in 
positive and negative powers of z - a, say 

f(z) = . . . +A 2 (z - a ) 2 + A 1 (z — a ) + A 0 + - ? x + — — — + 

,, . z - a (z - a) 2 ' ' ’ ’ 

tne point z = a is a singular point. 

If only a finite number of terms contain negative powers of z - a, the point 
z = a is called a pole ; a simple pole if B l alone is different from zero. 

Again, consider the function f(z) = log z. This function ceases to be holo- 
morphic at z = 0. We have seen in 3-41 that log z is many- valued. If we 


f,mZn S iahoIomorph,c C “ d ^ Ue Wh ° Uy WitWn a l ^ eT coato " ^ *» 


SINGULARITIES 
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choose one particular determination, say that which reduces to zero when 
z — 1, and allow z to describe a closed curve which does not encircle the 
point z = 0, log z will return to its starting value and will be holomorphic 

inside the curve. 

3-52. Residues. We have seen that a function, which in the neighbour 
hood of z = a has an expansion which contains negative powers of z - a, is 
singular at z = a. 

In this case the coefficient of (z - a) -1 is called the residue of the function 
at z = a. 

Let us consider 

j*(z - a) n dz 

taken round a circle of radius R whose centre is at the point z = a. On the 
circumference of this circle z - a = Re is , and therefore 

J(z - a) n dz = J R n+1 e (n+1)ie i dd 

ftn+l r -12.. 

= , ■- e <n+l) ’ f) = 0, if n 9 ^ - 1. 

(n + 1) L J 0 ^ 

If, however, n — - 1, we get 

f dz f 2 ” . „ . 


f_^L_ = f "idd = 2t n. 

J z - a Jo 


Now, suppose that/(z) has an expansion in the neighbourhood of z = a of 
the form 

. . . +A 2 (z - af + Afz -a) + A 0 + j^- ) + + • • • • 

If we integrate round a small circle surrounding z = a, we get 


J/(z)dz = 2rri B v 


for all the integrals vanish except that of B 1 (z - a)- 1 . 

Thus we see the importance of the residues, for they form the only contri- 
butions to the integral of a function which is holomorphic at all points except 
singularities of the kind described above. 

3-53. Cauchy’s residue theorem. Let C be a closed contour inside 

and upon which the function /(z) is holomorphic, except at a finite number of 
singular points within C at which the residues are a lt a 2 , . . . , a n . Then 


I f(z) dz = 2ni(a 1 + o 2 - )-... + o„) 

J(C> 
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cauchy’s residue theorem 


Proof. Suppose there are three singularities. Surround them by smaD 
circles, C x , C 2 , C 3 . Then, from 3-5, 

f f{z)dz = f f(z)dz + f f(z)dz + f f(z)dz 

} (C) J(C,) J(CJ J(C.) 

= 277-tax + 2-7rt'a, + 2-!ria 3 , 

from 3-52. This proves the theorem in the case of three singularities. The 

proof for any finite number is the same. q.e.d. 

3 - 6. Conformal mapping. Let us take two complex variables 
£ = £ + *’?, z = x + iy 

and the corresponding Argand diagrams which we shall call the £-plane and the 
z-plane respectively. Let /(£) be a holomorphic function of £ in the region R 



£-plane z-plane 

Fig. 3-6 (i). 


exterior to a simple closed curve C, that is to say, exterior to the region shaded 
in fig. 3-6 (i). We can then establish a correspondence between points of t his 
region and points of the z-plane by means of the relation 

(!) _ *=/(£)• 

Since /(£) is holomorphic, it is one-valued and therefore to each point £ 
there corresponds a unique point z, and as £ describes the curve C, z will describe 
a corresponding curve A in the z-plane which is the map in the z-plane, of the 
curve C, given by the mapping function /(£). 

We shall assume that the mapping function is so chosen that A is a simple 
closed curve and that the points of the region R of the £-plane exterior to C 
map into points of the region S of the z-plane exterior to A. 

Moreover, we assume that the mapping is biumform, that is to say, that 
there is a one-to-one correspondence between the points exterior to C and the 
points exterior to A. These conditions will be satisfied in all the applications 
which we shall make.* 

Now referring to fig. 3-6 (ii), let da, ds be infinitesimal arcs of any two corre- 
sponding curves in the two planes and put 

d£ = doe im , dz = ds e is . 

For further details and proofs the reader is referred to Milne-Thomson, Theoretical Hydro • 
dynamics. Chapter V. 


3-6] 
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From (1) we have 

dz = d£ ./'(£) 

and so if /'(£) = me “, we have 

ds e ie = m da 

and therefore 

(2) ds — m da, 6 = w + a. 



f-plane 2-plane 

Fig. 3-6 (ii). 

These relations show (a) that the angle at £ between any two curves passing 
through £ is equal to the angle at z between their maps, and ( b ) that the 
element of arc of the map in the z-plane is m times the element of arc of the 
curve in the £-plane. It follows that any small region round £ maps into a 
geometrically similar small region round z, the linear scale, or magnification, of 
the mapping being m — |/'(£) | , (and therefore being in general variable from 
one part of the plane to another). For this reason the mapping given by 
(1) is said to be conformal. 

Observe that the conformal character of the mapping breaks down at any 
point for which/' (£) is zero or infinite. 

3-7. Complex potential. Let <f>, / be the velocity potential and stream 
function of the irrotational two-dimensional motion of air regarded as incom- 
pressible. Then equating the velocity components, we get 
dtj> Bi/j dcj> difi 

^ dx dy ’ dy dx 

We define the complex potential of the motion by the relation 
w{z) = w = / + itfi. 

We see from 3-44 that, on account of (1), w is a holomorphic function of 
the complex variable z = x + iy in any region where </> and f are one-valued. 

Conversely, if we assume for w any holomorphic function of z, the corre- 
sponding real and imaginary parts give the velocity potential and stream 
function of a possible two-dimensional irrotational motion, for they satisfy (1) 
and Laplace’s equation (see 3-311). 

Thus, for example, w — z 2 gives <f> = x 2 - y 2 , f — 2 xy. 
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COMPLEX POTENTIAL 


[3-7 

Since iw is likewise a function of 2 , it follows that - ifi and <f> are the velocity 
potential and stream function of another motion in which the streamlines and 
lines of equal velocity potential are interchanged. 

It will be found that the mathematical analysis is very considerably simpli- 
fied by working with the complex potential instead of <j> and tfi separately. 
The simplification is of the same nature as that attained by using one vector 
equation instead of three cartesian equations. In two dimensions we work 
with one equation in 2 instead of two in z and y. 

The dimensions of the complex potential are those of a velocity multiplied 
by a length, i.e. L 2 T~\ 

We give a few simple illustrations. 



Fig. 3-7 (i). 


(i) w = Ve<* z. 

^ Here 0 = V (y cos a + z sin a) and the streamlines are therefore straight. 
We have a uniform wind V at incidence a to the z-axis. 

(ii) w = - m log 2 ; <j> = - m log r, <f> = - md. 

The streamlines are straight and radiate from the origin. This motion is 
due to a simple source, or point of outward radial flow, at the origin. Such a 
motion would result were a circular cylinder to expand uniformly in still air. 
Similarly, w = m log 2 is the complex potential for a sink or point of inward 
radial flow. 



Fig. 3-7 (ii). 


(iii) w - i« log 2 ; <f>= - K 0, $ = K fog r . 


Fig. 3-7 (iii). 


3 . 7 ] COMPLEX POTENTIAL 

The streamlines are concentric circles with centre at the origin, 
motion is due to a rectilinear vortex at the origin (see 4-1). 


x 2 + y 2 
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This 



Fig. 3-7 (iv). 

The streamlines are circles touching the z-axis. The motion is due to a 
doublet at the origin, directed along the z-axis. Such a doublet arises as a 
limiting case from the juxtaposition of a source and an equal sink. 


3 - 71 . 

we get 


The complex velocity. From the complex potential w = <f> + up 



di/j dw dz _ dw 
dx dz dx dz ’ 


and since 


( 1 ) 


u = - drf>/dx, 
u — iv = 


v = dtp/dx, 
dw 
dz 


We shall call u - iv the complex velocity and note that the complex velocity 
is obtained directly from the complex potential as shown in (1). Graphically, 
the vector representing the complex velocity is 
the reflection in the line, through the point 
considered, parallel to the z-axis, of the vector 
representing the actual velocity u + iv. 

The relation is shown in fig. 3-71. It is very 
important to note that —dwjdz gives u — iv 
and not u + iv. Thus, for example, if w = iz 2 , 
we have u - iv = - 2iz, u + iv = 2 iz, 
either of these leading to u = 2y, v = 2z. 

At a stagnation point the velocity is zero. Thus u = 0 and v = 0. Therefore 
the stagnation points are given by dwjdz = 0. Thus, for example, if 



Fig. 3-71. 



( 2 ) 
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THE COMPLEX VELOCITY 


the stagnation points are given by 1 - a 2 /z 2 = 0, i.e. z = a and z = ~ t 
Now (2) is the complex potential of a circular cylinder in a uniform wind (se< 
5-2 (i) and fig. 3-14 ( b )). The stagnation points are therefore where th< 
wind impinges directly on the cylinder and the diametrically opposite point. 
To calculate the air speed q at any point we have 

(3) q = J(U 2 + u 2 ) = ^ . 

dz 

An alternative method is as follows : 

(4) g* = „« + „. = („ _ i v)(u + iv) = ^ x ^ x 

az az dz dz 

As an example, taking (2) above, 

T70 /, 2a 2 cos 2d a 4 \ 


3-8. Application of conformal mapping. Consider a mapping of the 
{-plane on the z-plane by 

(!) 2 =/(0, 
such that the region /i exterior to C in the {-plane maps into the region S 
exterior to A in the 2 -plane, see fig. 3-6 (i). Then the contour C maps into the 
contour A. 

Let a fluid motion in the region R of the {-plane be given by the complex 
potential 

(2) w({) = w — <f> + it/j. 

Then at corresponding points { and 2 given by (1), w and therefore <j> and rft 
take the same values. 

Now C is a boundary, and so a streamline, and therefore <// = k, a constant, 
at all points of C. Since A corresponds point by point with C, ip = k at all 
points of A. Therefore A is a streamline of the motion given by (2) and (1) 
together in the 2 -plane. 

The actual form of the complex potential in terms of z would be got by 
eliminating { between (1) and (2), but it is often preferable to look on { as a 
parameter and forgo the elimination. 

Thus to find the velocity at Q in the z-plane corresponding with P in the 
{-plane, we have 

dw __ dw dZ, 
dz ef{ X dz’ 


and therefore 


iv Q = ( u P - iv P )/f'(C). 


EXAMPLES III 
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EXAMPLES III 

1. Draw the streamlines of the motion given by if> = xy for x ^ 0, y > 0. 

2. Determine the condition that the velocity components 

u — ax + by, v = cx + dy 

may satisfy the equation of continuity, and show that the magnitude of the vorticity 
is c- b. 

3. Considering a circular drop of infinitesimal radius in two-dimensional 
motion, prove that if the drop were suddenly frozen solid without change of angular 
momentum, it would begin to rotate with angular velocity equal to half the vor- 
ticity before solidification. 

4. Prove that u = 2 cxy, v = c(a 2 + x 2 - if) are the velocity components of a 
possible fluid motion. Determine the stream function and sketch the streamlines. 

Prove that the motion is irrotational and find the velocity potential. 

5. Represent on an Argand diagram the number 3 + 4i and its square roots. 

6. If 1 £ + ti/r = f(z) and f(z) is real when y = a, show that \jj = 0 when y =* o. 

7. If we define e iB by putting x = id in the exponential series 

x 2 x3 

e * = 1 + x + 2! + 31 + ' ‘ ‘ ’ 

prove that de ie ldd = tie’ 9 . 

Hence show that the differential equation dw/iW = iu is satisfied by 
u y — e’°, w 2 »» cos 9 + i sin 6. 

From the fact that Uy = u 2 = 1 when 8 = 0, deduce Euler’s theorem 
cos 9 + i sin d = e iB . 


8. Obtain the expansions 


cos 6 = 1 


d 2 9* 0 6 

2! + 4! ~ 6! + ' ' ' ’ 


sin 6 = 


9 3 9 s 9 1 
3l + 5! _ 7! 


9. Prove the following results : 

(i) z*"' 2 = i, (ii) e’” = - 1, (iii) e 2 ’” = 1, 
and hence show that, if n is an integer 

e ni ’l 2 = (i) n 

can take only four different values i, - i, -1,1. 

10. Prove that cos 29 + i sin 29 = (cos 9 + i sin 8) 2 , and hence express cos 28 
and sin 29 in terms of cos 8, sin 9. 


11. Prove that 

(i) cosh 9 = cos i8, i sinh 9 = sin i8. (ii) cosh i9 = cos 9, sinh i8 = i sin 8. 
Hence expand cosh 8, and sinh 9, in ascending powers of 9. 

12. If z = x + iy, z! = x’ + if, prove that z = z'e’“ turns the axes of reference 
{ x , y) through the angle a, and that z' = ze~' a turns the axes (x 1 , f) through the 
angle a in the opposite sense. Hence express the formulae for rotation of axes 
(x, y) in terms of x ' , f and (x', f) in terms of x, y. 

13. Separate the real and imaginary parts of z 3 , ^ , cos z, sin z, cosh z, sinh z. 
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EXAMPLES III 


14. Prove that the equation of any circle which passes through the point! 

2q, z 2 can be written in the form 1 

(z ~ Zj)(z - z 2 ) + A (I - Zj)(z - z 2 ) = 0. i 

Deduce the equation of the circle which circumscribes the triangle whose vertical 
are the points z 1 , z 2 , z 3 . ° 

15. If a is real and (2 - a)j(z + a) is purely imaginary, prove that 2 describes | 

circle on the Ime joining ( -a, 0) to (a, 0) as diameter. " 

('nnlfanF 2 1 = ° ^ ere ^ T ^ + *’?> show that fche curve for which £ has i 

constant value £ 0 is an ellipse whose semi-axes are c cosh £ 0 , e sinh £., that v is th< 
eccentric angle and that all such ellipses are confocal. j 

Find £ 0 if the semi-axes of the ellipse are a, b. | 

. * 7, l (z T C sm ^ wh .® re £-£ + *’?. show that the curves for which r, has thq 

Va Ue Vo 1S f an 1 lp T Se WhoSe semi ' axes are c cosh Vo: c sinh Vo, and that all 
such ellipses are confocal. Interpret the meaning of 

Find ij 0 if the semi-axes of the ellipse are a, b. 

18. If * + iy =. c cos (<p + up), show that 

x 2 yZ 

c 2 cosh 2 tfi + c 2 sinh 2 ip ~ 

Hence prove that the streamlines are confocal ellipses. 

Prove that the circulation round any one of these ellipses is 2 t t. 

19. If <p + up = a/2, where a is real, show that the curves <p = constant. 1 

>p - constant, are circles and verify that they intersect orthogonally. j 

an i 2 ®,' l* A + ^ = *> P r ° ve that <f> has a constant value on concentric circles J 

and that ip has a constant value on radial lines. « 

21. Form the functions f (z) and f (z) when f(z) is any one of the functions j 


Fze*'*, ik log 2 , - m log z, ix log - 


g(m+in)z 


and in each case verify that/(*) + f(z) is real and/(z) - f(z) is purely imaginary. 

22. Find the poles and the corresponding residues of the functions 

2 Z + 2 2 + z 2 4z 2 

2 + 1 2 2 — 1 ’ Z 2 + l’ z 4 — 1 ’ 

Calculate the integral of each of these functions round the circle zz = 2. 

23. By writing £ = (a + 6)Je* 9 , or otherwise, prove that the transformation 

r a 2 - b 2 

So'flTSiS”" 10 th ' c “ le 1 {| ■ J( * + b) b £ +“* » *>» 

X 2 U 2 

f- — = 1 

a 2 + h 2 1 

in the 2-plane. 

• ’ v S V W that 2 = ^*> * > 1. maps the infinite sector between 9 = 0 and 6 = nlk 

in the £-plane, on the half-plane y> 0 in the 2-plane. 

»ppShXSo,'ofth e r;;T.r ,le ,irip » «- 
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26. Prove that the transformation z = i e” i/a maps the infinite strip 
- |a < 17 < i<z in the £-plane on the upper half (y 0) of the z-plane. 

27. Prove that 2 = cosh(7r£/a) maps the semi-infinite strip 0 < ij < a, £ 0 

in the £-plane on the upper half (y 0) of the z-plane. 

28. Taking the conformal transformations 

(i) z = £ + a, (ii) z = £6*“, (iii) z = 6£, (iv) z = 1 /£, 
where a is real and a, b, may be complex, prove that the first gives a translation, 
the second a rotation, the third a rotation and a magnification, the fourth an inver- 
sion followed by a reflection. 

Prove that z = (a£ + jS)/(y£ + 8) may he compounded of a succession of the 
above transformations and hence gives a mapping in which circles and straight lines 
map into circles or straight lines. Note that a, jS, y, 8 may be complex. 

29. If the circle [ £ | < r is mapped on the region B of the z-plane by the relation 
z = £ + o 2 £ 2 + a z £ 3 + • ■ • > prove that the area of B is 

77 {r 2 + 2 | a 2 | 2 r 4 + 3 | a 3 1 2 r 6 + . . . }, 
and is therefore greater than the area of the given circle. 

30. Prove that the complex potential 

iv — m log z — m log (z - - m log (z - /) 

represents the motion due to sources of strength m at (/, 0), (a 2 //, 0) and a sink of 
strength m at (0, 0). 

Prove that ip = constant on the circle | z | = a, and hence that this circle is a 
streamline and could therefore be replaced by a rigid boundary. 

31. If z = tan w, prove that 

... x 2 + y 2 + 1 I - x 2 - y 2 

coth 2</r = ^ , cot 2 <p = - — , 

Ly Lx 

and hence draw the streamlines. 

Discuss the possibility of stagnation points, and calculate the air speed at any 
point. 

32. A function of the real variables x, y is transformed by 3-4 (3) into a function 
F(z, z) of the complex variables, z, z. Prove that 

5F _ 1 (dF . dF\ 
dz 2 \dx + dy) ’ 

If F ( z , 2) = <p(x, y) + iip(x, y) and if <p, ip satisfy the Cauchy-Riemann equations, 
prove that 3F/8z = 0, i.e. that the Cauchy-Riemann equations ensure that F shall 
be a function of z only. 

33. Show that w = Uz 2 gives irrotat-ional flow in a corner formed by the first 
quadrant in the xy- plane. Prove that the origin is a stagnation point. Find the 
streamlines and show the direction of motion of the fluid particles on these lines. 

Show that a fluid drop, bounded by lines parallel to the axes of reference, 
remains rectangular throughout its motion. 


cot 2ip = 


I - x 2 - y 2 



CHAPTER IY 


RECTILINEAR VORTICES 

4*0. Two-dimensional vortices. In this chapter some aspects of tw< 
dimensional vortex motion will be considered. The vorticity vector is b 
definition (3-21) perpendicular to the plane of the motion, so that the vorte 
lines (see 9-31) are straight and parallel. All vortex tubes (9-31) are therefor 
cylinders whose generators are perpendicular to the plane of the motion. Sun 
vortices are known as rectilinear vortices. As usual we shall consider the fluii 
to be confined between parallel planes at unit distance apart and parallel to tb 
plane of the motion, which is half-way between them, and we shall use tb 
language of plane geometry. 

4-1. Circular vortex. Let there be a single cylindrical vortex tube 
whose cross-section is a circle of radius a, surrounded by unbounded fluid. 




Fig. 4-1 (a). 1 

The section of the vortex by the plane of the motion is a circle and thJ 
arrangement may therefore be referred to as a circular vortex. 

- A e shall suppose that the vorticity over the 

area of this circle has the constant value a>. 
\ Outside the circle the vorticity is zero. Draw 
\ circles, concentric with the circle which bounds! 
i i Ihe vortex, of radii r' and r, where r' < a < r. 

I > Let v and v be the speeds of fluid motion on the 

! circles of radii r' and r respectively. It is clear 

* from the symmetry that the speed at every 

- ^ point of the circle radius r' is the same, and 

*" that the velocity is tangential to this circle, for a 

radial component would entail a net flux across 
the circle and its centre 0 would then be a source or a sink. Similarly the 
velocity at any point of the circle of radius r is tangential to that circle. 


CIRCULAR VORTEX 
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4-1] 

Apply Stokes’s circulation theorem (3-2) to these circles. Then 
jV ds = oj 7 tt ' 2 , r' < a ; J"v ds = to na 2 , r > a. 

Since v' and v are constants on their respective circles we get 
277/' V' = OJ nr' 2 , 277V v = OJ na 2 . 

Thus v' = or', r' < a ; v — |oja 2 /r, r> a. When r' — r = a we have 
v ' — v ~ | a to so that the velocity is continuous as we pass through the circle. 

From this it appears that the existence of a vortex such as we have described 
implies the co-existence of a certain distribution or field of velocity. This 
velocity field which co-exists with the vortex is known as the induced velocity 
field and the velocity at any point of it is called the induced velocity. 

It is customary to refer to the velocity at a point of the field as the velocity 
induced by the vortex, but this must be understood merely as a convenient 
abbreviation of the fuller statement that were the vortex alone in the otherwise 
undisturbed field the velocity at the point would have the value in question. 
In this sense, when several vortices are present the field of each will contribute 
its proper amount to the velocity at a point. 

Returning to the circular vortex the induced velocity at the extremity of any 
radius vector r joining the centre of the vortex to a point of the fluid external 
to the vortex is of magnitude inversely proportional to r and is perpendicular 
to r. Thus the induced velocity tends to zero at great distances. 

As to the fluid within the vortex, its velocity is of magnitude proportional 
to r and therefore the fluid composing the vortex moves like a rigid body 
rotating about the centre 0 with angular velocity ia>. The velocity at the centre 
is zero. This important fact may be stated in the following way. 

A circular vortex induces no velocity at its centre. This is to be understood to 
mean that the centre of a circular vortex alone in the otherwise undisturbed 
fluid will not tend to move. 

Still considering the fluid within the vortex, the velocities at the extremities 
of oppositely directed radii are of the same magnitude but of opposite sense so 
that the mean velocity of the fluid within the vortex is zero. Thus, if a circular 
vortex of small radius be “ placed ” in a field of flow at a point where the 
velocity is u the mean velocity at its centre will still be u and the fluid composing 
the vortex will move with velocity u ; it will “ swim with the stream ” carrying 
its vorticity with it. 

The circular vortex is illustrated in nature on the grand scale by the tropical 
cyclone (hurricane, typhoon) which attains a diameter * of from 100 to 500 
miles, and travels at a speed seldom exceeding 15 miles per hour. Within 


D. Brunt, Weather Study , London ( 1942). 
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the area the wind can reach hurricane force, while there is a central region 
“ the eye of the storm ”, of diameter 10 to 20 miles where conditions may 1 
comparatively calm. 

4-11. Velocity distribution. If we introduce the strength k of th< 

circular vortex, defined by 

2tt k = circulation = 7ra 2 co, 

we have k — la 2 oj and therefore I 


r , K 

k-, r <a ; v = ~. 


r> a. 


Since the velocities at all points of a diameter are perpendicular to that 
diameter the extremities of the velocity vectors at the different points of th< 
diameter will lie on a curve which gives the velocity distribution as we go along 
the diameter from - oo to + oo . 



Fig. 4-11 (a). 

This is shown in fig. 4-11 (a) where A is the centre of the vortex and CD is 1 
the diameter. For points between C and D the graph is a straight fine EAF, 
for points on CD produced the graph is part of a rectangular hyperbola whose 
asymptotes are the diameter CD and the perpendicular diameter through A. 
The ordinates DE, CF each represent the velocity nja. Thus, if we keep k 
constant and reduce the radius a of the vortex, DE will increase and DA will 
decrease. Therefore in the l im it when a—>0 the graph consists of the rectangular 
hyperbola and the asymptote perpendicular to CD. 

Let us now introduce a second circular vortex also of radius a but with 
opposite vorticity - w having its centre B on DC produced. If BA is sufficiently 
large compared with a, we can suppose, to a first approximation, that the 
vortices do not interfere, that is to say, that they remain circular and that their 
velocity fields may be compounded by the ordinary law of vector addition, j 
The effect on the distribution graph of A will be to reduce all the velocities at 


411] 

points near A on the diameter CD by approximately V = k/BA, by greater 
amounts on DC produced and by less amounts on CD produced. 

The general shape of the distribution graph for the pair of vortices will now 
be that shown in fig. 4-11 (6). 



Fig. 411 (i). 


It will be observed that the centre of each vortex is now in the field of 
velocity induced by the other and will therefore move with velocity V per- 
pendicularly to AB. Thus the vortices are no longer at rest, but move with 
equal uniform velocity, remaining at constant distance apart. This is an 
application of the theorem that a vortex induces no velocity in itself. 

The above diagram has its application to the study of the induced velocity 
due to the wake of a monoplane aerofoil at a distance behind the trailing edge 
(see 11-7). 

4* 1 2. Size of a circular vortex. It can be shown* that the pressure 
in the field of a circular vortex is least at the centre of the vortex, and that its 
value there is 77 - K 2 p/a 2 , where 77 is the pressure at infinity. It follows that, if 
the pressure is to be nowhere negative, a 2 ^ « 2 p/77, and the radius of the vortex 
cannot be less than the amount given by this relation, when k and 77 are assigned. 
In the following sections we shall be concerned with the case a ->■ 0, but the 
resulting point vortex must be regarded as a (very convenient) abstraction. 
We can of course make a as small as we please by making k small enough, or 77 
big enough, but we shall still have a circular vortex and the induced velocity 
will be everywhere finite. The apparently infinite velocities which occur 
subsequently are therefore to be ascribed to the over-simplification of taking 
a = 0. If this is borne in mind, no difficulty need be felt at their occurrence. 

A similar lower limit exists for the size of a point source (3-7) in two- 
dimensional motion, and is given by the same relation if k is the strength of the 
source. 


* Milne -Thoms on, Theoretical Hydrodynamics , 13’ 11. 
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POINT RECTILINEAR VORTEX 


4-2. Point rectilinear vortex. We have seen that at any point outs 
a circular vortex, at distance r from the centre, the velocity is k/t at right ana 
to r where k is the strength of the vortex. ” 

If we let the radius a of the vortex tend to zero, k remaining constant, t 
circle shrinks to a point and we have thus in the plane a point rectilinear vort* 

°r simply a point vortex, of streng 
Y \ r k. The cylinder of fig. 4-1 (a) whi 

\ represents the vortex tube shrin 

to a straight line and the vortex 
\ 1 now a single rectilinear vortex repr 

^ sented by a point in the plane < 

O x the motion. 

Fra. 4 . 2 . If we take the origin at the vo 

tex, the velocity at the point P(r, | 

is represented by the complex number 

_ e «.e+i*) _ iK 
r re~ is ’ 

and therefore the complex velocity (3-71) is 

dw . — IK — IK I 

- -J- — U - w = — 

az re' 0 z 

Hence, ignoring an added constant, which is irrelevant, the complei 
potential is given by 

w = Ik log 2 . 

Observe that the motion is irrotational except at 0 where the vortex u 
situated and so a complex potential exists, with a logarithmic singularity at the 
vortex. 

If the vortex were at the point z 0 instead of at the origin, we should have 
w = ik log (z - z 0 ). 

Observe also that the velocity derived from the complex potential is the 
velocity induced by the vortex. 

4-21. Vortex pair. A pair of point vortices of strengths K and -k 
form a vortex pair. 

If the vortices of the pair are at 
A and B respectively, each induces a n 

velocity k /AB in the other, perpen- 2 ^ 

dicular to AB and in the same sense. B A 

Thus the vortex pair moves perpen- 
dicularly to AB, remaining at the con- > Y’ , «/«» 

stant distance AB apart. The fluid Fra. 4-21 (a ). 
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4 - 21 ] 

velocity at 0, the mid-point of AB, is 2k/AB + 2 k/AB = 4:KjAB, which is 
four times the velocity of either vortex (cf. fig. 4-11 (b)). 

Taking 0 as origin and the x-axis along OA, if AB — 2a, we have the com- 
plex potential, at the instant when the vortices are on the x-axis, 

( 1 ) w = ik log (z - a) - ik log (2 + a). 


Thus 


u - iv 


(— M 

\z - a z + aj 


To find the velocity distribution along the x-axis we put y = 0, so 


that 


u - iv 


2aiK 

x 2 - a 2 " 


Thus u — 0, v -- 2a«r/(x 2 - a 2 ). The graph of v against x is shown in 
fig. 4-21 (b). 



Fra. 4-21 (6). 


The curve has the equation v(x 2 - a 2 ) = 2 a/c, so that the asymptotes are 
v = 0, x = a, x = -a. This curve is the limit of that depicted in fig. 4-11 (6) 
with which it should be compared. The explanation of the occurrence of 
velocities which are apparently infinite is given in 4-12. The straight parts of 
fig. 4-11 (6) go over into the asymptotes x = ± a and this explains why we 
cannot read on fig. 4-21 ( b ) the velocity of A, although this is still one-quarter 
of the velocity at 0. 

4-22. Image of a vortex in a plane. Referring to fig. 4-21 (a), it is 
clear from the symmetry that there is no flux across YY' the perpendicular 
bisector of AB. Thus Y Y' is a streamline and could therefore be replaced by a 
rigid boundary, and the motion due to a vortex at A in the presence of this 
boundary is the same as the motion would be if the boundary were removed and 
an equal vortex of opposite rotation were introduced at B. The vortex at B is 
called the image of the actual vortex at A with respect to the plane boundary 
and the complex potential is still given by 4-21 (1). 
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VORTEX BETWEEN PARALLEL PLANES 


4-3. Vortex between parallel planes. 


Fig. 4-3 ( a ). Fig. 4-3 (6). 

Let the vortex, strength k, be midway between the planes y — ± c 
and at the origin. 

The transformation £ = ie nzla , as is easily verified, maps the strip betwe 
the planes on the upper half of the £ -plane (the heavy and thin lines in fi| 
(a), ( b ) indicate which parts of the boundaries correspond), and 2 = 0 con 
sponds with £ = i. Using the image system of 4-22 we have vortices k 
£ = i and - k at £ = - i, and therefore 


• 1 £ - i . . e a - 1 . . . 772 

w = ik log - . - ik log — = Ik log tanh — , 

L + l — 

e“ + 1 

7 7 1 ,,772 . 77 1 

U ~ IV = - IK ■ — . x coth — = - IK - • 

2 a , „ 772 2 a a m 

cosh 2 — smh — 

2 a a 


Thus when 


_ KTT 1 

y = o, v , 

a . , 772 

smh — 
a 


u = 0, 


and the velocity at points of the z-axis is given by this formula. 

If the walls were absent we should have, on the z-axis, v 0 = k jx. 

rp, V TTX 1 

Thus - = — x < 1. 

v„ a .. nx 

smh — 

a 

Therefore the walls reduce the velocity v at points on the x-axis. 

■'//////////////////////z//x, Ttus > for example, if x = a, 

roughly ' 

' y The streamlines are somewhat ai 

x ^ shown. ,, 

^yyy^777PV77777^77777777777, These are got from circular stream 

lines by observing that the walls increas* 
u when x = 0, and decrease v when y = 0, so that the streamlines crowd and 
spread as shown. 


FORCE ON A VORTEX 77 

4 . 4 . Force on a vortex. A rectilinear vortex may be regarded as the 
limit of a circular vortex which rotates about its centre as if rigid. 

Let us suppose a small circular vortex inserted in a steady field of flow, so 
that its centre is at the point whose velocity is (w 0 , v Q ) before the vortex is 



Fig. 4-4. 


inserted. The vortex would then swim with the fluid (4-1), and begin to move 
with the velocity (w 0 , v 0 ), so that the motion would no longer be steady. Let 
us imagine the vortex to be held fixed by the application of a suitable force 
(in the form of a pressure distribution). This force would be equal but opposite 
to that exerted by the fluid. 

Since the motion is now steady, the force exerted by the fluid is the Kutta- 
Joukowski lift, which is investigated in 5-5. This is independent of the size and 
shape of the vortex and is given by 

X + iY = — 2TTKpi(u 0 + iv 0 ). 

This force, being independent of size, is also the force exerted by the fluid 
on a point vortex. 

The direction of the force (see fig. 4-4) is obtained by rotating the velocity 
vector through a right angle in the sense opposite to that of the circulation 
(vorticity) (see 5-5). 

4*5. Mutual action of two vortices. Consider two vortices of 
strengths k and k at the points (0, 0) and (0, h), respec- 
tively. 

Here for the vortex k we have 

w 0 = — k/Ji, v 0 = 0 

and therefore X = 0, Y = 2ttkk' pjh, so that the two 
vortices repel one another if k and k have the same sign, 
and attract if the signs are opposite. This result has 
its application to the action between the wings of a 
biplane. 
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ENERGY DUE TO A PAIR OP VORTICES 


4-6. Energy due to a pair of vortices. We consider two circul 
vortices each of radius a so small compared with the distance 2 b between thi 
centres that their circular form is preserved. 

If k is the strength of each vo 

Y tex we can write 

P 

K K w = ik log (z - b) - ik log (z + ij 

Qr — — - — — 1 — — neglecting the interaction betwet 

a ^ a X the vortices as in 4-11, and tj 

stream function is therefore 

Fig. 4-6. </> = k log — , 

r 2 

where r v r 2 are the distances of the point z from the vortices, as shown in fig. 4* 
Then for the region external to the vortices the kinetic energy of the fluid 

T, = + v 2 ) dx dy. 

Mnw U 2 + v * = _ JA ^ JA - 9 (W-) 


U dy + V dx dx dy 


since in this region dv/dx - du/dy — 0. 

Hence by the two-dimensional form of Stokes’s theorem (3-2) we have 


T t = |p x 2 1 - (m jt dx + mf) dy) 

J(C) 


where the integral is taken positively round C, the circumference of the vortlj 
at z = 6. The negative sign is accounted for by the fact that C is an interu( 
boundary, and the factor 2 because each vortex must contribute the safl 
amount to the energy. 1 

Now u dx + v dy = q, ds where q s is the tangential speed, so that i 

f • • 1 

I q ds = 2ttk, the circulation. 

J(C) } 

Also on C, r x = a, and r 2 = 2b nearly, so that we may write 

T e — - p x 2vk x k log ~ = 2npK 2 log — . 

Ao cl 

The fluid internal to C is rotating (4-11) with angular velocity k/o* as 

moving as a whole with velocity «r/26 induced by the other vortex. Thus ij 

kinetic energy is 




-J = k-vpx 2 . 


neglecting a 2 /6 2 . Thus the total energy is, very nearly, 


T = T e + 2T t = 2tt p* 2 £ + log 
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47. Continuous line of vortices. Let there be a straight line AH 
stretching from ( - \c, 0) to (|c, 0) of continuous vortices, that is to say, 





Y 

kdi 

p 


H 

y 

0 

* | A 

\dv x 

X 


Fig. 4-7. 


let the element d£ of the line at the point (f, 0) behave like a point rectilinear 
vortex of strength k d£, where k may be constant or a function of £. This element 
taken by itself will induce at the point P(x, 0) a velocity dv x , in the negative 
sense of the y- axis, given by 

. k d£ 


and therefore the whole line of vortices will induce at P the velocity 

.. _ r B *« 


*-J! 


Observe that in (1) f is variable, x is fixed. 'When f = x the integrand is 
infinite. On the other hand, using the principle that a vortex induces no velocity 
at its own centre, we note that the point x must be omitted from the range of 
variation of £. To do this we define the “ improper ” integral (1) by its principal 
value, namely, 

(2) .. = lim If" -M- + f"‘ “tl, 

e-.0 1.J -c/2 S x Jx + e S ~ x j 

for in this way the point (x, 0) is always the centre of the omitted portion 
between x - e and x + e. 

For subsequent use in the theory of aerofoils the type of integral (2) in which 
we shall be interested is that for which £ = - \c cos <f> and k — k n sin mf> 
where k n is independent of </>, and it is this problem that we shall investigate. 

If, for convenience, we put x = - |c cos 9, where 6, like x, is fixed, we get 
from (1) 


v _ j. T sin n<f> sin <f> d<f> _ ^ P [cos(w - 1)^ - cos (n + 1 )<j>]d<l> 
n J o cos 9 - cos </> 2 n J o cos 9 - cos <f> 

Our problem therefore reduces to calculating an improper integral of the type 
j __ P cos ncj> d<f> 
n J 0 cos <f> - cos 9 

It will be proved in the next section that /„ — 77 sin wfl/sin 9. It therefore 


[cos ( n 


r.-f. 


It will be proved in the next section that /„ — 77 sin 
follows that 


z 2^*n[fn+l -fn-ll 


sin (n + l)d - sin (n - 1)0 


7rk n cos n9. 


v. 
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EVALUATION OF THE DEFINITE INTEGRAL 


4-71. Evaluation of the definite integral. 


rjr 

Jo 


cos mb j . 

-p. ad), n an integer. 

\ <f> - cos 6 


As explained in 4*7 we define I n by its principal value 

/—lim {p- 7^ . # + r -A- 

t ->0 [Jo COS 0 - cos 0 J s + e cos 0 - cosd J 

This is physically tantamount (see 4-7) to omitting the vortieity betwq 
6 — e and 6 + e and then taking the limit e — > 0 so that 6 remains the centre! 
the omitted portion. 

If n = 0 we have, as may readily be verified, by differentiation, 

r- d< t> r 1 , sin i(e + d>)y- 


COS 0 - COS I 


r 1 , sin|(fl + 

Lsind °^sinj(d - 0)J O * 


Hence 


r # . r 1 lo „ sin i(<A + Q) v 

J g + e cos 0 — cos 8 [sind 0 sin J(0 - 6 ) J04 , ' 

, 1 , sin (d - ie) 

/„ = lim - t — 7 . log -r— 7 - — = 0. 

<-*o sin d sin (d + |e) 


It follows that we may write 

T T T a r COS ncl> - COS « d , . 

(2) In = In - I 0 COS wd = P — dJ>. 

Jo cos 0 - cos d T 

In particular, putting n = 1, we have 7 X = tt. 

Now cos (n + 1)0 - cos (n + l)d + cos (w - 1)0 - cos (n - l)d 

= 2 cos n0 (cos 0 - cos d) 4- 2 cos d (cos ruf> - cos nff 

d cos n0 d(j> = 0. Therefore, from (2), 

Jo 

In+ 1 "b In— 1 1 ' 2 COS d / n . 

To solve this difference equation * put /„ = x”, which gives 
x 2 - 2* cos 0+1=0, 


so that 
Thus 


x = e" or e~ 


Thus I n = A sin nd + B cos wd. 

Since I 0 = 0 we have B = 0, and since I x = tt we have A = tt cosec 0 an 
therefore 

,o\ T sin nd 

W In = TT ■ a , 

sin d 

which is valid for all positive integral values of « including zero. 

* Milne-Thomson, The Calculus of Finite Differences (1965), 13 0. 


EXAMPLES IV 


81 


EXAMPLES IV 

1. If p' is the pressure at radius r' within a cylindrical vortex, show that 

1 dp' co 2 r' k 2 r' 
p dr' 4 a 4 

and deduce that 

, /c 2 r' 2 p 

P = + Po< 

where p 0 is the pressure at the centre of the vortex. 

2. If p is the pressure at a point external to a cylindrical vortex, prove that 

p k 2 _ n 

p + 2? = J’ 

where II is the pressure at infinity. 

3. Draw a graph to show the pressure distribution within and outside a cylin- 
drical vortex. 

4. Show that the pressure due to a cylindrical vortex is least at the centre and 
has the value there 11(1 - k), where 

Jc - k2 p 

a 2 n 

Hence show that if k > 1, the vortex has a concentric cylindrical hollow space. 
Deduce that, if k ~ 2, there is a completely hollow cylindrical space around 
which there is cyclic irrotational motion. 

5. Show that the stream function for a cylindrical vortex is 0 = - |co (a 2 - r 2 ), 

T 

or 0 = |<oa 2 log ~ , according as r < o or r > o. 

6. Draw the pressure distribution for a rectilinear vortex filament in un- 
bounded incompressible air. 

7. If the vortices of a vortex pair are situated at A and B, show that the stream 
function at P is 

, PA 


Deduce that the strea mlin es are coaxal circles. 

8. For a vortex between parallel planes (4-3) show that when x = 0 

kit Try 

u = cosec — • 

a a 

Explain the significance of the negative sign. 

9. Vortex filaments of strengths k v k„ are placed at A v A 2 . Show that the 
centroid of masses k v k 2 remains at rest if the masses are imagined to move with the 
vortices. Prove also that each vortex describes a circle. 

10. Draw the streamlines for the combination of source and vortex the complex 
potential of which is 

w = ( - m + tVc) log z. 

11. Show that in steady two-dimensional motion the vortieity remains constant 
along a streamline. 
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EXAMPLES IV 


12. A two-dimensional vortex filament of strength k is near the comer of a Ian 
rectangular tank and is parallel to the edge of the corner. Show that the filame! 
will trace out in the plane the curve r sin 2 6 = constant, and that the motion w 
be regulated by the equation 

f dd _ - K 
dt 2 r 

13. Three parallel rectilinear vortices of the same strength k and in the san 
sense meet any plane perpendicular to them in an equilateral triangle of side 
Show that all three vortices move round the same cylinder with unif orm speed j 
time 27i-a 2 /(3/c). 

14. The two-dimensional motion of incompressible air is such that the vorticil 
cu is uniform. Show that the stream function ip is given by 

ip = \m(x 2 + y 2 ) + f(x + iy ) + f(x - iy), 
where /is an arbitrary function. 

15. Prove that a source of strength m is acted upon by the fluid with a fon 
X + iY = — ‘lirpm («„ + iv 0 ). 

16. Prove that two sources attract one another, but that a source and a sin 
repel one another. 

17. Prove that a source and a vortex exert on one another a force perpendiculi 
to the line joining them. 


CHAPTER V 

THE CIRCULAR CYLINDER AS AN AEROFOIL 

5'0. In this chapter we shall consider the properties of two-dimensional 
airflow past a circular cylinder, the air being treated as inviscid and incom- 
pressible. The considerations adduced in 1-8 show clearly that a circular 
cylinder is an unsuitable shape for an aerofoil but, as we shall see later, it is 
easy to transform a circle into an aerofoil profile by a conformal mapping, and 
from the flow past the circle we can then deduce the corresponding flow past the 
aerofoil. For this reason a careful consideration of the circular profile is a 
useful preliminary. 

5*1. The points 2 and a 2 /z. 

Let C be the circle | 2 | = a in the Argand diagram of the 2 -plane. 

Let P be the point 2 = re <e . Then if Q is 
the point o 2 / 2 , we have 

a 2 _ a 2 _ a 2 _ (e 
z re' 8 r 

If we mark, on OP between 0 and P, the 
point S such that OS = OQ = o 2 /r we see that 

(I) OS.OP = a 2 , 

so that S and P are inverse points with 
respect to the circle C, and the point Q 
is the optical reflection of S in the x-axis regarded as a mirror. It is clear from 
(1) that if P is outside the circle ( OP>a ), then S and therefore Q is inside the 

circle. 

If, however, P is on the circumference of the 
circle, S coincides with P, and Q then also lies on 
the circumference : so that if z is on the circum- 
ference, 


Let / ( 2 ) be a function of 2 which is holo- 
morphic in the whole plane except at certain 
isolated singular points all of which are at a 
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distance greater than a from the origin. We can then form the associate 
function f(z) described in 3-45. Consider the pair of functions 

/<*), /(f). 

the second being obtained from f(z) by writing a 2 jz instead of 2 . 

If the point 2 is outside the circle C, the point a 2 /2 is inside C. It folio? 
that all the singular points of f (a 2 [z) are inside C, since by hypothesis all tha 
of / ( 2 ) are outside C. 

Also if 2 is on C, so is 2 = a 2 / 2 . Therefore the function 

/M+/(f) 

is such that all its singularities outside the circle C are the same as those ofy(; 
while if 2 is on the circle the value of the function becomes 


7( 2 ) + /(«). 

which being the sum of two conjugate complex numbers has its imaginary pap 
equal to zero, from Theorem A, 3-4. 

■* The circle theorem. YV e now prove a general theorem * which wil 
be of great use subsequently. 

The circle theorem. Let there be irrotational two-dimensional flow oi 
incompressible inviscid fluid in the 2 -plane. Let there be no rigid boundaries 
and let the complex potential of the flow be f(z), where the singularities oi 
7 (2) are a H a t a distance greater than a from the origin. If a circular cylindej 
typified by its cross-section the circle C, | 2 | = a, be introduced into the field 
of flow, the complex potential becomes 3 

(!) «=/(*) +7 ( 7 )- j 

Proof. Since there are no rigid boundaries, the flow given b jf(z) is deter»j 
minate at every point of the z-plane, except perhaps at the singularities of f(z)\ 
which arise from the vortices, sources, doublets, streams, etc., to which the flow) 
is due. | 


After the cylinder is inserted, C must become a strea mlin e xjj = constant,] 
and without loss of generality we may assume that it is the streamline p = 0.] 
We have seen in 5-1 that the singularities of w, given by (1), in the region; 
external to C are the same as those of f(z), and therefore no new singularities! 
are introduced in this region. In particular, since by hypothesis / ( 2 ) has no) 
singularity at 2 = 0 ,f(a 2 /z) has no singularity at infini ty j 

Now w is purely real on the cylinder, for there w = f(z) + /(z), and therefore] 
>p — 0 on t. Thus C is a streamline and all the conditions are satisfied. q.e.D. ] 


* Milne-Thomson, Proc. Camb. Phil. Soc., 36 (1940). 
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Applications. 

(i) A unif orm wind in the negative direction of the x-axis. Here/( 2 ) = Vz. 
When the cylinder is inserted w — Vz + Va 2 jz (cf. fig. 3-14 ( b )). 

(ii) A uniform wind at incidence a to the x-axis. From 3-7 (i) / ( 2 ) = Ve ia z 
and therefore w = Ve ia z + Va 2 e- ia /z. 

(iii) The cylinder is inserted in the same uniform wind as in (ii), but the 
centre of the cylinder is at the point 2 = z 0 . Then 

q2 — iot jj 2 — ta 

w = Fe“ (2 - z 0 ) -l = Ve u 2 ^ 1- constant, 

Z — Zq Z — Zq 

and the constant may be omitted for it contributes nothing to the velocity 

- dw/dz. 

(iv) A vortex of strength x at the point z 0 . The centre of the cylinder is at 
the origin. Here/( 2 ) = ix log (2 - z 0 ), and therefore, if | z 0 | > a, 

w = ix log (2 - 2 0 ) - ix log (a 2 jz - z 0 ). 

Thus w = ix log z + ix log (2 - z 0 ) - ix log (2 - ~ ) + constant. 

\ Zq} 

The point a 2 /z 0 is the inverse of z 0 with respect to the circle. 

(v) A vortex pair x at z 0 , - x at 2 0 ', both outside the cylinder whose centre 
is the origin. Using (iv) 

w = ix log (2 - 2 0 ) - ix log ( 2 - Zq') - ix log [z - ^ + ix log [z - • 

(vi) A vortex pair inside the cylinder. The solution is the same as (v), for 
clearly if z 0 , zf are inside the cylinder, a 2 /z 0 , a 2 /z 0 ' are outside it, and the cylinder 
is a streamline. 

5-3. Circulation about a circular cylinder. The complex potential 
of a vortex of strength x at the origin is 

(1) w = ix log z = ix log r - x6. 

Thus <j> = - xd, i/< = x log r. 

It follows that the streamlines ifi = con- 
stant are the circles r = constant. Any 
one of these circles, say r = a, can be 
taken as a rigid boundary. Now take a 
circuit which embraces the circle once. If 
we go once round this circuit, 6 increases 
by 277 and therefore <f> decreases by 2ttk 

which means (see 3-32) that there is a cir- 

1 ■ . , Fig. 5-3. 

culation 2ttk in any circuit which embraces 

the circle once. Thus (1) is the complex potential of an irrotational circu- 
latory motion round the cylinder of radius a. 
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CIRCULAR CYLINDER IN A WIND WITH CIRCULATION 


5*31. Circular cylinder in a wind with circulation. Consider J 
uniform wind whose complex potential is Vz. If we insert the circular cylindj 
typified by the circle \ z \ = a, the complex potential becomes (see 5-2) 

Vz + V-. 

z 

To include circulation 2ttk we add the term i k log z, which gives finally 

(1) w = Vz + V F IK log 2 . 

2 

It is easy to verify that the circle is still a streamline, for putting z = ae" M 
get 

0 = * log a, 

which is constant. 

To find the stagnation points we equate dwjdz to zero, which gives 

T . Fa 2 t/c 

V _ + _ = o. 



Fig. 5-31 (a). 

Solving this quadratic in z we get 



There are thus three cases to distinguish, 

k < 2 aV, k = 2 aV, k > 2 aV. 

The only case of aerodynamic interest is the first. (For the other two see ; 
Ex. V, 8.) Putting ! 


we get for the stagnation points 


2aV = sin fi, 


z = a{ ± cos p - i sin f3) = ae~^, - ae**. 

Thus the stagnation points he on the cylinder and on a line parallel; 
to the undisturbed wind stream (in this case parallel to the real axis). 
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Fig- 5’31 (a) shows the stagnation points * A and H, the interpretation of 
the angle /? and the disposition of the streamlines. The general effect of the 
circulation is to increase the speed of the air at points of the major arc AH and 
to decrease the speed at points of the minor arc AH. Thus, by Bernoulli’s 
theorem, the pressure above is diminished and the pressure below is increased 
so that there will be an upward force on the cylinder perpendicular to the 
wind, in other words a lift. 

From (1) we get the stream function 

(3) <l> = Vy(l - + iclogr, 

which is unaltered when - x is written for x, and therefore the streamlines are 
symmetrical about the y-axis so that there will be no resultant force in the 
direction of the wind. 

It should be observed that (2) gives the 
circulation which makes a given point on the 
cylinder a stagnation point. It also appears 
from (2) that when there is no circulation the 
stagnation points are at the ends of a diameter 
and (3) shows that in this case the streamlines 
are also symmetrical, fig. 3-14 (6), about the 
x-axis so that the lift vanishes. 

If we take the centre of the cylinder at 
the point z = s and the wind at incidence a, 
the complex potential (1) is replaced by (see 5-2 (iii)), 

"V aP & — 

(4) w = Vze u + ■■ _ ■ + 2 ai V sin p log (z - s). 

In fig. 5-31 (b) the rear stagnation point H is shown on the real axis. This is 
the usual disposition but it does not affect the form of (4). The flow pattern 
is of course independent of any choice of axes. 

5-31 1. Given stagnation point. To find the circulation which will 

make a given point z 0 of the circular cylinder a stagnation point. 

We use the circle theorem. Let f(z) be the complex potential before the 
cylinder | z | = a is inserted. After the cylinder is inserted with circulation 
2ttk we have 

w = f(z) +/(^) + iK log z, 



* Mnemonic ; A for anterior, H for hindmost stagnation point. 
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and, since z 0 is to be a stagnation point, dwjdz = 0 when z = z 0 . Therefore 




Fig. 5-311. 

Now, since z 0 is on the cylinder a 2 /z 0 = z 0 . Therefore 

k = fz 0 /'(z 0 ) ~ is 0 /' (z 0 ) = real part of - 2iz 0 (u 0 - iv 0 ), 

where m 0 - iv 0 = - f ( z 0 ) is the complex velocity at z 0 in the undisturbed flowj 
i.e. when the cylinder and circulation are absent. I 

Let z 0 = ae ie , u 0 4- iv 0 — qe ( *. Then 

k = real part of - 2 iaq = 2 aq sin (9 - x) = ^ av > 

where v = q sin (6 - y) is the component at z 0 of the undisturbed velocity along 
the tangent to the circle. Observe that k and v are always in opposite senses. 
Equation 5-31 (2) could be deduced from this theorem. See also 8-7. 

5-32. The pressure on the cylinder. At points on the cylinder 
(5-31 (1)), 

^ = 7(1 - e~ 2is ) + -e~« = e~A2i Fsinfl + -1. 
dz a L a -I 

Hence q 2 = {xV sin 9 + = 4F 2 (sin 6 + sin /3) 2 , 

and therefore if II is the pressure at a 
great distance from the cylinder Bernoulli’s 
theorem gives 

(1) 2 + 2 F 2 (sin 0 + sin /?) 2 = - + JF 2 , 

P P 

so that 

(2) ipV 2 = ipF 2 + 1 _ 4(sin6> + sin ^ )a ' 
In fig. 5-32 we have a polar diagram in which the radius vector OQ represents 

the pressure at the point P of the cylinder. 



THE PRESSURE ON THE CYLINDER 
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To draw such a diagram we must know the values of 77/|pF 2 and sin /? ; 
OQ is then drawn to represent pjlpV 2 . 

That the cylinder experiences a lift but no drag is evident from the diagram. 

5-33. Force on the cylinder. If X and Y denote the resultant thrusts 
in the positive directions of the x- and y-axes due to air pressure we have 

r2n f 2ir 

X = — I p cos 6 add, Y = - I p sin 6 add. 

Jo Jo 

Now from 5-32 we see that 

p = p x - ipV 2 sin sin 6, 

where p x = 17 + ipV 2 - 2 pV 2 sin 2 9 - 2pF 2 sin 2 /?, 

and it is clear that the resultant pressure thrusts due to p x vanish, for p 1 is 
unaltered when 9 is replaced by 9 + tt, so that the thrusts due to p, at diametri- 
cally opposite points cancel. Therefore 

X = 4 paV 2 sin j8j sin 9 cos 9 d9, Y = 4paF 2 sin j8j sin 2 9 d9, 

whence X = 0, F = 4 rrpaV 2 sin j8 = 2m<p V. 

Thus the aerodynamic force on the cylinder is a lift equal to 
Circulation x air density x wind speed. 

The foregoing calculation is simple owing to the form of the contour of the 
cylinder. In the general case of an aerofoil of other than circular section the 
direct integration of the components of pressure thrust can become exceedingly 
complicated. There is, however, a simple method which can be used in all such 
cases which will form the subject of the following section. 

5-4. The theorem of Blasius. 



Consider a cylinder of any cross-section placed in steady irrotational air flow. 
If the origin 0 is taken as base point the aerodynamic force (per unit length of 
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THE THEOREM OF BLASIUS 


cylinder) may be reduced to a force (X, Y) and a pitching moment M about 0^ 
If w is the complex potential, the theorem of Blasius is as follows : i 

(1) X - iY = | dz, M = real part of - Jpjz dz, 

where the integrals are taken round the contour C of the profile or round any 
contour reconcilable * with C without passing over a s ingular ity 0 f the inte- 
grands. 

Proof. The pressure thrusts on an element ds of the contour give rise at 0 
to the force system (dX, d Y) and moment dM where 

dX = - p dy, dY = p dx, dM = p(x dx + y dy). 

Now the pressure equation gives p = p 0 - \pq- where p 0 is a constant 
pressure and the resultant effect of such a constant pressure is zero. Thus 
we can ignore p 0 and so write 

d(X - iY) = \p(f {dy + idx ), dM = - \p(f{x dx + y dy). 

(2) Now dy + i dx — i dz, xdx + y dy = real part of z dz, 


2 dw dw 
1 dz dz 


Thus d(X - iY) — \pi dw, dM — real part of - f pz ^ did. 

Now on the cylinder the stream function <p is constant and therefore dip = 0. 
Therefore 


and so 


dw = d(<p - up) = d(<p + up) = dw = — dz, 

dz 

) 

d(X - iY) — \pi j dz, dM = real part of - \pz dz. 


Integrating round C the theorem follows when C is the contour of integration, 
and by Cauchy’s theorem (3 - 5) the contour can be enlarged or contracted 
provided no singularity of an integrand is crossed. 

Q.E.D. 

Notes on the above theorem : 

(i) The singularities in question arise at those points where dwjdz becomes 
infinite and nowhere else. At such a singularity there is therefore a source or 
vortex or combinations of these. 

(ii) Singularities of w are not in question ; it is the behaviour of dwjdz 
which matters, and although w will have singularities at the same points as 
dwjdz it is the form of the latter which determines the aerodynamic force. 

* This means that if we regard G as eiastic, we can stretch it or contract it provided that 
no singularity is crossed in the process. 
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(iii) It is frequently advantageous to take as contour of integration a circle 
of large radius enclosing the origin. This can always be done when there are no 
sources or vortices in the fluid. 

(iv) The calculation of the aerodynamic force is reduced to the calculation of 
residues (3-52). 

5-41. Theorem of Blasius in terms of the stream function. The 

theorem of Blasius stated in 5-4 applies only to irrotational motion. We 
now obtain a form in terms of the stream function. Since in two-dimensions 
a stream function always exists the new form will apply also to rotational 
motion. 

We use the figure and notations of 5-4. From 5-4 (1) 

d(X - iY) — \pqH dz and q 2 = m 2 + v 2 = (u - iv)(u + iv) 
Therefore from 3-47 (1) 

d(X -iY) = 2ip d ^dz 

Now ip is constant on the boundary. Therefore 

0 = dip = ^ dz + ^ dz so that 
dz dz 

d(X - iY) = - 2 ip i^jdz 

and therefore 

(1) X-iY= -2i P \(^jdz, 

where the integral is taken round the boundary or any reconcilable contour. 
Similarly we prove that for the moment M about the origin 

(2) M = real part of 2p j" z dz. 

Observe also that on the boundary z is a function of z and so the above 
integrals may be evaluated by the residue theorem. 


5-5. The theorem of Kutta and Joukowski. An aerofoil at rest in a 
uniform wind of speed V, with circulation K round the aerofoil, undergoes a 
lift KpV perpendicular to the wind. The direction of the lift vector is got by 
rotating the wind velocity vector through a right angle in the sense opposite to 
that of the circulation. 

Proof. Since there is a uniform wind, the velocity at a great distance from 
the aerofoil must tend simply to the wind velocity, and therefore if | z | is 
sufficiently large, we may write 



(1) 
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where a is the incidence. Thus 


w = Ve'“ z - A log z h (- .... 

z 



Fio. 5-5. 


and since there is circulation K, we must have 


F 2 e 2i * + 


for log z increases by 2m when we go once round the aerofoil in the positive 
sense. From (1) and (2) we get 

( dw Y _ T7 V2i . , iK r* K* + 8w 2 BVe~ 

{ > \ dzj ~ V 6 + « 4^7* 

If we now integrate round a circle whose radius is sufficiently large for the 
expansion (3) to be valid, the theorem of Blasius gives (see 3-52), 

X — %Y — \ip x 2 ttz = —iKp Ve ia , 

so that, changing the sign of i, 

(4) X + i Y = iKp Fe - *” = Kp Fe‘^’ ,_a \ 

Comparison with fig. 5 - 5 shows that this force has all the properties stated in 
the enunciation. q.e.d. 

Notes, (i) The theorem was discovered independently by Kutta (1902), 
and by Joukowski (1906). 

(ii) The lift is independent of the form of the profile. 

(iii) Observe that in applying the rule for the direction of the lift, the velocity 
vector must be drawn from the origin in the direction of the velocity. 

(iv) If the aerofoil is regarded as moving in air otherwise at rest, the lift is 
got by rotating the velocity vector of the aerofoil through a right angle in the 
same sense as the circulation. 

(v) The theorem of Blasius applied to (3) gives the moment about the; 
origin 

( 5 ) 


M = real part of 2i ripBVe'*. 
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5-7] 

5 . 7 . The second circle theorem. The circle theorem of 5-2 applies to 
irrotational motion. The theorem about to be enunciated applies to motion 
in which the vorticity is constant. 

The second circle theorem. Let there be two-dimensional flow with constant 
vorticity to in the z-plane, given by the stream function. 

(1) ifi„{z, z) = F(z) + F(z) + icozz 

Let there be no rigid boundaries and let all the singularities of F(z) be a 
distance greater than a from the origin. If a circular cylinder typified by its 
cross-section of circumference C, \ z \ — a, be introduced into the field of flow, 
the stream function of the perturbed flow becomes 

(2) tf>(z, z) = F(z) - F (jj + F(z) - F (y) + Jtozz 

Proof. Since on C, zz=a 2 the stream function 1 fi(z, z) = \a>a‘ 1 on 0 which is 
constant so that C is a streamline for the motion given by (2). 

Since all the singularities of F(z), and therefore also of F(z) are outside the 

circumference C, all the singularities of F and of F are inside C so that 

no new singularities are introduced at infinity and the motion given by (2) at 
infinity is the same as that given by (1). 

The vorticity of the flow given by (2) is, 3-47 (2), 


! ^ 
dz dz 


= CO 


Thus (2) satisfies all the conditions and is therefore the stream function of 
the perturbed motion. 

Corollary. If in (1) we replace |c ozz by jwzz + log (zz) we get for the 
perturbed flow 

- F + \wzz + log (zz) 

This allows for circulation 2ttk about C. 

Observe that save for an added constant (2) is the unique solution, for (2) 
solves the Dirichlet problem for the function 1 p(z, z) - \wzz. 


Hz, z) = F(z) - F Q + F(z) 


5-72. Uniform shear flow. Let the x-axis be horizontal, say on ground 
level, and the y - axis vertically upwards. The velocity distribution 

(1) u = - coy, v = 0, to constant 

is one in which the speed is proportional to the distance from the ground and 
decreases to zero as the ground is approached. 
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UNIFORM SHEAR FLOW 


This type of velocity distribution is frequently exhibited by natural wiri 
and is known as uniform shear flow. 1 

More precisely we have the following definition. 

Def . Two-dimensional flow in which the velocity at a point is parallel to i 
fixed line and proportional to the distance of the point from the line is calla 
uniform shear flow. 

The stream function for the flow (1) is 

>y 2 = - 1«j(z - z) 2 . j 

Hence by a simple rotation of the axes through the angle /? we find that if th 
velocity of the shear flow is parallel to the line y cos /? - x sin /? = 0, the stream 
function is 

(2) if) g = - \u>(zer'^ - ze'P) 2 . 

It follows from 3-47 (3) that the vorticity is 

(R) 4 d 2| /'o ’ 

02 dz 

so that the vorticity in uniform shear flow is constant. 

The stream function ip u of (2) can also be written 

(4) <Ao= - oz 2 erW - %coz 2 e 2i/> + \wzz i 

Comparing this with 5-7 (1), for the second circle theorem we see that " 

(5) F(z) = - \ojz 2 er 2i $ 

If in addition to shear flow we wish to have circulation also we write if> 
instead of <Jj 0 in (4) where 

(6) <Ai = - Jc uz 2 er 2, P - ^ojz 2 e 2ift + \wzz + \k log (zz). 

5-74. Circular cylinder in uniform shear flow. We consider the Aom 
consisting of a uniform stream V at incidence a, uniform shear flow parallel t< 
y cos fi-x sin/J=0, circulation 2ttk. The stream function for the undisturbed 
flow is 

(1) *Po — ~ \iVze t “ + £iVze~ ia - gajz 2 e _2lf3 - |ojz 2 e 2 '^ + \wzz+ | « log zz 

To this we apply the second circle theorem, 5-7, with 

(2) F(z) — — | iVze'“ — \wz 2 er 2i & 
so that the stream function for the perturbed motion is 

(3) </r = - \iVze ia - JtozV 2 ^ - \iV — e- ia + lev % e 2ifl + liVze 

z z 2 * 

- lajz 2 e 2i ? + \iV % e‘“ + \<J l - e~ 2if> + \ojzz + f * log (zz) 
z z 

M e note that this fulfills all the conditions and reduces to (1) as z — > oo. 


CIRCULAR CYLINDER IN UNIFORM SHEAR FLOW 


95 


To find the force on the cylinder we use the theorem of Blasius in the form 
given in 5-41. Thus finding difjjdz from (3) and then putting z — a 2 jz we get, 


= - la >e~ 2 ‘Pz - HVe’“ + 


a 4 aje 2iJ3 


Therefore from 5-41 (1), using the residue theorem, 

( 4 ) X - iY - - np ki(2/ce'“ + a 2 w(e “- 2i ^ + e“)} 

This gives the Kutta- Joukowski lift when cu = 0 but we note now that even 
w }j en k = 0 there is a force on the cylinder. 

If the x-axis is parallel to the ground and a and /j are both zero the force 
given by (4) is the lift 

Y = 2v pV(K + a 2 w) 

Thus the shear flow increases or decreases the lift 2-n pV k according as co is 
positive or negative. Indeed if co — - «/a 2 , the lift vanishes thus revealing a 
possible danger in landing in a certain type of shear flow. 


EXAMPLES V 

1. Show that the image (4-22) of a vortex of strength k at a point A outside a 
circular cylinder is an equal vortex at the centre of the cylinder and an equal vortex 
of the opposite rotation at B the inverse of A with respect to the cylinder. 

Verify that with this system of vortices the boundary of the cylinder is in fact 
a Btreamline. 

2. A vortex of strength k is placed at the point (/, 0) outside a circular cylinder, 
centre (0, 0), of radius a. By calculating the forces (4-4) exerted on the image system 
prove that the cylinder is acted upon by a force of magnitude, 

2nK 2 pa 2 

f(f - a 2 )' 

In what direction is the cylinder urged by this force? 

3. Find the image system of a vortex pair inside a circular cylinder. 

4. A vortex of strength k is placed at the point A (/, 0) inside a circular cylinder, 
centre the origin, of radius a. Prove that a vortex of strength -k placed at the 
inverse point B(a 2 jf, 0) will make the circle a streamline. 

Prove that A begins to move with speed K fj (a 2 - f 2 ) perpendicularly to AB, 
and hence show that A will move round a circle concentric with the cylinder. 

5. A rectilinear vortex of strength k is situated outside a fixed solid circular 
cylinder of radius a. The vortex is parallel to and at distance /from the axis of the 
cylinder and there is no circulation in any circuit which does not enclose the vortex. 
Show that the vortex moves about the axis of the cylinder with constant angular 
velocity equal to Ka 2 /f 2 (f 2 - a 2 ). 

Find the velocity of the air at a point on the cylinder such that the axial plane 
through the point makes an angle d with the axial plane through the vortex, and 
proceed to show how the resultant thrust on the cylinder may be calculated. 
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EXAMPLES V 


6. A vortex of strength k is at a fixed distance R from the centre of a circle 
radius a, round which there is a circulation of strength k . Prove that the force 
the circle is 

277 p f /C% 2 

If |P 2 - a 2 

7. A column of air whose outer boundary is an infinitely long circular cylini 
of radius 6, is in cyclic irrotational motion and is under the action of a unifo 
pressure P over the external surface. Prove that there must be a concentric cy] 
drical hollow whose radius a is determined by the equation i-na-b 2 P = Mk 2 , wh 
k is the strength of the circulation, and M is the mass of air per unit length of 1 
column. 



8. In the case of a circular cylinder in a wind stream with circulation (5-. 

discuss the nature of the stagnation points (i) when k = 2aV, (ii) k > 2aV , show: 
that in the latter case part of the air circulates round the cylinder without e’ 
joining the main stream. a 

9. Use Rankine’s theorem to plot the streamlines given by 5-31 (3) in the thij 

cases «<, = ,> 2 aV. j 

10. The circle | z | = a is placed in a wind V in the negative sense of the z-axjj 
Find the circulation 27 tk which will make the point ae ie a stagnation point, aq 
draw a graph to show k as a function of 6 as 6 varies from 77/2 to 377/2. 

11. Prove, with the usual notation, that the pressure on the boundary of t^ 
cylinder is everywhere positive if the speed of the oncoming air is less than tlj 
value given by 

yz _ 3 : 1 ] 

p (1 + 2 sin /3) (3 + 2 sin /l) ; 

Plot the critical speed (cavitation speed) given by the above formula in the ranj 
0</S<77/2. 

Show that the critical speed is greatest when there is no circulation. 

12. The circle ( x - a) 2 + y 2 = a? is placed in an oncoming wind of velocity j 
and there is circulation 2-itk. Find the complex potential and use the theorem ( 
Blasius to show that the moment about the origin is 2-n-KpaV. 

13. A source of strength m is placed at the point (/, 0) outside the circle j z | = < 
Prove that the complex potential is 

w = - m log (z - f) - m log (z - °j j + m log z. 

Use the theorem of Blasius to prove that there is no moment about the centre ( 
the circle, and that the circle is urged towards the source by a force 

2-npm 2 a 2 

nr -« 2 )‘ 

Find the corresponding result when the source is replaced by a vortex. 

14. Apply the circle theorem to show that the complex potential when tl 
cylinder | 2 : | = a is in the presence of the doublet of 3-7 (iv) at (/, 0) is 

p pz 

z - f fz - a 2 ' 

Prove that the force on the cylinder is 

4770 u , 2 a 2 / 

(/ 2 - a 2 ) 3 


and that there is no moment. 


CHAPTER VI 

JOUKOWSKI’S TRANSFORMATION 


6-1. Joukowski’s transformation. The simplest form of the trans- 
formation is 

1 2 

(l) 2 = £ + 1 

where l is a real constant. By means of it we can map any selected region of the 
£. plane on the z-plane. In aerodynamic practice the region mapped is generally 
that exterior to a circle in the £-plane. 



5-plane. 2 -plane. 

Fio. 61 . 


Let us denote corresponding points in the £- and z-planes by the same letter 
with, and without, suffix 1. In particular the points S lt H x given by £ = l, and 
£ = - 1, will map into the points S, H, given by z = 21, z = - 21. These 
points play an important part in the geometry of the mapping. 

From (1) we get at once by subtracting 21 

( 2 ) z - 21 = ^ ~ 1 ■ 2 , 

I £ - 1 1 2 

whence arg(z - 21) = 2 arg(£ - l) - arg £, \ z - 21 \ = — j-y-j — ■ • 
which in the notation of fig. 6-1 means that 

(3) X = 2*i - 0 V SP = SW/OP,. 

Thus, if and 6 1 increase from 0 to 277, so does y. 

Similarly, by adding 21 to each side of (1) we get 

(4) z+2 Z = to = 2w 1 — 0 lt HP = H^/OP,. 

From (3) and (4) we see that 

(5) l SPH = X ~ co = 2(xi - cur) = 2lS 1 P 1 H 1 ; 

SjPj 2 + IW 20-V + 20P 2 

(6) sp + HP- qjt op; 

by the theorem of Apollonius, since OP 1 is a median of the triangle S 1 P 1 H 1 . 


- , to = 2tu x - 6 U HP = H l P 1 t IOP 1 . 


SP + HP = 
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We also notice that for large values of | £ | we have z — £ nearly, so that th 
distant parts of the planes are undistorted by the mapping. This property j 
important, for it implies that a uniform wind in one plane will appear as th 
same uniform wind in the other. 

The scale of the mapping is given by 


\dz\ 

i * 

S4J 

tr-vl 

ii 

£ 2 


which vanishes when £ = l or - 1. Thus the points S x , H x are points where thj 
mapping ceases to be conformal so that we must not map any region to whic| 
these points are interior, though they may appear on the boundary. 


6*1 1. Circles with centre at the origin. 



t-piane. s-plane. 

Fig. 611. 


Let us apply Joukowski’s transformation to circles whose centre is at the; 
origin in the £-plane. We shall consider only circles to which the points S x , H{ 
are not external (see 6*1). 

If P x is on one of the circles, say F x , we have from 6-1 (6) 

SP + IIP = constant, 

since 0P X is constant. Thus P describes an ellipse F whose foci are S and H. 
Similarly if P x describes a larger circle such as G x , P will describe a larger 
ellipse G, which shows that points exterior to F x map into points exterior to F. 

Thus the Joukowski transformation (1) maps circles in the £-plane whose 
centre is the origin into confocal ellipses in the z-plane. 

As a particular case, the circle E x on S X H X as diameter maps into the straight 
line SH. This is readily seen from 6*1 (5), for in this case l S x P x H x = tt/2 and 
therefore l SPH — tt, so that P moves on the line SH. 

It now appears that the transformation will map the region external to 
any one of the circles on the region external to the corresponding ellipse. 

In particular the region external to the circle E x which passes through S x 
and H x maps into the region external to the line SH. In the language of our 
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6 - 11 ] 

subject the circular cylinder typified by the circle E x is transformed into the 
rectangular aerofoil, of chord 4 1, typified by the line SH. 

6*2. Joukowski fins, rudders, and struts. 



Fig. 6-2. 

Instead of mapping a circle whose centre is the origin, let us take a circle R x 
whose centre C is on the real axis and which passes through H x , and which 
encloses S x . Then the circles E x , G x with centres at the origin can be drawn to 
touch R x at H x and at A x , the second point at which R x meets the real axis. 
Clearly the map of R x must lie between the maps of E x and G x and the map of R x 
will resemble the map of E x in the neighbourhood of II and the map of G x in the 
neighbourhood of A. Thus the circle R x maps into a symmetrical profile with 
a blunt nose at A and a cusp at H, the trailing edge. Such shapes are suited to 
form the profiles of fins, rudders and struts where symmetry is desirable. 

6*3. Circular arc profiles. 



Fig. 6-3. 


Let us transform a circle of radius a whose centre C is on the imaginary axis 
and which passes through S x and H x . 

Let us introduce the useful practice of marking the map on the same Argand 
diagram as the circle, so that the figure shows points of both the z- and £-planes. 
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CIRCULAR ARC PROFILES 


If l CH 1 S 1 = e, we have, from 6-1 (5), lSPH = 2lS 1 P 1 H 1 = „ 
since lS 1 CH 1 at the centre is equal to 2lS 1 P 1 H 1 at the circumference. 

Thus when P x describes the major arc S l B 1 H 1 in fig. 6-3 the l SPH rent 
constant and therefore P describes a circular arc SBH. When P x describes 
minor arc from H 1 to S lt P moves back again* along HBS. In this way wc 
a profile which consists of the circular arc SBH described twice. 

From equal angles it is clear from the figure that CH t is parallel to BR 

If M is the centre of the arc SBH, 

SM = = — = _ ° 2 i 

sin 2e sin e J (a 2 - P) 

The camber (1-14) of this profile is 

OB W(a* - P) 

il 2 OH ~ 2 an e _ 2 l ’ 

so that for small camber £ must be small. This means that OC is then sr 


compared with l, in other words that the centre C of the circle to be transfon 
is near to 0. 

6-4. The general Joukowski profile. This is obtained by transfo 
a circle of radius a which passes through the point H 1 but whose centre C 
on either the real or the imaginary axis. 




Fm. 6-4. 


If C//j meets the imaginary axis at C , the circle whose centre is C' anc 
radius C'H j will transform in a circular arc as shown in fig. 6-4. This circulai 
arc forms the skekton of the profile obtained from the circle, centre C. If C il 
near to C this profile will enclose the arc SH and not depart far from it at anj 
point ; the profile will be thin. The greater the distance CC' the thicker will hi 
the profile. The actual construction of such a profile can easily be carried out 


♦ For if I\0 meets the circle again at P 2 , 0P 2 . 0P 1 = P and therefore the map of P, is th« 
reflexion m OB of P and thus lies on the arc HBS. 


THE GENERAL JOUKOWSKI PROFILE 


101 


6-41 

b y the general method to be described in 6-51. Fig. 6-51 (c) shows the details 

of such a construction. 

To examine the nature of the profile at H, observe that the transformation 
can be written 

** * + 21 a + w 

( 1 ) z-2l~ &-lf' 

Near H x and H we can write 

£ + l = re te , z + 21 = Re™, 

where r and R are infinitesimal and therefore (1) gives 

— Re ix = r 2 e m jl 

approximately, so that taking arguments 

(2) X + w = 2d - 

If we draw a semicircle, centre H 1 radius r, on the tangent to the circle at H 1 
and outside the circle, we can go round H 1 on this semicircle from M j. to N 1 in 
fig. 6-4. In this passage 9 increases by tt and therefore x increases by 27 t. Thus 
there is a cusp at H, the two branches touching the same tangent. Also at 
9 = + e and therefore from (2) x = 2e, which is the inclination of the 

tangent at the cusp to H^. 

The existence of the cusp could also be explained on the basis of the reasoning 
of 6-2. 

6-5. Geometrical construction. 



Fig. 6-5. 


The Joukowski transformation 

, l 2 

(i) z = £ + i 

can be replaced by tbe successive transformations 



* = t + Cl. 
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Let us mark all the complex numbers £, z on the same Argand diagram, 
fig. 6-5. Let P, be the point £, P/ the point £„ and P the point z. 

If £ = re* 9 , then £ x = — e - * 9 . 

r 

Draw Pi Pi" perpendicular to the real axis to meet OP 1 in P/'. Then 


OP/' = OP/ = l 2 !r, OPi . OPi" = l\ 


Thus Pi, Pi' are inverse points with respect to 0, and to obtain P/ we first find 
the inverse point P/' and then reflect OP/' in the real axis. The point P is 
then obtained by completing the parallelogram OP/PP We also observe that 
if the diagonals of the parallelogram meet at Q then OQ — \OP so that the locus 
of Q is similar and similarly situated to the locus of P but on half the scale. 

In the majority of applications the point P, will be made to describe a circle. 
The point P /' will then describe the inverse of a circle which will be shown 
(6-51) to be a circle also and P/ will describe the circle got by reflecting the 
locus of P/' in the real axis. 

From (1) we have for the scale of the mapping (see 3-6) 


= l- 1 - 

¥ 


This means that all lengths in a small region R round P will be m times the 
corresponding lengths in the region P, round P„ of which R is the map. 


6’5I. Mapping a circle. 


Fiq. 6-51 (a). 

Consider the circle k lt centre C, radius a, which meets the real axis in R i 
and A x as shown in fig. 6-51 (a), and take l = OHi. 
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; Let Pi" be the inverse of I\ on the circle so that OP/' . OP 1 = 011 f = l 2 . 
Xet Pi 0 meet the circle k x again in Q and draw P/'C' parallel to CQ to 
meet CO produced at C'. By the rectangle property of the circle we have 
0P\ • OQ — OH i . 0A V Therefore, by division, OPf’/OQ = Oil JO A „ a con- 
stant. 

Since the triangles OP/'O', OQC are similar, 


Since OC : OC' is constant, C' is a fixed point. 

Since C'P/' : CQ is constant, C'P/' is of constant length. Therefore P," 
describes a circle k x " whose centre is C'. The point H x is its own inverse since 
0H 1 . OH i = l 2 and therefore the locus of Pi" passes through H v 

Since OC'/OC = OH 1 /OA 1 , the triangles OC'Hi. OCA t are similar and 
similarly situated. Therefore CA X is parallel to C'H X and 

t lCH/) = lCA x H x = lCII/). 

therefore the circle Icf , which is the reflection of the locus of P/' in the real axis, 
frill have its centre D on 67/, and will pass through //,. It follows that the 
iStcles k v kf touch at the point //,. 


I 


Y‘ 


'fjftua circle kf is the locus of P/ 

;|Aioh is the reflection of P /'. 

,Jfeice OB is the reflection of OC', 

| p. follows that 01) and OC are 
^yially inclined to the real axis, 
p The complete construction is 
ij^own in fig. 6-51 (b). Starting 
jphh the circle k x which passes 
"Plough H x , we find the point D 
CH X such that OC, OD are 
poally inclined to the imaginary 
jpis. The circle kf, centre D, is 
pan drawn. To map the point P, 

|*i »e join OP x and find the Fl0 6 . 61 (ft) _ 

|iltt P,' on Icf such that OP„ 

|P/ are equally inclined to the real axis. Completing the parallelogram 
jP/P-Pi> the point P is the map of P,. 

6-51 (c) shows the details of such a construction, the profile being 
jrtched through the points obtained by drawing radii vectores at 30° intervals ; 
|*®8ponding points on the circle and aerofoil bear the same numerals. 

| Jfee dotted circular arc shows the skeleton (6-4), got by transforming the 
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6 - 51 ] 

circle through 7 whose centre is the point where CD cuts the y-axis, which can 
often conveniently replace the camber line in theoretical work. 

Various simple link mechanisms have been devised for automatically 
describing the profiles arising from a given circle. 

ixb. Reversal. To find the point P, of the £-plane which corresponds 
with a given point P of the z-plane, we consider the associated mapping 

(1) z = i» = i({ + 0- 

Referring to fig. 6-5, Z is the mid-point Q of P,P,' in fig. 6-6. 

Let P,0 meet the circle k through 
S v P„ H, at R. Then P/ is the 
image of R in the imaginary axis, for 
OP, . OP/ = P = 0H 1 . OS 1 = OP, . OR. 

Again, turning to fig. 6-3, when P,, 
i.e. £, is on the arc S,B,H„ the point P, 
i.e. z, is on the arc SBH and therefore 
Q, i.e. Z, is on the arc of the circle 
through S,, C, H„ for OC = \OB and 
Z = \z. 

Therefore in fig. 6-6, as P, describes 
the upper arc of the circle k, the point 
Q will describe the upper arc of the 
circle l through <S 1( M, H„ where M is 
the centre of k. 

Now MQ is the perpendicular bisector 
of PjP/, so that if P,P, meets the 
imaginary axis in N, the lMQN is a 
right angle. Therefore the point N is 
also on l at the opposite end of the diameter through M . 

From these facts we derive the following construction to find P, when P is 
given. 

Find Q the mid-point of OP and draw the circle 8,011,. This determines 
M and N, M being on the same side of S,H, as Q. The circle k, centre M, 
radius MS, can now be drawn. The line NQ then meets k in P, and P/. 
From the construction it appears that of the two points P,, P,' only one 
lies on the same side of S,H, as P, and the choice of that one determines a 
bi-uniform (3-6) mapping. 

In mapping the region outside any circle which encloses 8, and passes 
through or encloses H,, there is no ambiguity, for one of the points P,, P/ is 
always inside the circle and does not fall in the region to be mapped. 
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CONSTRUCTION OF TANGENTS 



6-7. Construction of tangents. To draw the tangent to a given p« 
we proceed as follows, still using the associated mapping 6-6 (1). 

A Let the point P x move a! 

a radius OA. Then from 
we see that moves aloij 
radius OA', the reflection of j 
in the real axis. Also 

OP 1 . OPi = l 2 

and therefore Q, the mid-pc 
of PjP/, describes a hyperbo 
whose asymptotes are OA, ( 
and P 1 P 1 ' touches this hyj 
bola at Q. Let t l be the tang 
n at P x to the curve which mi 

Fw ’ 6 7 into the profile described by 

Since the mapping is conformal, the angle between and OA is equal to ■ 
angle between the tangent t± to the locus of Q and the tangent at Q to ■ 
hyperbola (which is the map in the Z-plane of the radius OA). The eqi 
angles are shown in fig. 6-7. The tangent t at P to the profile is parallel to I 
for the loci of P and Q are similar and similarly situated. j 

6*8. The airflow. Having considered in some detail the geometry of tj 
Joukowski transformation let us now examine its application to airflow roun<J 
Joukowski profile. The basis of the method is given in 3-8. ; 




z-plane. 


Fig. 6-8. 


£-plane. 


Let the profile of fig. 6*8 be obtained by transforming the circle | £ — s | = 
by the Joukowski transformation 

72 

(1) z = £ + ^- 

* The triangle OP x P x is of constant area, and therefore P X P X ' touches a hyperbola who 

asymptotes are OA, OA'. The point of contact of the tangent is the mid-pcint of P X P X , 
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If there is a wind V at incidence a to the real axis in the £-plane, from 
5-31 (4), the complex potential is 

Va 2 e~ *“ 

(2) W = F£e“ + -y— y + sin 0 log (£ - s )> 

and from 3-8, (1) and (2) together define the complex potential in the z-plane, 
the plane of the profile. Observe that all quantities are given except the angle ]8. 
From (2) 

dw T , . 2 aiV sin 8 Fa 2 

T/^ta i ' 


(3) d£ ~ 7e “ + £ - s (£ - s) 2 


- S ) 


~ X £ - sJ V i-s J 

To find the velocity in the z-plane we have 

dw dw <Z£ dw £ 2 

(4) & = d£ * dz = d£ ‘ £^T 2 ' 

Since £ 2 - l 2 vanishes at £ = - l (and also at £ = l which is inside the circle 
and is therefore not mapped), we see that the velocity at the cusp H will, in 
general, be infinite. If, however, we arrange that (£ = - () is a stagnation 
point on the circle, dw/dz at H will assume the indeterminate form 0/0 and we 
shall prove that this yields a finite velocity at H. 

To make H 1 a stagnation point, we see from fig. 5-31 ( b ) that l CH^, = j8 - a 
and therefore 

(5) — l = s - or ae ** = e fa (l + s). 

This equation determines /? and then 


ae i? . {, l + s\ £ + l 

= e“ 1 + T = e ia -z , 

— s \ £ - «/ £ - s 


so that (3) and (4) give, after an easy reduction, 

(6) J = Te«(£ + l - 2ae-<* cos p) ^ — y 

the vanishing factor £ + l having disappeared. 

Putting £ = — l we get from (6) 


' iv ° = - (c 


2 aVl 2 cos j8 


IV cos)S 

aeWfi-t) 


B E ~ \dz) i = ^ l (i l + s)*(-2l ) oe 2 *'«-) 

from (5). Changing the sign of i we have 

(7) = 

Now from 6-4 the tangent at the cusp makes an angle 2)3 — 2a with the real 
axis and therefore the wind streams smoothly past the cusp with speed 
IV cos j3/a. 
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The forward stagnation point A l on the circle transforms into the 
stagnation point A on the profile, as is seen from (4). ■. 

We see from (3) that, at a great distance, when | £ | is large, dw/dt, == 
nearly, and th#n from (4) that div/dz = dwjd'C = Ve’“, so that there is the! 
uniform wind V at the same incidence to the real axis in both planes. Th« 
pattern in the £-plane (fig. 5-31 (a)) will transform into the flow pattern j 
z-plane, the general form of some of the streamlines being shown in fig. 6- 

Notes, (i) The problem of choosing a Joukowski profile is a purely 
metrical one. Any circle will transform into some profile. The questio 
airflow does not enter at this stage. Naturally, however, the choice wi] 
guided by the knowledge of shapes which have proved suitable. 

(ii) The choice of wind speed and incidence at which the profile is to be ^ 
is perfectly free and has nothing to do with the transformation. 

(iii) Having chosen (i) and (ii), in order to investigate mathematically.; 
case of smooth flow past the cusp, it is necessary to arrange that the angle /] 
what amounts to the same thing in view of 5-31 (2), the circulation is such I 
the point II x which transforms into the cusp is a stagnation point on the cir 
See 7-11. 

(iv) That there is the same uniform wind at infinity in both planes is rei 

an inevitable consequence of the fact that when | £ | is large (1) becomes z a 
so that the complex potential is the same in both planes ■ 

I 

EXAMPLES VI \ 

1. In the Joukowski transformation find the maps of the points £ = ± 

£ = ±31 ± HI, and calculate SP and HP in each case. 

Find also the angle SPH, and the scale of the mapping. 

2. In the Joukowski transformation show that, if m is the scale of the mappii 

, SP . HP 

mr ; 

ops 

3. If the circle J £ | r is transformed into an ellipse by the transform&tit 

z = C ± l 2 JC, show that the semi-axes of the ellipse and its eccentricity are respe 
tively r 

l 2 + r 2 r 2 - l 2 2 Ir 

r r l 2 + r 2 ’ i 

Prove also that the circle | £ | = (a + 6)/2 is transformed into the ellipse of semi 
axes o, b if I 2 = ( a 2 - 6 2 )/4. ] 

4. The circle | £ | = a is transformed into a flat profile by 

r ® 2 

z = £ + t - 


d jk = i Si + 

dz 5 J(z -2 a) ' 


Prove that near z = 2a 
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5 Map, numerically, the circle £ 2 + r? = 4 by the transformation 

, 1 

2 = £ + y 


g In the case of a circular arc profile show that the tangents to the profile at S 
and H make with the chord an angle equal to twice the angle which CH 1 makes 

^Prove also that, if the camber is small, the camber is equal to one quarter of the 
angle which the tangent at H to the profile makes with the chord. 

7 In the general Joukowski profile (6-4) show that, if the centre of the circle is 
the point se'A the chord HA is 

, , 4s 2 cos 2 a. 

41 + : n - — ■ I 

1 + 2s cos p. 

and that for slender profiles of small camber the chord is approximately 4a. 

8. Use the method 6-5 to map the points £ = ± 31 ± 4il, marking the cor- 
responding points PS PS', and Q, and in each case calculate the scale of the mapping 
from m = P X PS !OP i- 

9. Apply the construction of 6-51 to draw the profiles obtained from the circles 
through H 1 whose centres are at the points 

_J__ pln'S S _ gtV/3 
10 e ’ 10 6 

respectively. 

Note the differences in the two profiles, and measure the camber and thickness 
ratio in each case. 

10. In the Joukowski transformation, if £ = re iS , prove that 


x = 1 cos 6 


y = 1 sin 6 (- - l 


11. A symmetrical Joukowski profile is got by transforming the circle 
(£ - kl) 2 + tj 2 = 1 2 (1 + *) 2 - 

If £ = re' 6 , prove that 

r 2 , , oiYi , rcos6 \ 


- 1 + 21-11 + 


If l 2 is negligible, show that 


\ = 1 + 1(1 + cosd), - = 1 
1 ' T 


1(1 + cos 8), 


and hence that 

x = 21 cos 6, y = 21Z sin 0(1 + cos 0). 

Hence show that the maximum thickness ratio occurs at the quarter point and 
that its value is (31 ,/3)/4. 

12. Construct tangents to the Joukowski profiles of Ex. 9. 

13. Taking the chord of the Joukowski profile to be determined as the intercept 
of the profile on the x-axis, show that the tangent to the profile at the leading edge 
of the chord is parallel to the tangent to the circle at the point which transforms 
into the leading edge. 

14. Supply the intermediate steps which lead to 6-8 (6). 
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15. If q„ q L are air speeds at the corresponding points P, P l prove that 

OP i 
P ± P\' 

16. Show that the point (a (A + cos 8), a(k + sin 8)) describes a circle, a, h, k 
being constants. 

If the Joukowski transformation is applied to this circle, show that 


- = (h + cos 
a 


- = (k + sin 
a 


{ P 1 

osd) jl + a 2 (1 + h 2 + k 2 + 2 h cos 6 + 2k sin 8) j 

. I l 1 

m ^ a 2 (l + A 2 + k 2 + 2Acosd + 2Asin0)J 


Apply this transformation to trace the aerofoil for which h = 0 - 04, k — 0-05 
and l 2 = 0-8a 2 , showing that it has a rounded trailing edge. 


17. In a symmetrical Joukowski profile prove that the maximum thickness 
occurs in the forward quarter of the chord. 


CHAPTER VII 


THEORY OF TWO-DIMENSIONAL AEROFOILS 

7-0. Types of profile. We have already seen that the flow past a 
Joukowski aerofoil is obtained by transforming the region outside a given 
circle into the region outside the profile by the transformation 

(1) * = t + 

V e shall now proceed to consider more general transformations. We regard 
both the circle and the transformation as given and we seek the properties of the 
resulting profile. The converse problem of finding the transformation which 
will map the region outside a given profile into the region outside a circle is 
more difficult and can only be solved in general by methods of successive 
approximation. 

Good wing shapes are characterised by a blunt nose and a sharp trailing 
edge. 



(“) (t>) (c) 

Fia. 7 0. 


The trailing edge can be (see fig. 7-0) (a) a cusp, as in the Joukowski profile, 
(b) a point with distinct tangents (Karman-Trefftz, von Mises), (c) rounded off 
(Carafoli). From the constructional point of view (a) is difficult to make. 

7-01. Conditions to be satisfied. To obtain the flow past a wing due 
to a given wind at infinity it is desirable that a uniform wind in the plane of the 
circle (the {-plane) should correspond with a uniform wind in the plane of the 
profile (the z-plane). 

The complex potential for a uniform wind directed as shown in fig. 3-7 (i) is 
given by 

w — Fe'Y, or w = Ve’% 

according as we consider the {- or the z-plane. Thus our mapping function 
z = F (£) should be such that for large values of | { | and | z | we shall have 
« = { approximately. This requirement is satisfied by a transformation of the 
form 

(2) * = { + ^ + “i + ... = F(a 

where the series converges for sufficiently large values of | £ | . 
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CONDITIONS TO BE SATISFIED 


i 

The Joukowski transformation (1) is a special case of this, where = |* a J 
is purely real, while a 2 = a 3 = . . . = 0. In what follows a v a 2 , . . . , will be, I 
general, complex numbers. 

Since the mapping ceases to be conformal at a zero * of dzjdl, and since 
are mapping the region outside the circle on the region outside the profile, 
follows that no zero of dz/dl, = F' (£) may lie outside the given circle. 
F'(£) has a zero, say £ = v, on the given circle, the corresponding poiaj 
2 = z 0 , of the profile will be, in general, either a point with two distinct tangent) 
or a cusp. 

Proof. 




Fig. 7-01. 


Let F'(Q = (t- »)*-!/( £), k > 1, 

where /(£) has no zeros outside the given circle and where f(v) = ra^( 
Then, if we restrict our consideration to small values of | £ - v | , we have 

| = *”(£) = «(£- «)*-», 

and by integration 


(3) 2 - 2 0 = | (£ - v) k . 

Thus 


71 

arg ( 2 “ *o) = * arg (£ - v) + arg y 

Therefore, if as shown in fig. 7-01, we take £ round the point v so tha 
arg ( £ - v) increases by 7r, then arg ( z - z 0 ) will increase by hr and the tangent 
to the profile will enclose the angle (2 - k) n. Therefore z 0 will be an ordinar 
point only if this is an odd multiple of tt , which, in general, is not the case. 

Q.E.D. 


* A zero of j(z) is a value of z for which f(z) = 0. Thus if z 0 is a zero, z - z 0 is a factor 0 
f(z), or more generally f(z) = (z - z 0 ) n g(z), where n > 0 and g(z 0 ) 0 ; if n = 1, z 0 is said l 
be a simple zero (of. simple pole 3-51). Thus near a simple zero f(z) behaves like A (z~* i 
where A is a constant, just as near a simple pole z lt f{z) behaves like Aj(z — z 1 ). 
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The only cases of aerodynamic interest are those in which the angle in 
question is zero or acute, i.e. 

0 < (2 - k) 77 < tt/2, 1-5 < k < 2, 

the case k = 2 of course corresponding with a cusp (see 6-4). It should be 
observed that profiles usually present sharp points or cusps at the trailing edge, 
but that in extreme cases such points can occur elsewhere as well. Consider for 
instance the circular arc Joukowski profiles of 6-3. 

In connection with (3) we note that near £ = v 


£-U= - ( 2-2 o) 


constant 


( 2 - 2 o) 


Thus as z-* z B , dljdz co and we write 


« o! 

dz 


(Z - 2 o) * 


where the notation means that dl,jdz is of the same order of magnitude as the 
number in the square brackets, or that the ratio of d£/dz to this number remains 
of finite modulus. 

7 02. Origin at the centre of the circle. In some cases it is convenient 
to take the origin of coordinates, in both the £-plane and the 2 -plane, at the 
centre C of the circle which is to be transformed. If C is the point £ = s, z = s 
(see e.g. fig. 6-4), we effect the transformation by writing £ + s, z + s in place 
of £ and z. The transformation 7-01 (2) then becomes 


2 = £ + + ,~- 2 + ... . 

£ + s (£ + s) 2 

If | £ | is large, expansion of each term by the binomial theorem gives 

(2i dn Cl-tS 

(1) z - £ + J + • • • • 

We also note that the transformation (1) can be reversed to give 


a result which can easily be verified to this degree of accuracy by substitution 

in (1). 
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SOME PROPERTIES OF PROFILES 


7*03. Some properties of profiles obtained by transforming a 
circle. If a is the radius of the circle, C its centre, and c the chord of the 

profile, defined as the longest line which 

@ can be drawn to join two points of the 

profile, we state, without proof, the 
following properties : 

(i) c > 2a > \c, i.e. the diameter of 
the circle cannot exceed the chord nor 
be less than half the chord. 

(ii) If we draw a circle centre C and 
radius 2 a, the whole profile lies entirely 
inside this circle. 

The thinner and flatter the profile 
the closer it approaches this circle ; the 
j, 7-03 extreme case is the flat aerofoil (6-11). 

(iii) If r is the radius of a circle which 
lies entirely inside the profile and if d is the distance of its centre from any 
point of the profile, then 

, (d + r) 2 
a 

(iv) The centre C is clearly the centroid of the circumference of the circle, 
radius a, supposed uniformly weighted. If ds x is an arc of the circle and ds the 
corresponding arc of the profile, and if we suppose ds to carry the same load as 
ds lt then C is the centroid of the profile thus weighted. It follows that C is 
interior to every convex curve which encloses the profile. 

7*1. Aerodynamic force. The aerodynamic force on the profile is due 
to the aerodynamic pressure thrusts on the elements of its periphery. It is 



£ -plane. z-plane. 

Fig. 7-1. 


known that a system of forces acting on a rigid body (and we shall assume oul 
aerofoil to be rigid) can be replaced, at any chosen base point, by a force acting 
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at that base point, and a couple. Moreover, the magnitude and direction of the 
force are the same for all base points, whereas the moment of the couple depends 
upon the particular base point selected. 

For the present investigation we shall take as base point the centre C of the 
circle. This point is called the centre of the profile ; the actual position which 
it occupies with respect to the profile is shown when the points of the circle and 
the corresponding points of the profile are marked in the same Argand diagram 
(see for example fig. 6*51 (c)). In the present case we show the two Argand 
diagrams separately, fig. 7*1, and take the origin at the centre in both diagrams. 

If a is the incidence, the complex potential for the flow past the circle is 
Ve + a 2 Fe~ ia: /£ (see 5*2), and if in addition we have a circulation 2ttk of 
strength k, we get (see 5-31) 

ci ^ V p — ^ 

(1) w = Ve% + — -y — + iK log l 


For sufficiently large values of | z j we may use 7-02 (2) to give, in the 
z-plane, 


w = Ve ia (a - ^ - . . . j + 


Ve~ ia a 2 A a x 


( 2 ) 


— Ve ia z + ik log z + 


IK j^log Z + log 


Ve~ ia a 2 - Fe’^a, 
5 + . 

z 


<h 

2 2 



where the dots indicate omitted powers of 1 jz. 

Comparison with 5-5 shows that here 

(3) A = — ik, B = Fe -<ct a 2 - Ve'“a v 
and therefore from 5-5 (4) and (5) 

( 4 ) X + iY = 2niKpVe~ ,a — 2mpVe ', 

(5) M c = real part of (- 2npV 2 ia^ 1 ). 

7*11. joukowski’s hypothesis. Let H 1 (e.g. in fig. 7*1) be the point 
which transforms into the trailing edge H of the profile. If q 1 is the airspeed at 
H\ in the plane of the circle (£-plane), and if q is the airspeed at H in the plane 
of the profile (z-plane), w r e have 


dw 

dw 

dz 

\ dz \ 

d£ 

" dz X 

dl 

II 


Now at a sharp trailing edge dzjd^ = 0. It follows that if q is to be finite we 
must have = 0, in other words H j must be a stagnation point for the flow 
round the circle. Joukowski’s hypothesis is that the circulation in the case of a 
properly designed aerofoil, in its working range of incidence, always adjusts 
itself so that the airspeed at the trailing edge is finite. 
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JOUKOWSKl’s HYPOTHESIS [7, 

Adopting this hypothesis we must choose the circulation so as to make H t 
stagnation point. If /3 is the angle between the normal at H 1 to the circle ai 
the direction of V, it follows from 5-311 that the strength of the circulate 
must be k = 2a V sin /?. 

7-12. The Lift. From 7-1 (4) we have 
X + iY = p . 2 77 k . 

This shows that the force whose components are (X, Y ) is of magnitude 
(air density) x ( circulation ) x (speed) 

and is perpendicular to the direction of motion of the aerofoil (or to the 
asymptotic wind velocity, if the aerofoil is taken to be at rest) and is therefor* 
a lift. This is the theorem of Kutta and Joukowski (5-5). The state of affairs ii 
illustrated in fig. 7-1. 

The relation between the direction of the lift, the relative wind, and th( 
sense of the circulation is given by the following rule : 

To get the direction of the lift, rotate the relative wind velocity vectoi 
through a right angle in the sense opposite to that of the circulation. 

N otes. (i) The magnitude of the lift is independent of the shape of the aero 
foil but, for given V, decreases with increasing height, for then p decreases. 

(ii) The magnitude of the lift is the force per unit span, for we are dealing 
with two-dimensional motion, and therefore we are concerned with that part 
of an infinitely long cylindrical aerofoil which lies between two parallel plane* 
at unit distance apart. If the distance between the planes were h, the lift 
would be p (27 tk) Yh. This is actually the case when the aerofoil is in a “ two- 
dimensional ” wind tunnel, i.e. when the aerofoil is a cylinder extending right 
across the tunnel from one wall to a parallel wall. 

7-13. Lift coefficient. 



Fig. 7-13 (a). 


If we draw the circle and the profile in the same Argand diagram as in 
fig. 7-13 (a) the fine joining the centre of the profile to the rear stagnation point 
of the circle is called the first axis of the profile or Axis I. Comparing figs. 
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5-31 ( b ), 7-13 (a), we see that the strength of the circulation as calculated in 
5-31 is . „ 


where j8 is the angle between Axis I and the direction of motion. 

Def. The angle jS is called the absolute incidence. Thus absolute incidence 
is the incidence when the chord of the profile is considered to be along Axis I, 
and the lift is 

L = inp a V 2 sin /3. 


The dimensionless number 

c L 
" L \pV 2 c 

where c is the chord, is called the lift coefficient of the profile. 

~ %-rra . 

Thus C L = sin p. 

c 


The graph of C L against absolute incidence is therefore a sine curve. 



Fig. 7-13 (6). Fig. 7-13 (c). 

In the practical range of incidence /3 is sufficiently small to allow the approxi- 
mation sin = P and the graph is therefore a straight line, whose gradient is 
conventionally denoted by a 0 . Thus 

Cl = a 0 P- 

The theoretical value of a 0 is therefore Ynajc and, in general, c = 4a 
approximately so that 

a 0 = 27 r. 

If, instead of absolute incidence we use geometrical incidence a, measured 
from the chord, we shall have f3 = a 0 + a where a 0 is a constant. The (Cl, a) 
graph is still a straight line, of the same slope a 0 , and clearly when the graph is 
drawn a 0 can be measured from it and thus the direction of Axis I can be 
inferred. 

It also appears from the above considerations that the lift and C L both 
vanish when f3 = 0, i.e. when the direction of motion is parallel to Axis I. 
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Thus we infer that Axis I gives the direction of motion which entails no lij 
For this reason Axis I may also be called the axis of zero lift. 

The theoretical value of a 0 can be delimited by the use of the theorems ( 

7-03. 

From (i) we have 


Fra. 7-13 (d). 


1 a 1 , , . 

and therefore 

2 c 4 


4-7T 5* « 0 2 TT. 

Again, if R is the radius of the circle which osculates the profile at th 
leading edge of the chord we have 

c = D + R, 

where D is the remainder of the chord. Thus, from 7-03 (iii), 


4a 


and therefore 


c - R 


l-$ 

c 


The greater R becomes, the smaller the denominator and therefore the greater 
the value of a 0 . This shows the thicker and more round the leading edge, 
the more does a 0 diverge from its theoretical minimum 2-rr. 

In the above we have taken incidence to be measured in radians. Fof; 
measurement in degrees we must replace a 0 by mi 0 /180, with the theoretical 
minimum 27 t 2 /180, 0 r about 1/9. 


7-14. Pitching moment coefficient. If in the transformation we put 
a, = Z 2 e*e, we get from 7-1 (5) the pitching moment about the centre 

(1) M c =: real part of ( - 2npV 2 il 2 e i ^ 2a+u) ) = 2tt pl 2 V 2 sin (2a + p). 

With the axes of reference used in fig. 7-1 we see that the pitching moment is 
positive when it tends to raise the nose of the profile, i.e. to increase the inci- 
dence. 

The pitching mcnnent coefficient about the centre is the dimensionless number 


4ttZ 2 . 

—f sin (2a + p). 


Observe that the pitching moment, and therefore its coefficient, depends on the 
base point. In the above the chosen base point is the centre of the profile. 

It also appears that the pitching moment with respect to the centre vanishes 
when a = - p/2. This gives, for every profile, a perfectly definite direction of 
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motion which entails zero pitching moment with respect to the centre of the 
rofile. The line drawn through the centre in this direction is called the second 
f ax is of the profile or Axis II. This axis may be called the axis of zero pitching 
nwment with respect to the t 

centre. M c 

It follows from the defini- X / 

tion that when the direction _ „ — c 

of motion is that of Axis II, jo. x 

the lift passes through the " 

centre of the profile and is F 7 14 V ^ 

perpendicular to Axis II. It 

is also clear that the definition of Axis II implies the experimental means of de- 
termining its direction. We shall denote by y the angle between Axes I and II. 

In the case of a symmetrical profile it is obvious that y = 0. We shall see 
later (7-7, 8-36) that there exist unsymmetrical profiles for which y = 0. 

In the range in which the incidence a is small so that sin 2a = 2a, cos 2a = 1, 
we get from (2) 

4arl 2 

C n = (2a cos p + sin p), 

which shows that the (C m , a) graph is also a straight line. 

From fig. 7-14 it appears that a + \p + y = P, and therefore 
(3) M c = 2n P W 2 sin (2/1 - 2y). 

We also observe that at zero absolute incidence the moment is 

- 2npl 2 V 2 sin 2y, 

which is negative, i.e. tending to depress the nose, when y is positive, and 
positive when y is negative (Axis I *' below ’ Axis II). The fact that, although 
the lift, at zero absolute incidence, vanishes, there is still a moment is explained 
by the observation that the resultant pressure thrust on the fore part of the 
profile is downwards while that on the after part is upwards, in fact the aero- 
dynamic action is a couple. 

In the case of a Joukowski profile got from the transformation 
z = l + l 2 jl, p = 0, 

and therefore Axis II is parallel to the real axis. 

In the case of the general transformation 

„ ZV" a , 

2 = £ + -y + + • • • > 

if we turn both axes of reference through the angle e we write ze u for z and 
for £, thus getting 

. . , Pe* «« 

? 4 + £e 2fE £ 2 e 3 » 
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If we take e = p,/2 this becomes 



and the real axis as appears from fig. 7-14 is now parallel to Axis II. 

Thus Axis II is parallel to the real axis when the mapping transformation it 
referred to axes such that the coefficient of l/£ is real and positive. 


7-2. Focus of a profile. The focus or aerodynamic centre is the point 1 
such that the moment of aerodynamic force about it is independent of the 
incidence. 



Fig. 7'2. 


To establish the existence of the focus we note that if F is any point, 
M F = M-o “ UF cos (ft ~ y — . Tj, 


where cf> is the angle between CF and Axis II as shown in fig. 7-2. 

Using the values (7-14, 7-13) 

M c = 27 rpVH 2 sin 2(/3 - y), L = ivpaV 2 sin /3, 

we have 

M f = 2vpV 2 {l 2 sin (2/3 - 2 y) - 2 a CF . sin /3 cos (/? - y - <)>)} 

= 277 P 7 2 {i 2 sin (2£ - 2 y) - a . CF . sin (2/3 - y - <f>) - a . CF . sin (y + <(>)}. 
This will be independent of /?, the absolute incidence, if we take 

i 2 = a . CF, <j) — y. 

This proves the existence of the focus F and gives its position as distant 
l 2 /a from the centre on a line which is the reflection of Axis I in Axis II. 

The moment about the focus is 


M f — — 2TrpVH 2 sin 2y. 

Our diagrams have been drawn on the assumption that Axis I is above 
Axis II in the sense indicated in fig. 7-2. In this case the pitching moment 
about the focus is negative. If, however, Axis II were above Axis I, y would 
change sign and the moment would become positive. The relative positions of 
Axes I and II therefore correspond with different dynamical properties of the 
profile. 
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Moreover, if y = 0, we have M F = 0 at all incidences and therefore the lift 
always passes through the focus. In this case the aerofoil is said to have a 
centre of lift. 

In the case of the Joukowski profile obtained by transforming the circle 
shown in fig. 6-4, centre £ = s, the focus is the point z — s + l 2 e~ u ja, which is 
on CA V 

For a flat aerofoil the focus is the quarter point midway between the centre 
and the leading edge. 

7-21. Metacentric parabola. 



Fig. 7-21. 


Let L be the actual line of action of the lift inpaV 2 sin /3. The direction of 
L is perpendicular to the wind. Let the line L meet the line KF, which is 
drawn through the focus F parallel to the wind, at P, the point K being on 
Axis I. Taking moments about the focus F 


FP .L 


, l 2 sin 2y . 

~L~ = ¥ ~a finj = 




using the sine formula for the triangle FKC. 

Thus the locus of P is a straight line parallel to Axis I and midway between 
F and Axis I. From a known property of the parabola that the foot of the 
perpendicular to a tangent from the focus lies on the tangent at the vertex, it 
follows that the line of action of the lift touches a parabola whose focus is F 
and whose directrix is Axis I. This is called the tnetacentric parabola. 

To find the resultant lift we draw that tangent to this parabola which is 
perpendicular to the wind direction. 

Axis II touches the metacentric parabola, for if FRT is perpendicular to 
Axis II, FR = RT and hence R lies on the tangent at the vertex. 

Since perpendicular tangents intersect on the directrix the corresponding 
lift passes through C (see 7-14). 
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CENTRE OF PRESSURE 


7-3. Centre of pressure. 

If AH is the chord of the aerofoil (taken as the double tangent in figj 
7-3 (a)), the point P where the line of action of the lift L meets the chord it> 



Fig. 7-3 (o). Fig. 7-3 (b). 

called the centre of pressure. The position of the centre of pressure thus depends 
on the particular choice of chord. 

The centre of pressure coefficient is defined by 

n _ AP _ distance of centre of pressure from leading edge of chord 
v AH length of chord 

One of the desirable properties of an aerofoil is that the travel of the centre 
of pressure in the working range of incidence should not be large. 

The positions of P for varying incidence can be obtained at once by drawing 
tangents to the metacentric parabola. 

When Axes I and II coincide we have seen (7-2) that a centre of lift exists, 
namely the focus. 

The existence of a centre of lift does not imply the existence of a fixed centre 
of pressure unless the chord is chosen to pass through the centre of lift (fig. 
7-3(6)). 

7-31. Centre of pressure of a Joukowski rudder. 



plane. z-plane. 

Fig. 7-31. 


Such a rudder is obtained by transforming a circle of radius a whose centre 
C is on the real axis. Let OC = f, then 0H X = a — f and the transformation 


is 


* = J + 


(« ~f)' 

t 
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Clearly, from the symmetry of the profile, Axes I and II coincide, and so 
there is a centre of lift which is also a fixed centre of pressure if we take the axis 
0 f symmetry HA as chord. We then have 

z B = - OH, z A = OA, t Bl = - (a- /), U = a + f, 

and8 ° „ (a-/) 2 , (a-f? 

c = AH = z A ~ z h = U, -I 1 6h, 

a + / ^ a a 2 1 

Thus if //a is small we have c = 4a nearly. Again, if F is the focus, we have 

from 7 ‘ 2, a 3 + 2a/ 2 - f 3 

AF — OA - (OC + CF) = a(a + /} — 


Hence 


AF _ a 3 + 2a/ 2 - f 3 


= i + 


<ty - » (D 


This is an exact result, but if / 2 /a 2 is small we see that C„ i- 

The point whose distance from the leading edge of the chord is c/4 is called 

the quarter-point of the aerofoil. 

In the case of a symmetrical Joukowski aerofoil the quarter-point is, to a 

good approximation, the centre of pressure. 

The centre of pressure of a flat aerofoil is at the quarter-point (cf. 7-2), as 
is seen by putting / = 0, and therefore coincides with the focus. 

In the case of unsymmetrical aerofoils the quarter-point Q of the chord may 
be used as a convenient reference point. 

If P is the centre of pressure, taking moments about P gives 

PQ . L + Mq = 0, 

where M q is the moment about Q and PQ is positive when P is aft of Q. Thus 
dividing by lpV 3 c 3 we get 

( C v - \) C-i = — C m( _ ) . 

7-4. Centroid of the circulation. The contribution, to the circula- 
tion round a profile, of the arc ds is 

qds — - ds — - dw, 

since / is constant, for the profile is a streamline. The centroid of the circulation 
is the point whose coordinates are ( x c , yf) given by 


so that 


= ^xqdsj^qds, y c = Jy? ds j J? ds, 
, = Jz dwj^dw = JaJ */f J dz. 
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CENTROID OF THE CIRCULATION 


To calculate these integrals we take the origin at the centre of the profile an|j 
use 7-1 (2), whence | 


— (a.e'” - a 2 e~'“). 

IK 


7*41. The third axis of the profile. The locus of the centroid of th| 
circulation is called the third axis of the profile or Axis III. 



Fig. 7-41. 


Let F be the focus, K 1 the second point in which Axis I cuts the circle 
which transforms into the profile as shown in fig. 7-41. Then Axis III is the 
perpendicular bisector of the line FK V 

Proof. When the absolute incidence ft is given and the origin is at the centre 
of the profile, the position of the centroid of the circulation is given by 7-4 (1). 
It is convenient to take Axis II for x-axis, in which case a x = l 2 , a = (8 - y, 
and k = ‘2a V sin /?, so that 


;2gl(S-y) _ a 2 e -i(g-y) 

2 ai sin f 

referred to Axis II as x-axis. 

Let CF = l 2 /a = r. Then equating real and imaginary parts we get 
2a: = ^ Sin(/3 - y) ’ 


2y = w/ C0S( ^-^ 

Multiplying these equations by cos yj (a + r ) and sin y/(a - r) respectively, 
and then adding, we get 

2x 2 ii 

■ cos y 4- • — — sin y = 1, 

a + r a - r 

which proves that the locus is a straight line whose gradient is 

- (a - r) cot y/(a + r). 

Since II is the x-axis, K 1 and F are respectively the points (a cos y, a sin y) 
(r cos y, - r sin y). 

The middle point of FKj is (< (a + r) cos y, \(a - r) sin y) which clearly lies 
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0 n the above line and the gradient of T'A'j is (a + r) tan yj(a - r) so that 
Axis III is perpendicular to FK V q.e.d. 

Corollary. Axis III is a tangent to the metacentric parabola, for it bisects 
FK x at right angles. 

It can be proved that the line of action of the aerodynamic force passes 
through the centroid of the circulation. Hence at any incidence this centroid 
is determined by the intersection of the line of action of the aerodynamic 
force with Axis III. 


7-5. Force at a sharp point of a profile. When a flat plate aerofoil 
is presented at absolute incidence different from zero it will experience a force. 
Since the air pressure thrusts act perpendicularly to the plate, this force should 
be perpendicular to the plate. If we calculate the force by means of the Blasius 
formula, we get a force perpendicular to the asymptotic wind. This apparent 
paradox is explained by the action of the air at the sharp edges of the plate. 
It will appear that the sharpness of the trailing edge causes no anomaly but that 
the sharp leading edge en- 
tails a particular behaviour. 

In fig. 7-5 (a) there is 
shown a profile having a 
sharp point at B. That this 
point also happens to be the 
trailing edge in the diagram 
has nothing to do with the 
argument which follows. 

Let us draw a circular arc y whose centre is B to meet the profile at 
M and N. Let P denote the contour consisting of the part of the profile 
outside y, and let S be a contour -which surrounds both P and y. 

Then by Cauchy’s theorem (3-5) 



( 1 ) 



dz + \ip\ 

J a 


dz. 


We shall, as in the theorem of Blasius, write (1) in the form 


(2) X s - iY s = [X y - iY v ) + (X P - iYp). 

In (2) ( X s , Y s ) is the force calculated by direct application of the theorem 
of Blasius, and the result of this calculation does not depend on y or P. Also 
when y— > 0 (i.e. when the radius of the arc y->0) the force (Xp, Yp) will 
tend to the force (X, Y) on the whole profile. Therefore 


(3) X - iY = (X s - iYg) - (X 0 - iY 0 ), where 

(4) X 0 - iY a = Iirn Jfpj dz. 

Let us calculate X 0 - iY 0 . 
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If B is the point z 0 and the profile is obtained by transforming a circl^J 
the £-plane we have from 7-01 (4) 

1 = ° ( — !<*<*• 

\(z - Z„) V 

in the neighbourhood of B. Here (2 - k)n measures the angle between d 
tangents at B which is by hypothesis a sharp point, but not necessarily tj 
trailing edge. | 

, dw dw dl ' 

Agam — = j 

dz d'C, dz 1 

and in the £-plane divjdt, is finite everywhere. Therefore dwjdz is of the saq 
order of magnitude as d^jdz and we can write near B 


( 2 “ 2 o) * 

where c is a (complex) constant. Therefore, if k yk 2, 




c 2 (z - z 0 )*' 
2 . 


Y* 

If 1 < k < 2, 2/k - 1 > 0 and therefore when y-> 0, i.e. as ?-> z 0 , thf 
integral round y tends to zero and (4) gives j' 

Z 0 - t Y 0 = 0, if 1 < k < 2, I 

i.e. when the sharp point has two distinct tangents it makes no difference anct 
the force on the profile as given in (3) is the same as the Blasius force. ' 

If, however, k — 2, the sharp point becomes a cusp and things are different* 
In this case (4) gives (3-52) 

f c 2 

X 0 - iY 0 = lim \ip\ dz — -it pc 2 . 

y — ►O J (y) 21 Zq 

Let c = c 0 e‘ A where c 0 is real. Then 

(6) X B + 4 Y 0 = - 7t pc 0 2 e~ 2a = Trpc^e'^-^. 

A\e now use the fact that at M the air velocity is tangential to the profile. 
If ( u M , v M ) is the velocity at M and if z - z 0 = re w , we have from (5) 


Um - IV M = - 


div\ 

dz) M ~ 


and therefore, changing the sign of i, 


u m + M'm 


iv M = * * G # -*+-). 


FORCE AT A SHARP POINT OF A PROFILE 127 

7-6] 

But if tt e radius of y is sufficiently small, the tangent to the profile at B 
incides with MB, and with the tangent to the cusp at B, and the directed 
line MB makes the angle tt + 8 with the x-axis. 

Thus arg (% + iv M ) =” + 8 and therefore 

J7) - — A + 77 = 77 + 8 * 

so that A = - 8/2 and therefore from (6) 

(8) + iY « = vpc 2 ?^ Fig. 7-5 (6). 

which is a force directed along the tangent at the cusp in the sense MB, i.e. 
outwards from the profile, a force which might be described as a suction force at 
the cusp. 

As may be seen from (5) the presence of this force (X 0 , Y 0 ) depends on dw/dz 
becoming infinite at the cusp. In the case of a Joukowski profile the value of 
dw/dz has been shown to be finite at the trailing edge (6-8) and therefore the 
suction there is zero. 

The above reasoning also shows that if a profile presents a second cusp there 
will also be a suction force at that point. 

7-51. The flat aerofoil. This is obtained by transforming the circle 
Kl = a by the transformation 

y a 2 

(1) Z = i + J- 

j 2 7T KpV 
/ 

/ 

/ 

H C S Xo 

I-piane. 2 -plane. 

Fig. 7-51. 

As we have seen there will be no suction at H , the trailing edge, but there will 
be a suction X 0 at S the leading edge, z = 2a. To apply the method of the 
preceding section we have from (1) solved as a quadratic in £ 

2£ = z + J(z 2 -ia 2 ), 

the positive sign being taken because at distant parts we must have £ = z. 
This gives 

2 «_ 1 + i_ 

u dz J[{z-2a){z + 2a)] 

* It may be observed that in deducing (7) we have ignored a possible integral multiple of 2w 
which does not affect the value of e iA . Observe also that (8) follows whether we take 0 or 
v + Q for the argument of the velocity, i.e. whether the velocity is in the sense MB or BM. 
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Near z = 2a this becomes very large, the dominant term being obtain 
by putting 2 = 2a except in the factor (2 - 2a) which is responsible for t' 
largeness. Thus near 2 = 2a we have, very nearly, 

(2) ^ = 'J a 

dz 2 J(z - 2a) 

Again, 

V 6 — CL^ 

w = Fe ,a £ + - — - h ik log £, k = 2 aV sin a. 

Thus 

dw Tr . 2 iaV sin a. a 2 Ve~ ia 

- = n- + — p-, 

and near £ = a, which corresponds with 2 = 2a, we have 


(3) — = 4 iV sin a. 

a£ 

Combining (2) and (3) we have near S 

dw __ 2iF sin a Ja 
dz J(z-2a) 

Thus from 7-5 (5) we have c = 2iV sin a Ja, and therefore from 7-5 (8) 

X 0 + iY 0 = iTrpV 2 a sin 2 a. 

So that Y 0 = 0, X 0 = 47rpF 2 a sin 2 a. The force given by the Blasius integral 
is of course the Joukowski lift. 


2-nKpVe 


‘G-) - 


inpaY 2 sin a (sin a + i cos a). 


Subtracting Z 0 from this we have the resultant force i-nipaV 2 sin a cos a 
which is perpendicular to the aerofoil. 

The foregoing investigation is intended to show that the apparent paradox 
in the case of the flat plate has no theoretical substance. On the other hand, 
the further inference is that cusps on profiles must be avoided except at the 
trailing edge. When, therefore, we treat an aerofoil as a rectangular plate, or 
a part of the surface of a cylinder, or other limiting cases of extreme thinness, it 
must be remembered that this is only a convenient mathematical simplification, 
and that the skeleton thus used must, in practice, be clothed and the cuspidal 
edge rounded off. To such an aerofoil we can apply the Joukowski theory. 


7-6. Karman-Trefftz profiles. These may be regarded as a generalisa- 
tion of the Joukowski profiles. They have the constructional advantage that 
the cusp is replaced by a sharp point at which there are two distinct tangents. 
The Joukowski transformation (6-1) can be written, from 6-1 (2) and (4), as 


2-2 1 (£ - If 

z + 21 ~ (£ + If' 
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The required generalisation is obtained by replacing 2 by k, where k < 2, 
so that 

2 - kl (£ - l) k _ 

(!) 7+Jl = & + If ’ 

when k = 2 we get the Joukowski profiles. 

Referring to fig. 7-6 (a), let us put 

arg (£ - l) = Xu ar g(£ + l) = «i. arg (2 - kl) = x , arg (2 + kl) = to, 
the points S v //,, S, H being ( ±1, 0 ) and ( ±kl, 0 ). It follows from ( 1 ) that 

arg (2 - kl) - arg (2 4- kl) = k arg (£ - l) - k arg (£ + l) 

or 

(2) x ~ w = ^(Xi ~ ^i). 

Note that when P 1 is below the real axis 3 ^, aq are greater than 7 r and Xi ~ “1 is 
negative. 

Let us transform the circle | £ | = l whose centre C is therefore at the origin. 
Using one Argand diagram for £ and z, if P x and P correspond we have from (2) 

applied to fig. 7-6 (a), SPH = k S 1 P 1 H 1 . 



Fig. 7-6 (a). 


As P 1 describes the upper semicircle S l P 1 H 1 remains constant and equal to 

n/2 so that SPH remains constant and equal to knj2. Thus P describes a 
circular arc also above the real axis and passing through S, H. 

When Pj describes the lower semicircle, X i - “1 — ~ ti/ 2 and so X ~ w 
— - k-!2. Therefore P describes a circular arc through 5 and H which is the 
reflection in the real axis of the first circular arc. 

Observe that the nearer k is to 2 the nearer the angle &7 t/ 2 to 77 and the flatter 
the two arcs just obtained. 

The angle between the tangents at the point H is 277 - kn, as is easily seen 

1 A 

b y considering what happens to SPH when P 1 moves along the upper semi- 
circle to coincide with H v 
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1 

T, j 

if we transform a circle centre the origin but whose radius is larger than 
the sharp points disappear and we get a profile of elliptical appearance 



Fig. 7-6 (6). , 

rounding the two circular arcs of fig. 7-6 (a) which form, as it were, the core oftH 
profile. J 

The transformation of a circle whose centre is on the real axis and whid 



Fig. 7-6 (c) 

passes through H x but encloses S 1 (see fig. 7-31) leads to a symmetrical profih 
with the same core suitable for a rudder, strut or fin. 



Fig. 7-6 (d). 

If the circle to be transformed passes through S, and //, but has its centre 
on the imaginary axis the reasoning given above still applies to show that as 
! describes the major arc S 1 N,H 1 , the angle in which is, say, <r, then P describes 


* The dotted circle in fig. 7-6 (6). 


7-6] 
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a rc through S, H the angle in which is ke. Likewise when P, describes the 
minor arc, P will describe an arc through S and H the angle in which is 
2 ^ _ Jc(tt - e). The angle at the point H enclosed by the tangents is, as 
before, (2 - k) n. Thus 
the transformed profile is 
bounded by two circular 
arcs, crescent shaped as 
in fig- 7-6 (<*)• or biconvex 

as in fig- 7 '6 ( a )- 

If we displace the cen- 
tre of the given circle to 
lie on neither axis we get 
a profile of which the cres- 
cent is the core. 

Fig. 7-6 (c). 

Since the angle be- 
tween the tangents at II is (2 - k) -n, it follows that (2 - k) n < n for H 
to be a sharp point, i.e. we must have k > 1. 

From (1) we get 



k) 7i < n for H 


iy 

1 + V 


Expanding by the binomial theorem we get 




(k 2 - 1) l 2 


i + "" 


Since 1 < k ^ 2 the coefficient of l/£ is real and positive and therefore 
(cf. 7-14) Axis II is parallel to the real axis. Axis I is, of course, the line Hfi. 
It follows from the construction given in 7-2 that the focus F is on the line CAj. 
This result is true also when k = 2, i.e. for the Joukowski profile (see fig. 6-4). 

77. Von Mises profiles. 

Fig. 7-7 (a) shows a profile whose skeleton presents a point of inflexion. 
Such a skeleton is sometimes described as S-shaped. The skeletons of Joukowski 

and Karman-Trefftz profiles are based 
on circular arcs, and therefore such 
profiles cannot include the S-shaped 
Fig 7-7 (a) variety. The French term releve is 

commonly employed to describe the 
turning up of the tail illustrated in fig. 7-7 (a). In unsymmetrical profiles 
I’ekve is essential for the existence of a centre of lift (7-2). 
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In the Joukowski and Karman-Trefftz type of transformation dz/d£i 
zeros at £ = ± l and nowhere else. Thus, for example, we have from 6-1 (ji 


M4404 


The generalisation of this, made by von Mises, is to postulate a cert* 
number of zeros, say n, of dzjdt, in addition to the zero at £ = - l. Thus 


MMX- 


This reduces to the Joukowski case when v 2 = l, v 2 = v 3 = . . . = ^ — 
As £— > -l so dz/d£ tends to zero like l + £, and, therefore, as was shown in 6 
there is a cusp at the point corresponding with £ = - l. If we wish to hav< 
sharp point at which the tangents enclose the angle (2 - k) tt we put inste 
of (2), 


(3 > 14 MMX' -r) 


and for large values of | £ | we have 

dz A B 
^ = t + + — where 

( 4 ) A = (k - 1 )l - Vl - v 2 - ... - v„. 

Integrating this we get 

z=t + A log£-|- .... 

and this is unsuitable for a transformation of the type for which z->£ as 
infinity on account of the presence of the logarithm. Therefore we must havJ 
A = 0. ; 

The condition A = 0 means that the origin is the centroid of unit masse® 
placed at v v v 2 , . . . , v„ and a mass {k - 1) units at the point - 1. Since to gefc 
an aerofoil profile none of the zeros of dz/d£ may be outside the circle it follow*? 
that the origin must be inside the circle , and indeed inside every convex contoutjj 
which encloses the zeros. In the Joukowski case, n = 1, k = 2, the origin it 
the centroid of unit masses placed at - 1 and l. 

As a simple case consider n = 2, k = 2. Then 

d l _ fi ^ l \ M (-! e*\ , 


di l 1 + l 


i M 


m-'i 


l = + v 2 , 


and therefore integrating and omitting the irrelevant constant 
„ _ r , l% ~ v i v s lv x v z 

s + “£ W' 
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7-71 

To satisfy the condition + v 2 = l we may put 

v i = P(1 + A e ,v ), v 2 = U{ 1 - Ae*), 

where A and v are real. We then get 

_ l 2 (3 + A*e* fr ) 1 3 (1 - A 2 e 2i «) 

(5) « — 4 H ^ g^ 2 

To get the direction of the second axis, as in 7-14, we put 
iV" = ll 2 ( 3 + A 2 e 2< -), 

so that, equating real and imaginary parts and reducing, 

3 i 

(6) cot /x = cot 2v + ^ cosec 2v, L 2 = |Z 2 [A 4 + 9 + 6A 2 cos 2v]“. 


The inclination of Axis II to the real axis (7-14) is |/i, and the distance of 
the focus from the centre is L z ja. 

If e is the inclination of Axis I to the real axis, the pitching moment with 
respect to the focus will be positive or negative according as Axis II is above or 
below Axis I in the sense explained in 7*2, i.e. according as /i/2 > e or < e. 

If we take /i/2 = e, Axes I and II coincide and there is then a centre of lift. 
Thus, to get unsymmetrical profiles with a centre of lift we take the centre C 
of the circle to be transformed anywhere on the line through £ = - l inclined at 
\fi to the real axis, subject of course to the conditions that the circle passes 
through £ = - l and encloses v 1 and v 2 . 

As a numerical example take A = 1, v = rr/8. Then from (6) we get 
i/i = 5° 24', L z = 09431 2 . 

Fig. 7-7 ( h ) shows a sketch, not to scale, of the type of profile and the 
zeros Vj, v 2 . 



Fia. 7-7 ( 6 ). 


Any number of profiles may be devised on the above basis. We note, 
however, that the simple geometrical construction of z which applied in the 
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case of the Joukowski profile is no longer available and the values of z mu3 J 
worked out individually from the mapping function (e.g. (5)). There ] 
however, link mechanisms which allow the direct tracing of such profiles. 1 

7’8. Carafoli profiles. All the profiles hitherto considered have a shij 
point or cusp at the trailing edge. This circumstance arises from the fact t$j 
the circle from which they are obtained passes through H 1 which is a z« 
of dzjdl,. If we apply any of the mappings already described to a circle whi 
is concentric with, but slightly larger than, the circle mentioned, the point j 
will lie inside and the mapping will be conformal over the whole boundary j 
that the sharp point will be rounded off and a Carafoli type of profile w 
result. See figs. 7-0 (c), 7-6 (b), 6-11. The constructional advantages are obviog 
but the theory calls for no special amplification. | 


EXAMPLES VII I 

1. The Joukowski transformation 2 = £ + Z 2 /£ is applied to the cinjj 
| 4 ~ s I = o. Examine the forms of dz/il, and d^jdz when the origin is takd 
at the centre of the circle. 

2. Show that the Joukowski transformation is reversed by 1 

i = h + w - in j 

and hence expand f in ascending powers of 1 jz. ■! 

3. Prove that, in the case of a circular arc profile obtained by transforming! 
circle centre C by the Joukowski transformation, the centre C is also the centroil 
of the profile, assuming corresponding arcs of circle and profile to carry equal load* 
and the circle to be uniformly loaded. 

4. In the case of a flat aerofoil, prove that C L = 2jt sin /3, and calculate C wid 
respect to the leading edge. 

5. Prove that the pitching moment with respect to the centre is the real part ol 
2rrp V 2 ia 1 e ~ ia , where a, is the coefficient of 1/^ in the transformation. 

Deduce the pitching moment of a Joukowski aerofoil. 

6 . Find the direction of Axis I in the case of the aerofoil Clarke YH Sm 
E x. I, 10, 21. 

7. In a Joukowski profile prove that the maximum thickness measured per - 
pendicularly to the z-axis is 5-2 h, where h is the intercept on Axis I between th« 
centre of the profile and the ?/-axis. 

8. The bisector of the angle between the tangent at the cusp of a Joukowski 
profile and the second axis is parallel to the first axis. 

9. For a Joukowski profile, obtained as in fig. 6'51 (c), the bisector of the angle 

between the tangents to the profile at the two points where it meets the imaginary 
axis is parallel to Axis II. c 

10. Find the position of the focus in the case of the profile of fig 6-51 (c) and 
the profiles of Ex. VI, 9. 

11 . if the transformation is 

IV" 

*= ? + ^-+ .... 
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ve that the moment about the centre of the profile is 
2irpV 2 l 2 sin 2(p, + a), 

and hence show that when the wind is along the second axis the lift passes through 
the centre of the profile. 

Deduce that the second axis is a tangent to the metacentric parabola. 

Prove that the lift is greatest when the wind is along the axis of the metacentric 

parabola. 

12. Calculate the position of the centroid of the circulation in the case of flow 
past a circular cylinder, at incidence a to the a>axis, with circulation. 

13. Calculate the position of the centroid of the circulation for a circular arc 
aerofoil of chord c and camber m in a wind at incidence a. 

14. Find the position of the third axis of the profile of fig. 6-51 (c), and the profile 
of Ex. VI, 9, showing in each case the corresponding metacentric parabola. 

15. Prove that for any given incidence /? the line of action of the lift passes 
through the centroid of the circulation. 

16. Calculate the suction at the leading edge of a circular arc aerofoil. 

Find the aerodynamic force on the aerofoil. 

17. Show that the transformation 

z - nc _ (t, - c\ n . _ _ 


transforms the circle f 2 + (17 - h) 2 = c 2 + A 2 into two circular arcs and that the 
chord of the aerofoil is 2 nc. 

Show that the transformation can be written 

„ (n 2 - l)c 2 

— 5T- + "" 


18. In a symmetrical biconvex Karman-TreStz profile, calculate the upper 
camber in terms of the angle between the tangents at the trailing edge. 

19. Calculate the thickness ratio and the camber of a crescent-shaped aerofoil 
of the type shown in fig. 7-6 ( d ) obtained from the circle x 2 + (y - h) 2 = a 2 . 

Obtain approximate formulae applicable when A/a is sufficiently small. 

20. Plot point by point the von Mises aerofoil of fig. 7-7 (6), marking the Axes 
and the centre of lift. 

Discuss the position of the third Axis. 

21. Use the method of 7-5 to find the moment of the suction force at a cusp, 
and hence verify that the force is localised at the cusp. 
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8-0. Geometry of profiles. Consider a general type of profile roum 
at both ends (Carafoli type, 7-8). We shall assume that the profile has a 

p double normal AH, that is to sa; 

line which is normal to the profile 
jr y / \. A and at H, and that the profile 1 

/ / P \ entirely between the tangents at 

/ | — -X— — J \ and H. This double normal will 

' taken as the chord of the profile, an 

H ■ - 1 oL^r; A as hitherto, A will be the anterior i 

1 j leading edge and H the hinder 1 

\ \ J trailing edge. 

\ \ / If II is a sharp point or a cusp Al 

\ jA will be the line through H which] 

normal to the profile at the leadiijj 
P edge. 

We take the mid-point of AH I 
origin and the x-axis along the chord 
Draw the circle on AH as diameter. A double ordinate PP’ of this circj 
will meet the upper curve of the profile in a point P D and the lower curve in i 
point P L . The angle POH = 6 will be called the eccentric angle of P n and th 
angle P OH — — 6 will then be the eccentric angle of P L . Thus as d increase 
from 0 to 77, the point P v will trace the upper line of the profile and the poin 
P L will trace the lower line. 

We suppose the equation of the profile to be expressed by 

(1) x= -|ccos0, y — cf (8) 

in terms of 8 as a parameter. Thus for any value of 8, 0 < 8 < n we shal 
have the same value of x as given by (1) but 

( 2 ) Vv = cf(8), y L = cf(-O), 

according as we refer to the upper or lower line of the profile. 

The camber line (1-14) is then defined by 

(3) x = - -i-c cos 8, y c = l(y n + y L ) = U{f(8) + /( - 8)}. 

This function y c = y c {8) is an even function of 8, since from (3) 

yc(8) = y c (-0). 
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The function y c {d) is the camber line junction, and the curve described by 
lx yc )> dotted in fig. 8-0, is the camber line. 

’ The thickness function y T = y T {d) is defined by 

(4) y T = \(yv - Vl) = ic{f( 8 ) - f(- 8 )}, 

where 0 < d < 7r. The thickness function is an odd function of 9, for clearly 
y T (-9) = -y T (0). A knowledge of y c and y T allows us to build up the 
profile from the equations 

( 5 ) yu = yc + vt> VL = yc - yr, o < 9 < -a. 

Since dy'dx is, in general, infinite at H(9 — 0) and at A (9 — tt) we may 
reasonably write the slope of the profile * in the form 

(g) ^ 1 A tan id -f |t cot \9 + F(d), 

where it will be assumed that F(6) can be expanded in a convergent Fourier 


(7) F(6) = \c a + F (a„ cos nO + b„ sin nd). 

n — 1 

To determine a„ we multiply both sides of (7) by cos nd and then integrate 
from — 77 to 77. Since, as is readily proved, 


[md cos nddd 


-o,f 

A — IT 


cos 2 nddd 


r, f cos m9 cos n9 dd = 0, myAn, 

J — IT 


6 CU 

(8) c 0 = - f F(8)dd, a n = - [ F{6) cos nd dd = - f cos nd dd 

7T J 77 J _ „ 77 J o dX 

b„ — - [ F ( d ) sin nd dd = — f -y- sin nd dd 

77 J n TT J Q d3) 


Since dyjdd = ( dy/dx ) [dx/dd) we get from (6) 

(9) I ^ = - 1 A(1 - cos d) + \t{1 + cos 8) + \ sin dF (9). 
c dd 

The radii of curvature p A , p B at the leading and trailing edges may be 
calculated from the formula 

p = ± (x 2 + 2 ?) m /(xy - icy), 

where the dot refers to differentiation with respect to 9. The reader may readily 
verify that 

(10) cA 2 = 2 p A , ct 2 = 2 p H . 

K — ‘ f ^y rJO — H ortrl f Viorpfrtro frnm (Q\ 


Again, 

( 11 ) 


f dd = 0 and therefore from (9) 

J -«dd 

b 1 = A - r. 


* M. J. Brennan and A. C. Stevenson, Simplified Two-Dimensional Aerofoil Theory, Aircraft 
Engineering, xviii (1946) 182. 
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8-01. Thin aerofoils of small camber. An aerofoil is said to bei 

if the upper and lower lines of the profiles differ but slightly from the caJ 
line, so that to a first approximation the profile may be replaced by its caiJ 
line. The theory is further simplified bv the assumption, which will be iJ 
in what follows, that the slope of the camber line is so small that (dyji 
can be neglected. We then have for an arc ds of the camber line 5 

(§)' = '■ 1 

so that ds = dx — Jc sin 6 d9. 

In fig. 8-01 to this order of approximation the arcs P v Qj] and P L Q L oft 
profile are to be regarded as equal to the arc PQ of the camber line and' 
_ length dx. ' 

li 11 If we imagine the profile to 

Ip divided into elementary sections su 

H ~~y A as PuQuQlPl > the circulation rom 

8 the whole profile is the sum i 

circulations round the elemental 
sections. In evaluating such a circulation we shall suppose that the velocity* 
points of P xjP l an( l QuQl is zero, while the velocity along QuP n and 
is the actual velocity with which the air flows along these arcs. ■■ 

Itach elementary section will experience the lift appropriate to its circull 
tion and the aerodynamic force on the whole profile will be the resultant of th 
aerodynamic forces on the component sections. 1 

This is the circulation (or vortex sheet) method of approach which we shai 
proceed to develop. 

A second method will be explained in 8-4. 

8" I • The flat aerofoil. Here the profiles are straight lines whiol 
coincide with the chord c. Such profiles arise from transforming the circll 
| £ | = Jc by the Joukowski transformation 


and the complex potential is 

Ve~ ia c 2 c 

w = Ve'“ £ H — + 2 iV - sin a log £. 

lo£ 4 

If £ is the point in the circle which corresponds with the point P of th( 
aerofoil, with the notation of fig. 8-1 we can write 

£ = = - \ce~ is , 

and this value of £ gives 

z = + lce~ if,r - 9) — he cos ( tt - 9), 

which shows that P and £ are related as in fig. 8-1. 
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813 

Substituting the above value of £ in the complex potential, a simple reduction 
ghoWS that on the aerofoil 

__ j c T'[- cos {9 - a) - (tt - 9) sin a], dw = £cF[sin (9 - a) + sin a] dO. 

Now the circulation round the element PQ is the decrease in dw as we go 
from Q t° P along the upper surface and from P to Q along the lower 



Fio. 8-1. 


surface. Also if 9 is the eccentric angle of P regarded as belonging to the 
upper surface, the eccentric angle of P regarded as belonging to the lower 
surface is - 9 so that the required circulation is [w’{0) + w’( - 0)] dd or 

|cF( 2 sin a + sin 9 - a - sin 6 + a) dd = cF sin a(l - cos 9) d9 

— 2 F sin a tan \9 dx, 

since dx = |c sin 9 d9. 

Thus the circulation can be regarded as distributed at the rate 

2F sin a tan \9 

per unit length at the point whose eccentric angle is 9. If we write 
(1) 2ttJc = 2F sin a tan 19, 

the circulation round the whole profile is 

r /2 

2-nk . dx. 

- c/2 

When the lift on the aerofoil is given, k is given and we may regard (1) as 
the appropriate solution * of the equation (2), for k as unknown, when k is 
known. Observe that k = 0 at the trailing edge and k = co at the leading 

edge. 

* Equation (2) has of course many solutions. That represented by (1) fits our problem. 
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8-2. The general problem. Consider a thin aerofoil. Take the ^ 
along the chord and the origin at the centre of the chord. 

If 2ttk is the circulat 
y round the aerofoil, we write 

* (1) 2™ = f 2nk d» 

H O'""-- ■ -£* a" * rc/2 

= 27rida; 

V x V J - cl 2 


Fio. 8-2 (o). on the hypothesis (see 8-01) tW 

the square of the slope dyjda^ 

ne 8^8^1 e > so that the camber line differs but slightly from the chord. We 
then regard the aerofoil as replaced by a suitable distribution, along the choi| 
of rectilinear vortices of strength k per unit length at the position x of tij 
chord. j 


The total downward velocity induced at P will be (see 4-7) 

Pi ..=r ,*«. 

J - </2 ? “ X 


There will also be a small component u parallel to the x-axis. 

Referring to fig. 8-2 ( b ) we see that the 
components of velocity at P parallel to v cos a.-u 

the x- and y - axes are got by compounding ["* Ek-"' 

the wind velocity with the induced velocity \ ^ — ' 
and are respectively u*rt: 


Iv^-Vnim 


Fio. 8-2 (6). 

- F cos a + u, V sin a - v x . ■ 

The resultant velocity at P therefore makes with the chord the angle 

v x - V sin a 

e = tan -1 — . 

V cos a — u 

Since u and a are both small we see that e is also small and therefore 

e = - a + v x /V. 

Now the air must flow along the aerofoil and therefore we must hav( 
at P 

dy v x 


Here dyjdx is known at every point, for the form of the aerofoil is given, and 
therefore (3) determines v x . It remains to find k from (2) subject to the 
condition (1). 
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8-3. Glauert’s method of solution. We have seen that in the case 
0 f the flat aerofoil, in terms of the eccentric angle, 

V 

k = — cn. tan id. 

7 T 

In the general case we therefore assume 
y 

(1) k = — {A 0 tan \8 + A 1 sin 6 + A 2 sin 29 + A s sin 3 9 +. . .}, 

where A 0 , A lt . . . , are dimensionless constants to be evaluated, the first term 
being suggested by the case of the flat aerofoil and the remaining terms being 
perturbations produced by the camber. The form assumed for k is an odd 
function of 9, changing sign when 8 is replaced by - 9. 

The method consists of the application of 8-2 (2) to evaluating v x in terms 
of the A„, which are then determined by 8-2 (3). The lift and moment are then 
calculated in terms of the now known constants A 0 , A v A 2 . 

Glauert’s method has its proper application to a thin aerofoil reduced to its 
camber line. No account is taken of thickness, so that here y = y c - 

8-31. Calculation of the induced velocity. In 8-2 (2) put 

x— -|ecos0, £= -iccos<f> so that 
g - x = $c(cosd - cos. j>), d£ = \csm(j>d<l>. Then 

kd£ — - 1.4 0 tan \<f> + E A n sin ruf>\ ic sin <f> dj> 


= — < A 0 (l - cos <f>) + | E A „{ cos (n - l)<f> - cos (n + !)</>) > |c d<f> 


and therefore 


where (see 4-71) I„ = 


•=£, 


cos n<\> 


2 E A n {I n + x In—l) | > 


sin nd 

7T —7 — — . Thus 
sin u 


' n J 0 cos (f> - cos 6 sin 6 

v x — — \ttA 0 + l E (sin (n+ 1)0 - sin (n - 1)0)1 

77 ^ n = 1 'X J 

= V |.4 0 + E A„ cos ndj . 

8-32. Determination of the coefficients A „ . Substituting the value 
of v x in 8-2 (3) we have, noting that here y = y c , 
dii 00 

(1) -j- — - a + A 0 + E A m cos md. 

dx m=i 


Integrating from 0 to 7r we get 

(2) A 0 = 


lrdy 
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To determine A„ when 0 multiply (1) by cos nd and integrate fjj 
0 to tt. Since 

[ cos tn6 cos nd dd = \tt or 0, 


according as m = n or m rfi. n, we have 


2 f dy 


cos n8 d0. 


(3) A„ = - —cos nd dd. 

7 rj 0 dx 

In particular 

(4) A l = ^cosddd, A 2 = -f ^cos2ddd. 

7 tJ 0 ax 7 Tj 0 ax 

Note that only A 0 depends on incidence. Observe also that if the incide] 


2 rdy 


~ cos 6 dd, A % = - 
ax 7 t 


2 T dy 


cos 2 d dd. 


is determined by 

( 5 ) 


, - - ^ 

77 J 0 


If ^dd, 

77 Jo ax 


then A 0 — 0, and the circulation as given in 8-3 (1) is nowhere infinite. Thi 
angle a, defined by (5) is called * the ideal angle of attack, and A 0 — a - a ( . j 
We can also show that the coefficients A„ are identical with the coefficient) 
a„ of 8-0 (7). For 

a„ = - j" + i\ tan \d - -|r cot \d ^ cos nd dd 

+ Til 0 (iff + ^ COt C0S 

Replacing d by - d in the second integral, the terms in A, t cancel, and 
8-0 (3) then gives 

- - 2 ^ dyc cosnddd = A„. 


Observe also that 


2 ft 

a n = - 

7TJ 0 


M3*-’*. 


8-33. The Lift. By the Kutta-Joukowski theorem we have 

rc/2 

L — 2~ KpV — 2np V I kdx 
J - c/2 

= 2pl 2 j" tan \d + E A„ sin nd'j |c sin d dd. 

Now, if n > 1, I sin nd sin d dd = 0. Therefore 

Jo 

L = cpV-\ (2 A 0 sin 2 id + A 1 sin 2 d) dd = ncpV 2 (A 0 + iAJ, 
Jo 


* Theodorsen, N.A.C.A., Technical Report No. 383. 
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and therefore the lift coefficient is 

(1) Ct = "(27. + A,) = 1,(2. + 1 + •» •*>») = Mb + *) 




cos d) dd. 


This result shows that A, + a is the absolute incidence, and that the slope 
of the ( C L , a) graph has its theoretical value 2 t t (see 7-13), and therefore 

the angle Aj defines the x, x 2 — Ax,sI 

direction of the axis of AX ' 511 

zero lift, see fig. 8-33. 

Since our aerofoil by ~ ~ ^ 

hypothesis differs but 

little from the flat aero- Fla - 8 ' 33 ' 

foil, we may take the centre of the chord to be the centre of the profile so 

that Aj determines Axis I completely. 

We can transform A, by integrating by parts. We have 


du dy 1 + cos 9 2 dy . 

|(I + cos 0) = 2j-^- F = -^cot 1 


and therefore 


a = 1 f To cot i 9 dd = -\y cot i«T + 2 r f yA - C0Sec2 ^ d8 ' 

1 77-cJo dd * TTCL J 0 7TCJ 0 

The integrated part vanishes at the leading edge, 9 = tt, and at the trailing 
edge it assumes the indeterminate form 0 x co. Now 

V dy/dd 

lim y cot id = lim . = * im ■ lm/rff)’ 

e ^ 0 * 2 sin \d e-+o a (sin 

by l’Hospital’s theorem (1*9). Also 

d l = d l x d * = lcsmd^. 
dd dx dd dx 

Hence lim y cot id = lim (/ x 2c sin \ d) = 0, 

0_*O 0— >-0 \ ax • 

unless dyjdx is infinite at the trailing edge* Thus 
A t — - f - • . 1 -„d6, 

1 77 Jo C 1 — cos d 

which can be evaluated graphically or by approximate formulae which avoid 
the end points.t 

* When the profile is replaced by its camber line, as is here the case, dyjdx will not become 
infinite. 

t Milne-Thomson, Calculus of Finite Differences, 7-33. 
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8-34. The pitching moment. We take moments about the centre 0 
The quarter point Q of the chord is distant Jc from the leading edge. 

The lift on the element, 

y i IdL whose abscissa is x, is 

ij dL = 'Ink dx pV 

/ at right angles to the wind. 

H ! _ 2 ' A Thus the pitching moment, 

positive when it tends to 
raise the nose, is 


Fig. 8-34. 


to - f xdL, 


since the component of lift perpendicular to the chord is dL cos a = dL, and 
the component parallel to the chord is dL sin <x = dL . * and is of the second 
order. 

Substituting for k and x we get 

^ o = ~ ip i “ c2 J q j^o * an + £ A„ sin nd j- 2 sin 8 cos 6 dd. 

NoW I 0 tan ^ 2 sin e cos d - 2 J ( cos # - cos 2 8) dd = - 77. 

I 0 sin nG 2 sin 8 cos 8 d8 = J sin n8 sin 28 dd. 

If m = 2 this is ^77, for any other integral value of n it is zero. 

Therefore 

(!) M 0 = Itt P V 2 c 2 (A 0 -±A 2 ) = lnpV 2 c 2 (oc+\ 2 ), 
where from 8-32 (2) and (4) 

m A - - % o - - * 

on integrating by parts. This form is suited to graphical integration. It follows 
from (1) that M 0 is zero when a = - A 2 so that (7.14) A 2 gives the direction of 
Axis II, see fig. 8-33. 

The pitching moment coefficients about the centre and the quarter point are 
related by 

( 3 ) Cmg — C mQ - \C L = J77(A 2 - Aj) 


which is independent of incidence and we have the important result that for a 
thm aerofoil of small camber the quarter point of the chard is the focus of the 
profile (7-2). 

If the pitching moment about the focus is zero, the aerofoil has a centre of 
lift, and, since here the focus is on the chord, a fixed centre of pressure. The 
condition for this is A, = A 2 . 
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8-35. Travel of the centre of pressure. The position of the centre of 

pressure (from 7-31) aft of the quarter point is given by 

( 1 ) 

(C„ - JKAj + a) = |(Aj - A 2 ), 

where A, > A 2 if Axis II is below 
Axis I (7-2). The graph of C v - \ 
plotted against incidence (note that 
Aj + a is absolute incidence) is 
therefore a rectangular hyperbola. 

Thus as incidence increases the 
centre of pressure moves towards j- IG g. 35 . 

the quarter point. A similar result 

and graph follow if A, < A 2 . The travel in a working range a! to a" is therefore 



( 2 ) 


Jc(Ai 




8-36. Unsymmetrical aerofoil with a fixed centre of pressure. 

We have just seen that the thin aerofoil has a fixed centre of pressure if 
A x = A 2 , i.e. if 


( 1 ) 




dd = o. 



Fig. 8-36. 


Let us take as camber line a cubic curve passing through the points 
\c, - \ec, - \c, the points A, K, H in fig. 8-36. The equation of such a line is 


y (x 1\ [x l\(x 1 \ 
c ~ ^\c ~ 2 / (c + 2 / \c 2 / 


where p is an arbitrary number which can be so chosen as to give the mean 
camber any suitable value. In terms of the eccentric angle we have 

| = Jp(l - cos 2 #)(cos 8 - e). 

Substituting in ( 1 ) there will be a fixed centre of pressure if 

f [(1 + cos6)(cosd - e) + 2 sin 2 0 (cos 2 0 - € cos 8)]dd = 0 . 

Jo 
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[8-36 


Performing the simple integrations we get e = 3/4, which means that K is 
distant c /8 from the trailing edge. 

We may compare this result with the remarks concerning the necessity of 
the S-shape in connection with von Mises profiles ( 7 - 7 ). 


8-37. Effect of operating a flap. Fig. 8-37 (a) shows an aerofoil 
profile whose after part is movable about a hinge at P on the camber line so 

that the part PH, the flap, can be 
raised or lowered from the neutral 
position shown in the diagram. In an 
aerofoil of finite aspect ratio the flap 
movement usually affects only part of 
a wing. Ailerons are flaps near the wing tips and are arranged so that the 
port and starboard ailerons move in opposite senses, one up and one down. 
The investigation which follows will throw light on the general effect. Here 



Fig. 8-37 (a). 



Fig. 8-37 (6). 

we are concerned with the two-dimensional problem and for simplicity we 
assume that the aerofoil is thin, that the portion PH of the camber line is 
straight, and that the angle £ through which the flap is rotated is small. 

For the thin aerofoil shown in fig. 8-37 (b) the eccentric angle which defines 
the position of the hinge P is 77 . In the neutral position PH of the flap we have 
from 8*33, y denoting y C) 

277 (a 4- AJ = 277a 4 2^* (1 4 cos 8)d6 

= 27ra + + c °s8)dd + 2 J ||(1 + cos 6)dd 

The effect of raising the flap is to decrease dyjdx to dyjdx - £ on the raised part 
PH and to leave it unaltered on the part PA. The lift coefficient is thereby 
altered to C L ' where 

(1) C L ' - 2-mx + 2 j ^ ~ t 1 + cos fydd + 2 J ^ (1 -f cos 6)d9. 
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Thus 

(2) C L ' - C L = - 2^f (1 + cos B)dd = - 2^(77 + sin 19 ). 

Jo 

Thus the effect of raising the flap is to decrease the lift coefficient, the effect 
of lowering the flap is to increase the lift coefficient. Therefore, in particular, 
when the flaps are lowered just before landing increased lift is obtained (and 
also increased drag). We also observe that in the case of ailerons, if the port 
aileron is raised and the starboard aileron depressed, the lift on the port wing is 
decreased and that on the starboard wing is increased, causing a rolling moment 
which tends to raise the starboard wing tip. 

Another way of looking at (1) is to write it in the form 

A 

Cj/ = 27r(a' + Aj), a! — a - - (17 + sin 77 ), 

77 

so that C L ' is the lift coefficient of the original aerofoil but at a decreased 
incidence a when the flap is raised, in other words, raising the flap effectively 
decreases the incidence by the amount a - a'. 

The effect on the moment about the focus is obtained in a similar manner 
from 8-34 (3), which gives 

C mQ ' - C mQ = ( cos 0 + cos 2d ) dd = U sin V (! + cos 7 ?)- 

Thus raising the flap increases the tendency of the nose to lift, and lowering the 
flap tends to put the nose down. 

8-4. The pressure method. This method * is based on the geometrical 
considerations of 8-0 supplemented by a linearisation which reduces the theory 
to a boundary condition problem. 



Suppose the aerofoil in a wind V at incidence a. If (U x , TJ v ) is the velocity 
at any point, we may write 

(TJ X , V v ) - ( - V cos a + u, V sin a + v) 

* Op. tit., p. 134, called here the pressure method because of its use in deriving aerofoil 
shapes given the pressure distribution. 
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where (m, v) is the incremental or perturbation velocity imposed on the steady 
flow by the presence of the aerofoil. Thus we may write 

(1) U x - iU y ~ - V cos a - iV sin a + u - iv. 

The complex velocity TJ X - iU v and therefore the perturbation velocity 
u - iv is a function of z only. 

Assumption I. u, v, a are so small that their squares and products may be 
neglected. 

This assumption will fail at a stagnation point for then u = F cos a = F. 
This will subsequently be found to entail infinite pressure at the forward 
stagnation point, except for the ideal angle of attack. 

If P is the pressure at any point and 77 is the pressure in the unperturbed 
wind, Bernoulli’s theorem gives 

P + Ip [(- V cos a + m) 2 + (F sin a + p) 2 ] = 77 + JpF 2 , 
and therefore from Assumption I 

P = p-n = yv>.^, 

where p is the pressure excess. 

It is convenient to use the following units : unit of length the chord c ; 
unit of velocity F ; unit of pressure | pV 2 . 

With this system of units Bernoulli’s theorem assumes the (linearised) 
form 

(2) p = 2m, 

and the chord of the aerofoil stretches from ( - §, 0) to (}, 0). Observe that (2) 
fails at a stagnation point (where p = 1). 

The condition to be satisfied is that at the surface of the aerofoil the flow 
must be tangential, therefore 

/0 , dy U v v + sin a 

(o) j- = JT = = -v - a, 

ax U x u - cos a 

using Assumption I again.* 

Observe that (3) fails where dyjdx becomes infinite, in particular at the 
leading edge. 

8-41. The boundary problem. From 8-4 (3) we have to choose 
m - iv so that, at the surface of the aerofoil, 

. . dy 

2iv = - 2i - 2i<x = i A tan - ir cot - 2 iF(6) - 2 ioc 

from 8-0 (6), so that using 8-0 (7), and writing A„, B n instead of a n , b„, we 
must have 

* In 8-2 (3) the sign of v x is opposite to the sign of v here. 
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(1) 2 iv = tA tan \9 - t'rcotffi - t'(2a + c 0 ) - 2t Z (A „ cos n9 + B „ sin nd). 

ft“l 

Now the transformation 

(2) z = + |) 

transforms the region exterior to the circle £ £ = I into the region exterior to 
the line joining ( - 1, 0) to (J, 0). On this circle we have (cf. fig. 8-1) 


£ = - e-« £ = - e ie = • 

Also if m - iv = /(£), then 2iv = /(£) -/(£). 

Now 2 cos 9 = e ie + e~ ie and 2 i sin 0 = e is - e~ ie , and therefore 


eho e-ue 1 11 1 

* tan J ~ e ii6 + e -H» ~ e ite + e -iie ~ 1 + e -i» e ie + 1 ~ £ _ 1 £ - 1’ 

on the boundary of the circle. Similarly, we show that on the boundary of the 
circle 


- i cot 19 = - — b 


Again, 


£ + 1 £ + 1 


e*''» _ e~ iie 1 , 1 

1 = e i i» + e -t i> + e He + e-ii'e ~ e - is + 1 + e is +1 ’ 


and therefore on the boundary of circle 


* l-l 


Moreover, 2 cos n9 = (-£)“" + (-£) ", 2i sin wfi = (-£) " - (-£)"”, 
and so, substituting in (1), we can pick out /(£), in fact 

(3) /(£)-, A -^ + Co) _ _1_ + z_{iA n + B n ) (-£)-". 

Since /(£)-> 0 when | £ | -> to , this is the solution of (1) in the case of the 
flat aerofoil obtained by applying (2) to the circle ££ = 1. 

Assumption II. The boundary problem is solved by u - iv =/(£), where 
/(£) is given by (3), provided that the aerofoil approximates sufficiently closely 
to a flat plate. 

Separating the real and imaginary parts in u - iv — /(£) and using 8-4 (2) 
we get 

a) 

(4) p = 2m = - A - r - (2a + c 0 ) tan \0 + 2 U ( - A„ sin n6 + B„ cos n8). 

n— 1 

QO 

(5) v = |Atan - Jrcot^fl - £(2a + c 0 ) - Z (A„ cos nS + B n sin nd). 
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Notes, (i) The circulation round the element dx is 
2nkdx = [u{ - 8) - u(6)]dx. 

Since cos nd is an even function of 8, we get 

£ = - f(a + Ic 0 ) tan 19 + £ A„ sin nd\ ■ 

77 L n-l J 

Comparison with 8-3 (1) shows that (see also 8-32 (7)) 

2 C 0 = ^0 ~ «• 

(ii) From 8-32 we see that the ideal angle of attack is given by <x ( = — ^c 0 . 

(iii) From (4) it appears that the pressure is infinite at the leading edge 
(6 = tt) except when the incidence is the ideal angle of attack. This infinite 
pressure is a consequence of applying Assumption I to the stagnation point at 
the leading edge. It would not appear in an exact solution. 

(iv) The pressure excess p depends only on the incremental component 
velocity along the chord and has the same sign. 

(v) Since the aerodynamic force depends only on the pressure distribution 
given by (4), the component v contributes nothing to the force calculated from 
the pressure distribution. 

(vi) The component v becomes infinite at the leading and trailing edges. 
This result has no further physical implications on account of (v). 

(vii) Referring to 8-31 we see that 

oo 

v + v x = §A tan \9 - Jr cot \8 — Z B„ sin nd, 

n»l 

which is an odd function of 8 but is not zero in general. For an infinitely thin 
aerofoil the contributions to v x of that part of v which is an odd function of 6 
will cancel. 

(viii) On account of the choice of units the lift and pitching moment will 
appear as C L and C m , for ±pF 2 = I and c = 1. 

To calculate these we have 

C i = J^{p(-0) - p (9)} dx, C m = | x{p(-9) - p{9)}dx, 

which yield the results already obtained in 8 - 33 and 8 - 34. This agreement 
is due to the fact that only those parts of p which are odd functions of 8 con- 
tribute to Ci, so that the integrals are the same in the two methods. 

(ix) For zero lift we have from 8-33 (1), 2 A 0 + A 1 = 0, and therefore from 

(i) the incidence a 0 for zero lift is 

«o ~ — |( c o + A t ) = a,- — ^4j = — Aj 
in the notation of 8-33. 
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8-42. The inverse problem. Given the distribution of pressure over 
the whole surface of the aerofoil to find the form of the profile. 

Let p(9) be the given pressure at the point whose eccentric angle is 9. Then 

we can write 

( 1 ) P(Q) = Pc(6) + Pt(8) 

where p c (d) is an odd function of 9, i.e. p c ( - 0) = ~Pc(0)> an d Pt(@) is an even 
function of 8, i.e. p T {9) = p T { - 9). When p(8) is known we can determine 

pc> Vt f rom 

(2) pc(6) = i [p(8) - p(~6)\ Pt{8) = + 7 , ( - ^)]- 

Now from 8-41 (4), separating the odd and even parts, 

00 

(3) Pc{@) — - (2a - 2a f ) tan - 2 Z A„ sin nd. 

n=l 

oo 

(4) p T (d) = - A - t + 2 Z B n cos nd. 

71 = 1 

It follows that when p c {6) is given, we can deter min e the coefficients A n , 
and when p T (d) is given, we can determine the coefficients B n . 

Now from 8-0 (5) we have 

dy _ dy c dy T , 

dx dx dx 

and therefore from 8-0 (6), since dy c \dx is an even function and dy T jdx is an odd 
function of 8, 

(5) ^5 = _ a . + z A n cos n9, 

dx i,-i 

= - 4A tan Id + |t cot \8 + Z B n sin nd. 
dx " rf=i 

Thus p c determines the coefficients A„ and therefore from (5) the camber line 
function yc, while pj- determines the coefficients B n and therefore from (5) the 
thickness function y y. The profile can then be constructed by using 8 - 0 (5). 

The problem is thus reduced to finding the camber line function and the 
thickness function. It will now be clear that we can assign to pc any arbitrary 
continuous pressure distribution which is an odd function of 8, and to pj> any 
arbitrary continuous pressure distribution which is an even function of 6. 

8-43. Determination of a camber line. To illustrate the method by 

a specific example, let the pressure on the upper surface of the aerofoil be given 

by 

(1) p c = -p 0 (l - cosd), 

PC = -Pm §77 < 8 < TT, 

and let p c = 0 when 9 = tt. Since p c is to be an odd function, the pressure on 
the lower surface will be p 0 (l - cos 8) and p 0 for the same ranges of values of 8. 
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Fig. 8-43 (i) shows the form of pressure distribution. The thrust C L on the 
aerofoil is therefore 

( 2 ) c l = 2 [ipo + ip 0 x £], To = iC L . 

We suppose that the aerofoil 
__________ will be designed for the ideal angle 

^ ' ‘ | of attack, i.e. a. = a t . 

P 0 Then 8-42 (3) gives 

<4- 2 l A 

iNJ “ (3) pc = - 2 27 A n sin nd. 

Nl p v=1 

-*0 

| To determine A„ multiply by 

Fig 8 43 (i) an( l l n t' e g ra f e from 0 to n. 

Then all the trigonometrical in- 
tegrals on the right vanish except that which contains A„ and so 

A„ — f p c sin nd dd = (1 - cos 6) sin nd dd + — P sin nd dd. 

^ Jo n J o 71 J j„ 

Performing the simple integrations and using (2) we get 

(4 ) A l = — A = 2Cl [ (- 1 )" ~ 1 , i sin l W7 r + 1 , sin \mr - l j 

To find dy c /dx, we have to evaluate 8-42(5). Now 

eo 

(5) E A„ cos nd = real part of 2d A „ t n , 

n=l 

where t = e is . We use the logarithmic series 

log (1 + z) = s - iz 2 + Js 3 - . . . , - log (1 - z) = z + Jz 2 + Jz 3 + . . . 

Having regard to the value of A„ given by (4), we want the following sums : 

00 ® fn 

E — — — = - log (1 + t), E - = - log (1 - t), 

n — 1 n r = 1 71 

E — t — 7 = \t + i< 2 + 1< 3 + . . . = - y log (1 - t) - 1, 

n = 1 n “r -L l 

E -t—r = t 2 + \ t 3 + It* + ...= - t log (1 - t), 

r/ 1=2 ~ J- 


” sin inn t n , 

E — 2 — — = \t - £« 3 + it* - . . 

n-i n + 1 2 4 6 


” sin Inn t n 
E — 

n—2 n - 1 

Therefore from (4), 

Q_ oo 

(6 ) ~~ E A n t” 


¥ 3 + ¥ 5 - it 7 


■■ - log (1 + t 2 ) 
¥ log (i + t 2 ). 


= (f ~ 2 * - log (1 - t) - log (1 + t) - | ^ ^ log (1 + J 2 ). 
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Now since t = e iB and x = - i cos d we have 

1 - t = e ii6 (e~ iie - e iie ) = - 2ie ii9 sin id = - 2 + 4a;), 

and similarly 

1 + t = e ii6 J( 2 - 4*), 1 -M 2 = - e (s 4a;. 

Therefore from (5), (6) and 8-42 (5) 

^ = - a ( - ~ {(1 + 2x) log (2 + 4a;) - log (2 - 4z) - 1 - x log 16x 2 }. 
dx on 

Integrating, we get 

y c = k - otfX + ^ {\x 2 log 4x 2 + \x - J(1 + 2x) 2 log (1 + 2x) 

- |(1 - 2a;) log (1 - 2x)} ( 

a result which can be easily verified by direct differentiation. Since y c = 0 
when x = i and when x = - 4, we can determine the unknown constants 
lc and a ( . Remembering that 2 log 2 -> 0 when 2-> 0, we get 

(7) k = § log 2, a< = ^ = 0-0530517Ci, 
and the equation of the camber line is therefore 

(8) y c = ~ {log 2 + \x 2 log 4a: 2 - J(1 + 2x) 2 log (1 + 2x) 

- i(l - 2x) log (1 - 2x)}, 


where the logarithms are all to base e. 

The form of the camber line is shown in fig. 8-43 (ii), the ordinates being 

y c /c L . 



Fig. 8-43 (ii). 


Since a, = C L /6n, Aj = CJn, A 2 = - iC L /9n, we get from 8-41 (ix) 
the incidence for zero lift - A, = — 2a f . 

5 c 

From 8-34, C mQ = - in (A, - A 2 ) = - \n(A 1 + A t ) = - ■ 

Thus from 8-35 (2), assuming a working range of the incidence from a' = 0 
to a" = 3a,-, we find the travel of the centre of pressure to be 1/8 of the chord. 

As a numerical example, suppose it is required to design a high lift aerofoil, 
with C L = 0-8 at the ideal angle of attack, and with the assumed pressure 
distribution. Then 


a, = 0-0424413 = 2° 26', A, = 4° 52', 
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and the lift coefficient is then given for any other incidence by the graph. 



Fig 8-43 (iii). 

Thus in the assumed working range 0 < a < 3a,-, the lift coefficient varies 
nearly from 0-53 to 1-33. 

8-44. Determination of a thickness function. Again we take a 
specific distribution to illustrate the method. Consider then 

(1) Pt — ~ {p _ § cos 8} for 0 ^ | 9 | ^ 

Pt = ~ {p + « cos 8} for \tt ^ | 6 [ v, 
which is a linear distribution of pressure defect symmetrical on both faces and 
which therefore causes no lift or moment. 



i 


Fig. 8-44 (i). 

From 8-42 (4) we have 

(2) p T = - A - r + 2 Z B n cos nd, 

n— 1 

and therefore multiplying by cos nd and integrating from 0 to -n we get, if 
n > 2, 

7T B n =j* Pt cos nd dO = — J (pL — 8 cos 9) cos nd d9 — J** (/a + e cos Q) cos nB d8, 

m b, = A ( s + + si °; ( "/ 1 1) ’ }, d, = us - .), 

where B l is calculated separately but by the same method. 

Also integrating (2) from 0 to 7 r we get 


A + T = fi (8 + e). 

7 r 


( 4 ) 
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8-44] 

It is convenient to write 

(5) j8 = 8 - e = total rise in pressure along the chord ; 

y = £(8 + e) = mean of the leading and trailing edge pressures above 
the minimum pressure. 

Then 

(6) A + r = jx — 2y/ir, B l = p/i = A - r 

from 8-0 (11), and therefore from 8-0 (10) the radii of curvature p A , p E at 
the leading and trailing edges of the aerofoil are given by 

(7) ( 2 Pa)^ = A = 4/x-^ + ^, 


(2 PbY = t = ^ 


y P 


To find the thickness function y T we use 8’42 (5) which entails evaluating 

CO » 

(9) Z B n sin nd = imaginary part of Z B n t n , where t = e ,e . 

n=l n-l 

xt £ sin-J(w + l)ir t 2 f 4 f 6 

Now Z — — - t n - - - + - , 

n=2 n + 1 3 5 7 

jj sin i ( n ~ ^ t n = p _ t + . 

„_ 2 n-l 35 ’’'’ 

It is readily verified from the logarithmic series (8-43) that 

t - li {log (1 + it) - log (1 - if)} = \i log ■ 

Therefore 


1 + - Z B n t n 

Y n=2 


i it 

— -f- 
2f 2 


' cos 9 log 


1 4- sin 8 - i cos 9 
1 - sin 9 + i cos 9 


Also the real part of log (a + ib) = | log (a 2 + 6 2 ). 

Therefore 

77 » „ . /i i oi 1 + sin 0 

- Z B n sm nd — 4 cos 8 log — : — 5 , 

y n=2 ' 1 ~ sm y 

and therefore from 8-42 (5) 

= - |A tan id + 4 r cot W + J/J sin 9 + cos 9 log j + S — ^ • 
dx “ 277 D 1 - sm 9 

dyr_dy 1 dx_ 1 dyr 

B * dB ~ dx d6 2 dx' 

Therefore 

~ = - |A(1 - cos 9) + |r(l + cos 9) + ^(1 - cos 2 9) 

(ffl J-0 

y ■ a a 1 1 + sin o 

+ -f- sm 9 cos 9 log ; : — • 

477 1 - sm 9 

i \ P n V . - . 1 4~ sm 9 

= ~ £) C0Sd - 16 C0S 26 + i~rr Sm 9 C0S 9 l0g nrsre • 



156 


DETERMINATION OF A THICKNESS FUNCTION 


L8-44 

Integrating and observing that y = 0 when 6 = 0 and 6 = it so that the con- 
stant of integration is zero, we get 

(10) y T = \p sin 9 - P sin 2 6 - /sin 9 + A cos 2 6 log j + S j n f l . 

' 4rr [ 1 - sin 6) 

The correctness of the integration can be verified by differentiation. This 
is the required thickness function. 

Note that the coefficients of p and y are unaltered when 6 is replaced by 
tt - 6, so that a thickness function for which /? = 0 would give an oval with 
symmetry about both the x- and y- axes, and it is clear that the /3 term will 
give the oval its characteristic aerofoil shape. If the pressure distribution 
is p = constant = p all round the aerofoil, then S = e = 0 and therefore 
P = y = 0, so that a constant pressure round the aerofoil corresponds with the 
elliptic thickness function 

x = - i cos 6, y = \ p sin 6. 

As an example Brennan and Stevenson give the symmetrical aerofoil ( y c = 0) 
for the values p = 0-40, = 0-55, y = 0-35 or S = 0-625, e = 0-075. For 

these (7) and (8) give 

p A = 0-012378, p B = 0-000197. 

A careful diagram would 
show that the maximum thick- 
ness occurs at about x = 0-05 and is then about 15 per cent, of the chord. 

If we combine the distributions p c (with C L = 0-8) of 8-43 and the present 
p T we get, see Ex. VIII, 6, the characteristic aerofoil shape. 



Fiq. 8-44 (iii). 


The foregoing simple illustrations sufficiently exemplify the general procedure 
which can always be carried out by methods of numerical integration for 
any given pressure distribution. 

8-5. Substitution vortex. If we transform the circle | £ [ = a into an 
aerofoil by a transformation of the type 

(1) 2 = 1 + f + ? + ' • • ’ 

the streamlines in the plane of the circle C will transform into the stream- 
lines in the plane of the aerofoil. If the motion in the plane of the circle 
(£-plane) consists of circulation 2 ttk only, the streamlines are circles concentric 
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with C. Now the transformation (1) is such that for sufficiently large values 
0 f | £ | the plane is undistorted, i.e. z = £. Thus at sufficiently great distances 
from the aerofoil the streamlines will be also 

concentric circles, in fact nearly the same v. 

circles as those in the £-plane, and the / / 

circulation will of course be rigorously 2ttk. / /' n. \ 

It follows that at sufficiently great dis- / / \ \ \ 

tances from the aerofoil, the flow is that due / / / XZ^r 77777 r^\ \ \ \ 1 
to a vortex of strength k suitably placed. I I I ./ J I I I 

This vortex is called the substitution vortex \ \ \~ ■ — /II 

of the aerofoil because the perturbation in \ \ S / / 

the flow due to the aerofoil can be equally \ / / 

well calculated at sufficiently great distances 

by supposing the aerofoil to be removed and ^ 8 . 5 . 

the vortex substituted for it. 

To obtain some idea of what constitutes a “ sufficiently great distance ”, 
if a, = and c = 4a, we have l < a and therefore l 2 < c 2 /16. Thus, if | z | = r, 


so that if r > c, we may take z = £ in (1) with an error of less than 1/16. Thus 
as a reasonable working rule we can use the substitution vortex at distances 
from the centre of the profile greater than the length of the chord. 

To find the position of the substitution vortex, observe that for a vortex 
of strength k at the point z 0 and a uniform wind Ve im we have 

w — Fe'*z + ik log (z - z 0 ) = Ve'^z + i< log z + (k log ^1 — , 

(2) w = Ve ia z + iK log z - + O • 

Again, for the aerofoil we have 

w = Fe'*£ -1 ^ h ik log £, 

together with (1). Reversing (1) as in 7-02 (2), and substituting for £ in terms 
of z, we get, to the same order of approximation, 

T . . Fa 2 e~ ia - a, Fe“ . , „ ( aA 

(3) w = Fe*“z 4 + ik log z + O ( — J • 

Comparing (2) and (3) and neglecting the O-terms we have 

iV 

(4) z 0 = — (a 2 e _I * - a 1 e t *). 

This point is the centroid of the circulation found in 7-4. It should be 
observed that the position of the substitution vortex depends, in general, on 
incidence and on the ratio V/k. 
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Equation (3) above, with the O-term omitted, allows us to adopt a somewhat 
different point of view. Remembering that the origin has been taken at th« 
centre of the profile, we see that w is composed of three terms due to 

(i) the windstream, 

(ii) a doublet of strength V (a 2 e~‘“ — a l e ia ) at the centre of the profile 

(see 3-7 (iv)), 

(iii) a vortex of strength k also at the centre of the profile. 

Thus instead of the substitution vortex at a variable point, we can use a 
doublet of variable strength and a vortex both at a fixed point, namely the 
centre of the profile. 

In the case of a flat aerofoil of chord c we have a = c/4, a l = c 2 /16 and 
therefore 

iV c 2 . V 

2 ° = — • 75 ( e ~“ ~ «“) = c 2 sin a. 
k lb 8k 

The value of k which gives zero velocity at the trailing edge is \cV sin a 
and therefore, in this case, z 0 = Je ; the substitution vortex is at the quarter 
point, i.e. at the focus. 

We have seen (8-34) that for thin profiles of small camber the focus and 
quarter point coincide. Thus here also we may suppose the substitution 
vortex placed at the quarter point. 


8-6. The two-dimensional biplane. 



Fig. 8-6. 


Fig. 8-6 shows the section of a two-dimensional biplane by a plane per- 
pendicular to the span, giving two profiles, 1 and 2, whose chords are inclined 
at the angle S called the decalage , which is reckoned positive when the upper 
wing is at greater incidence than the lower, as in the diagram. Let C x , C t be 
the centres of the profiles. If we project the line C 1 C 2 on to the normal to the 
chord of the lower profile, the length C X K so obtained is called the gap and will 
be denoted by h. The distance C\K = s, by which the centre of the upper 
profile is in advance of the centre of the lower profile, is called the stagger- 
in the diagram we have forward stagger, i.e. s is positive. When s is negative 
we have backward stagger. The angle of stagger, a, is the angle between Cfi t 
and the normal to the chord of the lower profile, reckoned positive in the case 
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8 - 6 ] 

of forward stagger. The above definitions are purely geometrical and largely 
arbitrary, in the sense that reference points other than C x and C 2 could be 
taken. 

If, instead of the chord of the lower wing, the direction of motion is taken 
as fundamental, the corresponding projections of C X C 2 give what is known as 
the aerodynamic gap and aerodynamic stagger respectively, which are functions 
of incidence. 

Exact theories of the two-dimensional general biplane have been founded 
on conformal transformations which map two circles into two aerofoil profiles. 
Such theories are of great mathematical interest, but inasmuch as the inter- 
ference due to the trailing vortices in a biplane of finite span is of the same order 
of magnitude as the interaction between the tw T o planes in the two-dimensional 
theory, there is nothing to be gained by entering into the necessarily com- 
plicated analytical details. We shall, therefore, be content with outlining an 
approximate theory which gives, at least to the second approximation, the same 
results as the exact analysis. 

8-7. Approximate theory of the biplane. We suppose the biplane 
wings to consist of thin aerofoils of small camber. To a first approximation the 
effect of one wing on the other can be calculated by means of a substitution 
vortex, placed at the quarter point of the chord. The condition that the 
velocity at each trailing edge shall be finite leads to two equations to determine 
the circulations. We can then proceed, if desired, to a second approximation 
using 8-5 (4), and the circulation first calculated. 



Fig. 8-7 shows two thin aerofoils represented by their chords c v c 2 . The 
points C, F, D are points of quadrisection, so that we may take F lt F 2 as the 
foci, C lt C 2 as the centres of the profiles and D x , IK as the rear stagnation points 
of the circles which transform into the aerofoils ; X x , X 2 are the projections of 
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F 2 , F 1 on the respective chords. The decalage 8 and the incidence a are small 
angles whose cosines may be taken as unity. Observe that a is the incidence 
of the lower aerofoil and therefore a + 8 is the incidence of the upper. 

To find the strength of the circulation k 2 about the upper aerofoil we replace 
the lower aerofoil by a substitution vortex of strength at its focus F t and 
then calculate the velocity at D 2 tangential to the circle which transforms into 
the upper aerofoil, as if the aerofoil were absent (see 5-311). This velocity is 
the component perpendicular to the chord c 2 of the velocity due to the stream 
and vortex. Since the radius of the circle is c 2 / 4 we get from 5-311 

'•=M r ,“ +s , -«■!§)• 

Similarly considering the lower aerofoil we get 

If we take C x as origin and the chord c x as z-axis, we can write down the 
coordinates of the points as follows : 

•^l (i c i> 0), D, (-&,<>), + 4 c 2 , 0), 

f 2( s + h + lc 2 §), -D 2 (s - |c 2 , h - |c 2 S), ^ 2 (i c i — AS, A - «S + JcjS), 
where squares and higher powers of 8 are neglected. 

If we introduce the mean chord c = \(c x + e 2 ), the equations for the 
circulations can be written 


(1 > - « 


, s 2/fj 

cc + S-—.^, 


(2) a = 2 C l(2 C S AS) _ 2 C 2(i C + s ) 

A 2 + (fc - «)* — |c 2 AS 2 A 2 + (£c + s ) 2 + ±c 2 /iS 

In a biplane it is usual for A/c to be greater than unity, so that p . x , p 2 are of 
order e 2 /4A 2 at most. 

Solving equations (1) we get 


/a - p t (oc + S)\ 

„ — i„ v ( a + ^ Fl°A 

V 1 - MaM2 > ’ 

K 2 2 C 2 ' ( . 1 
\ 1 - MlM2 / 


and the lift on the biplane system is 

L = 2tt(k 1 + k 2 ) pV. 

8 8* Equal biplane. In the case of an equal unstaggered biplane with- 
out decalage we have 

n — /> — n e — A 55 ^ 


Cl = c 2 = c, s = 0, 8 = 0, Ml = Ma = 


W- + c 2 ’ 


8 - 8 ] 

and therefore from 8-7 (3), 
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<2 = jC Vac 


1 + Ml 


so that the lift on the system is 


2rrpV (k 1 + k 2 ) = 2npcV 2 a • 


which is less than the lift would be if each plane were isolated (A = co), when 
there would be no interference effect, in other words the biplane has to 
fly at a greater incidence to produce the same lift as a monoplane. To obtain 
some idea of the nature of the interference effect which operates when the 
planes are not isolated, let us suppose that c/h is so small that we can neglect 
powers higher than the square. We can then replace both planes simultaneously 
by the substitution vortices (1) placed 
at the foci. j L 

These vortices then repel one an- F J 

other with the force, calculated in 4-5, 

F = 2ir P K l K 2 lh = |7rpc 2 F 2 a 2 /A 

to the order of approximation as- £ / L V 

sumed. Each vortex also experiences J / 

the ordinary lift 

L = 2ttk P V, 

where L has half the value given by ^ V 

(2), so that we can write Fra ' 8 8 


Fra. 8-8 (a). 


F 1 Ca 
L = 2hk’ k = 


1 + 4 h 2 
. c 2 
1 + 2 h 2 


The upper plane therefore experiences the lift 

L 2 = L + F cos a = L ^ 
while the lower plane experiences the lift 


1 ca 


Thus the interference causes an increase of lift on the upper plane and an 
equal decrease on the lower plane. 
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\\ e also notice that the upper plane experiences a drag F sin a = Fa 
which is counterbalanced by an equal negative drag on the lower plane. 



O 0-5 10 1-5 2-0 

Fig. 8-8 (6). 


Lastly, we give in fig. 8-8 ( b ) graphs to show the small divergence which 
exists between the approximate formula (2) and the result of exact two- 
dimensional theory applied to the biplane of this section. 

The ordinates give the factor k mentioned above. 

EXAMPLES VIII 

An aerofoil profile is in the form of the segment of the parabola 

, = f “ V) cut °ff by the z-axis. Determine the camber fine function and 

the thickness function. 

case the elliptic aerofoil x = - Jc cos 9, y = \hc sin 9. express 
dyjdx in the form 

- tan \9 + \t cot \9 + F (9) 

and determine A and r. 

Verify the relations A 2 = 2 p^/c, t 2 = 2 p H jc. Show that by taking k small 
enough the aerofoil approximates to a flat plate. 

3. If the function F(6) can be expanded in the Fourier series, 

co 

iA g + Z ( A n cos nd + B n sin n9), 

show that 

A„ + iB n = 1 f F(e)e ins de. 

’’j — ” 

Y - r \ Prove that z = + 1/4) transforms the region exterior to the circle 

44 = 1 mto the region exterior to the line joining ( — 0) to (i, 0). 
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5. Show that the circulation for a flat aerofoil may be considered distributed at 
the rate 

2i7 k = 2V sin 

V c - 2x 

at the point (x, 0), with the usual axes of reference. 

6. Draw a graph to show the pressure distribution arising from the combina- 
tion of the pressures given in 8-43 (1) and 8-44 (1). 

7. Calculate Aj, which gives the incidence for zero lift, for the parabolic aerofoil 
of Ex. 1. 

8. Calculate A t and A 2 for a circular arc aerofoil of small camber. 

9. Show that the moment coefficient about the leading edge of a thin aerofoil is 

= ~\C L - \tt(A 2 + Aj), 

and deduce the relation between the (C m , a) and (C L , a) graphs. 

10. Show that the condition for the existence of a fixed centre of pressure can be 
deduced from consideration of the travel of the centre of pressure. 

11. Calculate the mean camber of the cubic profile of 8-36. 

12. Draw the travel of centre of pressure graph when Axis II is above Axis I. 
Prove that as incidence increases the centre of pressure moves towards the 

quarter point, whether Axis II is above or below Axis I. 

13. If y is the angle between Axis I and Axis II, show that if y < 0, the pitching 
moment about the focus tends to increase the incidence, whereas if y > 0, it tends 
to decrease the incidence. 

14. If y is the angle between Axis I and Axis II of a thin aerofoil, show that 
sin 2 y is proportional to A x - A 2 . 

15. If C p is the centre of pressure coefficient and the origin is taken at the 
quarter point, prove that the equation of the line of action of the resultant aero- 
dynamic force is 

z + clC* - |) = ay, 

where a is the incidence to the chord, considered as small. 

16. In Ex. 15 use 8-35 to show that the equation of the line of action of the lift 
may be written in the form 

<x 2 y + a(\y - x) - x\ - - A 2 ) = 0. 

By expressing the condition that the above quadratic in a has equal roots, or 
otherwise, prove that the line of action of the lift envelops the metacentric parabola 
(Ai y + xf = - cy(\ - A 2 ). 

Trace this parabola when Aj > A 2 and when Aj < A 2 . 

17. Draw graphs to show the change in C L and C m as functions of the eccentric 
angle of the hinge for a given flap angle £• 

18. Show that the elliptic pressure distribution (at the ideal angle of attack) 

i a 2 Ci . a 

x = - £ cos o, p = sin 9, 

7T 

leads to the parabolic camber line function 

Q 

Vq = ~ (1 - 4a; 2 ) (Brennan and Stevenson.) 

477 
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19. Show that the pressure distribution 

2 n 

P = - “_^sin0{l - pcosfl} 
leads to the cubic camber line 

y - ^(1 - 4*3) (1 + 2fe), J 

and that there is a fixed centre of pressure if lc = 4/3. (B. and S )J 

20. Find the pressure distribution which yields the quartic camber line 

Vc — — {1 - lx 2 } {a + bx + cx 2 }. I 

TT J \ 

21. Show that constant pressure all round the profile leads to the elliptic thicknes* 

function j 

Vt = i(2/>)^ sin 6, j 

where p is the radius of curvature at the leading and trailing edges. 

(Brennan and Stevenson.) 

22. Show that the pressure distribution -> 

p — - (A + r) + 2 (A - t) cos 0 
leads to the thickness function 


“'b v ' A o v “* 

(Brennan and Stevenson.) 


Vt = i sin 0{(A + t) - (A - r) cos d}. (B. and S.) 

23. For the pressure distribution 

P — - 0-16 {1 - | cos 6}, 
show that p A = 0-0098, p B = 0-0002. 

Determine the thickness function and draw the profile. (B. and S.) 

24. Prove that the substitution vortex of an aerofoil should be placed at the 
centroid of the circulation. 

Hence show that the locus of possible positions of the substitution vortex is a 
straight line. 


25. Show that the unstaggered biplane arrangement of two equal aerofoils 
reduces the circulation round each in the ratio (1 — c z /4A z ) : 1 compared with the 
monoplane arrangement at the same incidence. 


CHAPTER IX 


INDUCED VELOCITY 

9-1. Vector notation. In Chapter IV we considered the properties of 
two-dimensional vortex motion due to rectilinear vortices. It there appeared 
that the vorticity vector is perpendicular to the plane of the motion and that 
the existence of a rectilinear vortex implies the co-existence of a certain velocity 
distribution called the induced velocity. In the present chapter we investigate 
the properties of vorticity when the motion is no longer necessarily two- 
dimensional, and, in order to do this in the most physically intuitive manner 
it is desirable to employ the language and notation of vectors. Those readers 
to whom the subject of vector analysis is unfamiliar will find the necessary 
details in Chapter XXI. As there is some diversity in the notations used by 
different writers, we make a few preliminary observations. 

If a and b are two vectors, we shall denote by ab their scalar product 
and by a A b their vector product (see 21-12, 21-13). 

The vector differentiation operator \7 operating (21-3) on a scalar <f> or a 
vector a yields 

V <f> = grad <f>, V a = div a, V a a = curl a - 

In cartesian coordinates x, y, z, with corresponding unit vectors i, j, k, 

„ . d .9 .9 

w v = , 9z + , 9^ + k YY 

The fluid velocity q is 

(2) q = \u + \v + k w. 

The position vector of the point (x, y, z) is 

(3) r = \x + \y + ka, 
and therefore 

(4) dr = i dx + j dy + k da. 

It follows that the change in a scalar function <f> in going from r to r + dr is 

( 5 ) d4^ d ^dx + ^dy + f z dz = (drS7H = dr.S74>, 
where dr V denotes the scalar product of (1) and (4). 
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Fro. 9-2. 


9-2. The equation of motion. In 1-41 it was proved that the com! 

ponent force due to pressure thrust on an infinitesimal volume of fluid Sri 

in the direction of the line element &, is - (dpjds) Sr. Another way of statin j 

sr-Sn^p *his fact is to say that the resultant thrust! 

s' is the vector - (V p) Sr, and the above! 

mentioned force is the component of this* 

' vector in the direction of 8s. Now consid*f 

p j T a small volume Sr of air considered as an-;' 

„ inviscid fluid. I 

Fro. 9-2. 

ft q is the velocity, dq/dt is the accelera- } 
tion, and if F is the external force per unit mass, the external force on the '} 
volume is F P Sr where p is the density. By Newton’s second law of motion 1 
we have therefore 

FpSr - Sr Vp = (p St) ^ , 
whence the equation of motion 

dq 1 

In the case of natural air the external force is due to gravity and is therefore 
the negative gradient of a potential * function Q say, so that 

F = - V A 

and therefore the equation of motion is 

(I) * = -Jvj>-va 

This equation holds whether the air is regarded as compressible or incom- 
pressible. 

Another method of deriving this equation is given in 21-6. 


9-21. Kelvin’s circulation theorem. When the external forces are 
conservative and derived from a one-valued potential, the circulation in any 
circuit which moves with the fluid (i.e. 
which always consists of the same fluid 
particles) is independent of the time. 

Proof. 

If C is the circuit, then from 21-12, 

circ C = q dr. Fra. 9-21. 

he) 



and7hl 2 W ab0Ve a fiXe ? leve1 ’ = ,JZ ’ where o is the acceleration due to gravity, 

So™ resX P Un “ maSS 18 “ V(?J) = - k -> usin 8 ^ B), 9 vertically downwardfa weU- 



9-3. Vorticity. Let q be the velocity of the fluid at any point. The 
vorticity vector is defined by 

(1) £ = curlq = V A q- 

In cartesian coordinates the components of vorticity are 
dvo dv du dw dv du 

^ dy dz ’ dz dx ’ dx dy 

parallel to the axes of reference, where u, v, w are the corresponding com- 
ponents of velocity (see 9-1 (2)). Thus it appears that, when the velocity field 
is known, the corresponding vorticity can be calculated. 

Conversely, given the vorticity field £ of a flow in which there are no 
singularities other than vortices, there is a corresponding velocity field q which 
(see 9-4) is uniquely determined by the given vorticity field. 

Definition. The velocity field which coexists with a given distribution of 
vorticity and vanishes with it is called the induced velocity field (cf. 4-1). 

Thus if q f are the vorticity and induced velocity vectors at a point, we 
have 

(3) S=V A q<- 

Notice that £ and q, occur together but neither can properly be said to cause 
the other. 

Put in another way, the induced velocity field is the velocity field con- 
sistent with the existing vorticity distribution and without other singularities. 

It should be observed that the induced velocity field may be, and often is, 
irrotational. A very simple example of this is the field round a rectilinear 
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vortex (4-2). It is the circulation in any circuit embracing the vortex whicj 
gives the required intensity. j 

Returning to (3), if q 0 is a velocity such that y A q 0 = 0, i- e - if q„ if 
the velocity of an irrotational flow, we still have | 

? = v A (q< + q») = v A q.- ] 

It follows that any existing velocity field can be regarded as composed of 
two parts : (i) the induced velocity field, (ii) an irrotational field ; and th«l 
velocity at any point is the sum of the velocities due to (i) and (ii). 

It can be immediately verified from (2) and the cartesian form of y (se* 
19-3 (10)) that 

(4) V ? = o. ; 


9-31. Vortex lines, tubes and filaments. A vortex line is a line whose 
tangent at each point is in the direction of the vorticity vector at that point. 

If through each point of the boundary of 
a closed curve we draw the vortex line which 
passes through that point, the lines so 
drawn constitute the surface of a vortex tube 
of which the curve is a cross-section. 

A vortex filament is a vortex tube whose cross-section is of infinitesimal 
maximum dimensions. 

Consider a portion AB of a vortex filament, the cross-sections of the tube at 
A and B being of areas <r t , ct 2 re- 
spectively. By Gauss’s theorem 
(19-4) applied to the surface and 
volume of the tube AB, we have 

J^n dS = jV ? dr = 0 , 

where n is the unit normal vector (drawn outwards) at the element dS, since, 
from 9-3 (4), y ^ = 0. Also = 0 on the curved surface of the tube, for 
£ is tangential to this surface. Therefore the only contributions arise from 
the ends, i.e. 

^lOiCTi -|- ^2t*2°"2 ~ fh 

and so 

£l°l = ^2 ct 2- 

This result may be called the “ equation of continuity ” for a vortex 
filament (cf. T23). It means that the product of the magnitude of the vorticity 
and the cross-sectional area, which may be called the intensity, is constant 
along the filament. This is Helmholtz’s second theorem. It follows from this 
theorem that a vortex filament cannot terminate in the interior of the fluid 




Fig. 9-31 (a). 
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if it did, ct would have to vanish and therefore £ would have to be infinite. 
Thus we see that a vortex filament, and therefore a vortex line, must either be 
losed (vortex ring) or must terminate on the boundary. Fig. 9-31 (c) shows 
a somewhat fanciful picture of the possible 

arrangements. 

A vortex tube may be regarded as a bundle 
of vortex filaments, so that we may use the 
term intensity of a vortex tube in the sense that 
it is the sum of the intensities of the filaments 
which compose the tube. It follows that the 
intensity of a vortex tube remains constant along 
the tube. 

Notice that steady motion is not assumed. 

We now prove the third and fourth theorems 
of Helmholtz, which are as follows : 

III. The fluid which forms a vortex tube 
continues to form a vortex tube. 

IV. The intensity of a vortex tube remains constant as the tube moves 

about. 



Proof. Let A, B be a portion of a vortex tube. Draw a closed curve C on 



the curved surface of the tube. The normal 
component of the vorticity over the surface 
enclosed by C is zero, for all the vortex vectors 
are tangential to this surface. Therefore (21-7) 
by Stokes’s theorem circ C — 0. As the tube 
moves about, by Kelvin’s circulation theorem 
circ C remains zero. Thus the curved surface 
enclosed by C, although it may deform, remains 
on the surface of the vortex tube, for no vortex 
lines can pass through it. This proves III. 

Again, if we take a section of the tube whose 
bounding curve is a circuit C', by Kelvin’s 


theorem circ C remains constant as the tube moves about. But circ V is 


the sum of the intensities of the vortex filaments which compose the tube. 
This proves IV. 


9-4. The law of induced velocity. Consider the whole of space * to 
be filled with fluid which is at rest at infinity in the sense that at great distances 
r the speed q is of order 1/r 2 at least. Then it can be proved f that if & is the 

* This implies that the fluid has no rigid boundaries either internal, such a* an aerofoil, or 
external, such as containing walls. 

t Milne-Thomson, Theoretical Hydrodynamics, 18-22. 
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vorticity vector at Q, and if <1tq is an element of volume at Q, the induo 
velocity q P at P is given by _ 


(1) iUTQ ’ i 

where the integral is taken throughout the fluid, assumed incompressible. TMj 
serves to define uniquely the induced velocity coexistent with the givai 
vorticity field. 

This result admits of a striking and simple formulation, which musd 
however, be regarded as entirely conventional. * 

Let us regard the velocity vector £ as a (vector) density of vorticity per unit 
volume and call <1tq the amount of vorticity in the volume dr Q . 

If we write j 

® ^ = j 

we can say that the fluid element <Itq behaves as an amount of vorticity drg 
which induces at P the element of velocity rfq P given by (2), and that by 

summing all the elementary velocities so 
determined we arrive at the complete 
■ ' §{j / velocity q P . If in fig. 9-4 we imagine 

^ — "*1 P in the plane of the paper, dq P is 

/ directed into the paper. 

yQ/ This way of looking at (1) is entirely 

Fig. 9 - 4 . analogous to the law of Biot and Savart 

concerning the magnetic field due to an 
electric current and is therefore sometimes called by their names. The analogy 
is no mere accident, but has its root in the fact that the mathematical 
formulation of the two cases is the same, but with a different physical meaning 
assigned to the symbols. 

The formula (2) recalls also (21*13) the formula ojq^QP which gives the 
velocity at the point P of a rigid body which has angular velocity u>q about an 
axis through Q. In this comparison we could write 

= Z,<idr Q 
Q 4nQP 3 ’ 

and in this connection the reader is invited to compare the interpretation of 
vorticity in terms of angular velocity as given in Helmholtz’s first theorem 
(see 3*22). 

It is important to get the law of induced velocity as formulated in (2) in 
the right perspective. If ten men together contribute a total of fifty shillings, 
no inference can be drawn as to their individual contributions, but it would be 
true to say, for example, that the result is the same as if five of the men each 
contributed seven shillings and the remaining five each contributed three 


Fig. 9*4. 
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shilling®* In the same way all we know is that the resultant velocity is q P as 
ven by (1), and the induction law simply states that this final result would be 
attained if we supposed each fluid element dr Q to contribute the amount (2), 
and then added all the results. The statement certainly does not imply that 
does, in fact, contribute the amount (2), although there is often a tendency 
to^think that it does. This impression must be guarded against ; otherwise an 
improper physical picture may be imagined. It is perfectly justifiable to 
calculate the partial assumed contributions of the elements of the fluid, but 
it is only their total (vector) sum which can be asserted to have physical reality. 
A.ny subsequent statements which may have the appearance of implying the 
contrary must be interpreted in the light of this explanation.* 

Finally, we recall the statement in 9*3 that vorticity cannot properly be said 
to “ cause ” induced velocity. 

9*5. Velocity induced by a vortex filament. Consider an element ds 
of a vortex filament at the point Q. Let cr be the cross-sectional area at Q 
£ the magnitude of the vorticity and t a unit vector along the tangent to the 
filament. Then ^ = ft, and the law of induced 
velocity gives for the velocity induced at P by rt j § 

the element lj|/ 

_ ft a ds rt jj/ ^-*^ P 

/qp 4 t tQP 3aQP ' 

Now by Helmholtz’s second theorem, fa = K luM 
is the constant intensity of the filament. Thus II III 


K 1 4 9L 
4, r dstf 'QP 3 ’ 


Fig. 9*5. 


and q P is obtained by integrating this expression along the filament. Here we 
can regard Kt as the (vector) density of vorticity per unit length of filament. 

9*51. Straight filament. If a vortex filament contains a straight 
portion AB, we can calculate the contribution of that portion to the induced 
velocity integral. 

If K is the intensity of the filament and AB the direction of the vorticity 
vector, the velocity induced at P by the element MM' = ds is directed out of 
the plane of the paper and is of magnitude 

7 K 7 PM sin a K . 


* There was a strong man on a Syndicate , 

Who loved the exact truth to vindicate; 

He rose to deny 
That his words could imply 
What their sense seemed intended to indicate . 

T. R. Glover, Cambridge Retrospect. 
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where h = PN is the distance of P from AB and a is the angle PMB. Now | 
ds = dAM = d(AN - MN) = d{ - h cot a) = h cosec 2 a dot.. 

K f’- 8 i , K 

Thus qp = J sin a doc = - (cos 9 { + cos 9 2 ), 

where 9 l = PAB and 9.. = PBA. 


P 



Fio. 9-51 (a). 

Special Cases. 

(i) Infinite filament q P = 2K/inh - Kj2nh as already obtained for 

ordinary rectilinear vortex. | 

(ii) Semi-infinite filament -i 

9p= 4 ^ (1 + cos ^- 

(iii) If PB is perpendicular to AB, q P = K/inh,. 

Fio. 9-51 (6). which is half the result of (i), as is obvious from 

first principles. 

9‘52. The horseshoe vortex. This name is given to a vortex system; 
consisting of three sides of a rectangle, two sides being of infinite length. 


*Q 



Fio. 9-52. 


The induced velocity at any point can be obtained by applying the results 
of 9-51. Referring to fig. 9-52, let the finite side of the rectangle be AB = 21, 
and let there be constant circulation K round all three arms of the “ horse- 
shoe . Consider a point P in the plane of the system and on the perpendicular 
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9 . 6 2] THE HORSESHOE VORTEX 

bisector OC of AB. Then if OP = c we have for the velocity induced at P 
the value 

K K 

w = — - (cos 6 + cos 9) + 2 x — - (1 + sin 8), 

if ini 


in a direction normal to the plane of the vortex and downwards. 
Since cos 8 = l/J{l 2 + £ 2 ), sin 9 = £/J(l 2 + £ 2 ), we get at once 


w 




This decreases from large values when $ is small to the constant value 
when £->ao. If P is not, as shown in fig. 9-52, within the arms but 
on the other side of AB, f is negative and w changes sign, being directed 
upwards, and as we go further from AB w decreases ; finally to zero. To 
anticipate, the sign of u’ distinguishes downwash (11-21) from upwash. 

If we consider points in the plane through AB perpendicular to the plane 
of the vortex it is clear from the induction law that at a point Q the only 
component of velocity parallel to OC is contributed by AB and is directed in 
the same sense as OC above the plane of the vortex and in the opposite sense 
below that plane. On the other hand the components of velocity in the plane 
QAB are due only to the infinite arms of the horseshoe. If w r e consider points 
on AB itself, AB makes no contribution and the velocity distribution along AB 
is just half that due to rectilinear vortices of strengths K/2n at A and B. 
The distribution is shown in fig. 4-21 ( b ). The calculation of the components 
at other points offers no special difficulties but is somewhat complicated 
(see Ex. IX, 13, 14). 


9-6. Vortex sheet. In 4-2 we defined a point rectilinear vortex as the 
idealised limit of a cylindrical region of vorticity whose cross-section shrinks to 
a point while the amount of vorticity remains unaltered. We use an analogous 
process in defining a vortex sheet. 



Fig. 9-6. 
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In fig. 9-6 n is the unit normal vector at the point P of a surface 2. Let «l 
an infinitesimal positive scalar and consider the points P v P 0 whose positS 
vectors referred to P are |en, - Itn respectively. As P describes the surface 
the points P lt P 0 describe surfaces S lt S 0 parallel to 2 which is halfway betwe< 
them. Take an infinitesimal element of area of 2, say dS, whose centroid is j 
The normals to 2 at the boundary of dS, together with the surfaces S lt S 0 w 
delimit a cylindrical element of volume dr=e dS. 

Now imagine the above surfaces to be drawn in fluid which is movij 
irrotationally* everywhere except in that part which lies between S 1 and £ 
Let Z, be the vorticity vector at P. Then we can write X, dr = dS = to dS, whe 

(1) w = £e. 3 

If we now let e->0, x , in such a way that u> remains unaltered, the surfaoc! 
2 is called a vortex sheet of vorticity to per unit area. J 

Notice that in the above process the amount (9-4) of vorticity in the lay«f 
between Nj and S g remains unaltered as the layer shrinks in thickness (e-M)), 
and we can regard to as a (vector) density of vorticity per unit area. 

The dimensions of to are LT~ l . 

Before the passage to the limit, the velocity will be continuous throughout 
the fluid and if q, q t , q 0 are the velocities at P, P v P 0 we have f 

(2) qi = q + |f(n V)q. q« = q - i«(n V)q> 

whence by addition 

(3) q = i(q„ + q^. 

This result is true however small e may be. Thus the velocity of a point P 
of a vortex sheet is the arithmetic mean of the velocities of the points just above 
and just below P on the normal at P. 

If we apply the particular form 21-4 (4) of Gauss’s theorem to the elementary 
cylinder of volume dr in fig. 9-6, we get, approximately, 

%edS = n A (q l - q 0 )dS, 

neglecting a contribution of higher order of smallness from the curved surface of 
the cylinder. Dividing by dS and letting e-s-0 as before, (1) gives the exact 
result 

(4) w = n A (q 1 -q 0 ) 

for the surface vorticity of the sheet. J 

* This hypothesis is made for simplicity of statement and to preserve the analogy with 4-2. 
The definition which follows need not preclude the existence of distributed vorticity outside the 
layer between S x and S 0 . 

t From 21*3 (13) putting dr = \ax and -|en in turn. 

I Observe that in (4) q x and q 0 are strictly the limits when e->0 of the velocities at P, and P 
Since e is already infinitesimal we shall not make the unnecessary distinction between the 
velocities and their limits. 
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pvj 

It is clear from this that a non-zero value of w is associated with a dis- 
ontinuity of the components of q 0 , q! perpendicular to n. It follows that a 
C °rface across which the tangential velocity changes abruptly is a vortex sheet. 

^ It also appears from (4) that to is perpendicular to n and is therefore 
tangential to the vortex sheet. 

Note also that we can apply the induction law 9-4 (1) to find uniquely the 
velocity induced by a vortex sheet if we replace dr Q by u> Q dS Q , thereby 
converting 9-4(1) into an integral over the surface of the vortex sheet. 


9-61. Velocity of a point of a vortex sheet. Referring to the vortex 
sheet 2 of fig. 9-6, since only the tangential components of q^ q 0 contribute 
to the surface vorticity u>, and since the normal components must be con- 
tinuous, for this is the condition that the layer or sheet shall subsist, we have 


( 1 ) n(q x - q 0 ) = °- 

Now from the triple vector product rule (21-2) we have 


n A w = n A [n A (q! - q 0 )] = — (qi — q 0 ) nn + n [ n (qi _ <lo)]> 

so that, using (1), 

(2) w A n = q t - q 0 

Therefore from 9-6 (3) 

(3) qi = q + i“>A n > qo = q-? w A n - 

Hence for any vortex sheet at rest (q = 0 at every point of the sheet) the 
induced velocities at adjacent points on opposite sides of the sheet are equal 
but opposite vectors. 

The element dS of the sheet cannot induce any velocity at its centroid P 
(cf. 4-1), and so q, the velocity of P, must be the velocity induced at P by the 
rest of the sheet excluding the infinitesimal element dS, while |w A n and 
- A n are the velocities induced at P 1 and P 0 by dS. 

Consider the special case in which the fluid speeds are the same at P x and P 0 , 
i.e. e h = q 0 , so that (q x - q 0 )(q x + q„) = 0. Then either (i) q t - q» = 0 
which gives no vortex sheet, a trivial case which we ignore, or (ii) qo + qi = 
i.e. the vortex sheet is at rest by 9-6 (3), or (iii) q x - q 0 and q t + q 0 are 
perpendicular vectors. 

In this last case q = |(qi + qo) and u> = n A (qi - q 0 ) are both perpen- 
dicular to q, - q 0 , and therefore the tangential component of q must be 
parallel to to. 

From this we conclude that if the fluid speed is unaltered on passing through 
the vortex sheet at all points of it, then either the vortex sheet is at rest, or else 
the streamlines of the tangential motion in the vortex sheet and the vortex lines 
in the vortex sheet coincide. 
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This state of affairs must hold in the case of the vortex sheet wake (9.(jj 
behind an aerofoil, for outside the wake the motion is irrotational and therefoi 
the constant in Bernoulli’s equation must be the same everywhere. Since tl 
pressure must be continuous in passing through the sheet, q 2 has the same valq 
on either side of the sheet at adjacent points separated by it. 3 

9-63. Application to aerofoils. The principal aerodynamic application 
of vortex sheets is to the surface and wake of an aerofoil. 



Fig. 9-03 

Consider an aerofoil advancing with velocity V in air otherwise at rest 
As it advances the aerofoil divides the air into two streams, one of whicl 
passes over its upper surface, the other over its lower surface, and both stream! 
reunite, if the aerofoil is properly shaped, above and below an interface 1 
which forms the wake. This process will be considered in detail in the next 
chapter, but we have here to observe that the two streams arrive at the trailing 
edge with different velocities so that A 1 is a vortex sheet in the sense already 
described. 

Further, if we are to apply the induction law, it is necessary that the fluid 
should be unbounded (9-4) ; the presence of the surface S of the aerofoil 
cannot be tolerated, for it forms a boundary. We therefore adopt the following 
artifice for the purpose of calculation. W e suppose the aerofoil to be removed 
and its place taken by air of the same density as the surrounding atmosphere 
but moving with the same velocity V as the aerofoil. This supposes, of course, 
a suitable pressure distribution to be supplied. The surface S of the aerofoil 
now becomes a vortex sheet across which the velocity changes abruptly and we 
can apply the induction law, for the whole region is occupied by air, at rest at 
infinity. Moreover, the application of the law will give the actual velocity q p 
of the air at any point P. 

If now we superpose on the whole system a velocity - V, the air will 
stream past the aerofoil (which will now be replaced by air at rest) and the 
velocity at the point P will now be qp — V. At infinity the air is no longer at 
rest but has the velocity — V , and one of the conditions for the application of 
the induction law (rest at infinity) is violated. On the other hand super- 
position of the same velocity — V on the system clearly does not alter the 
surface vorticity associated with the sheets U and S, for the tangential com- 
ponents are equally changed on either side of a sheet and the difference of 
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velocities is therefore unaltered. The use of the induction law, without regard 
t he validity of such a process, must therefore lead mathematically at the 
' t p to the same velocity qp as before. But we have seen that the actual 
velocity at P is qp - V. It follows that we may in this case also apply the 
induction law provided that we interpret the result as giving, not the actual 
velocity at P, but the ■perturbation velocity, that is to say, the velocity by which 
the actual velocity at P differs from the general velocity - V of the stream. 
The actual air velocity at P will then be perturbation velocity + velocity of 
stream, and the perturbation velocity is calculated by the direct application of 
the induction law. 

There is another point of view which is useful in this connection. When the 
air streams past an aerofoil at rest and when, with a view to applying the 
induction law, we replace the aerofoil by air at rest, the distribution of surface 
vorticity must be such that the component of the perturbation velocity normal 
to S at any point must just cancel the component of the stream normal to S 
at that point, so that there is no flux through the boundary and the aerofoil 
shape is preserved. This principle was used in the theory of thin aerofoils, in 
particular in deriving 8-2 (3), and the reader is invited to read that section in the 
light of the present explanation. 


EXAMPLES IX 

1. Write out the equation of motion in the equivalent form of three cartesian 
equations. 

2. If ? is the vorticity vector, show that the equation of motion can be written 

^-q A ? = ~-Vp~ V(i? 2 + I3). 

3. Prove that in the steady motion of incompressible air 

q A ? = v(? + l3* + fi)- 

4 . Show that the aerodynamic pressure p satisfies the equation of motion 


dq 

dt 



and hence show that for incompressible air the acceleration is derivable from a 
potential function. 


5. Write out the cartesian components ( |, rj> £) °f the vorticity vector and 
then verify that 

V, * + 0. 

dx dy oz 


6 If C and V are two sections of a vortex tube and P is a point on C and Q is 
a point on C', prove Helmholtz’s fourth theorem by considering the circulation 
in the circuit formed of C, PQ, - C', QP, where - C denotes that C is described in 
the sense opposite to the sense of description of C. 
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7. Show that the velocity due to a rectilinear segment AB of a vortex filamJ 

is perpendicular to the plane PAB and equal to ™ 

K 1 

(cos PAB + cos PBA), J 

where p is the perpendicular from P to AB. 1 

Calculate the velocity at any point due to a rectangular vortex “ ring ” the aid 

of the rectangle being given by ® 

z = 0, x = ± a, y — ±b. 

8. Use the induction law to prove that a circular vortex ring of intensity 
induces an axial velocity r/2R at the centre of the ring, where R is the radius / 

9. A circular vortex ring of radius R has its centre at 0, and P is any point 
the normal at 0 to the plane of the ring. Any point Q is taken on the arc of length 
cut from the ring by a chord AB. Prove that the contribution of the arc s to tt 
velocity induced at P is 


f sR.OP 


V 4t7 PQ 3 [ OP +AB A 0p f 

10. With the notation of the previous example prove that 

r 

v = Mt 2 OP sin3 <f>- op + AB a OP sin 2 ^ cos <j>}, 
where <j> is the angle OPQ. 

„ tha ^ wllole rin 8 induces at P the axial velocity of magnitude 

i sin 3 <f>/2R, and that if P coincides with 0, the velocity is P/2R. 

11. Prove that a circular vortex ring of radius R induces momentum parallel 
to the axis of the ring of amount p-xR^r, where P is the intensity of the ring. 

Deduce that a vortex pair of two rectilinear vortices at distance l apart induces 
momentum of amount pTl per unit length of vortex. 

12. A point P in the plane of a horseshoe vortex is between the arms and 
equidistant from all three filaments. Prove that induced velocity at P is 

K( 1 + J2) 

ttAB ’ 

where K is the intensity and AB is the length of the finite side of the horseshoe. 

13. In the horseshoe vortex of fig. 9-52, the origin is taken at 0 the z-axis along 
th ' ° s ® ns ® P to °> the 2/- axis along OA and the 2-axis downwards to form a 

right-handed triplet. Prove that the components (u, v, w) of the induced velocity 
at (x, y, z) are given by 

u - ^ z f y + l y - l 1 

4tt(x 2 + Z 2 ) 17(* 2 + (y + if + 2 2 ) J(x 2 + (y - If + 2 2 )/’ 

Kz f x 1 

+ (y - if) l 1 _ V(* 2 + (y - if + z z )f 

El _ h » 1 

^ r( 2 2 + (y + If) 1 J{x 2 + (y + If + z 2 )J’ 


4 n(z 2 + (y 


4tt(x 2 + z 2 ) 17 (x 2 + (y + If + Z 2 ) ' 

- K (y ~ ? ) 

4 77 (z 2 + (y - If 

K (y + l ) 


J(x 2 + (y - If + Z 2 )j 


H 7(* 2 + (y - if + z 2 )J 


4 7r [z 2 + (y + If) 


7(z 2 + (y + If + z 2 )J 
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14 With the notation of the preceding example, show that, when x = 0, u is 
ative above the horseshoe and positive below it. 

D6g prove also when y 2 + z 2 is large compared with l 2 

2Klyz - Kl(t/-z 2 ) 

V ~ 2 t 7 (y 2 + z 2 f’ W ~ 2 t 7 ( i f + z 2 f ’ 

approximately. 



CHAPTER X 


AEROFOIL OF FINITE ASPECT RATIO 


I0-I. Steady motion. Reduced to its essential mechanical principles 
a monoplane aircraft may be regarded as an aerofoil of finite span pulled 
through the air by a tractive force. To fix our ideas, let us consider an aerofoil 

of rectangular plan moving 
horizontally in the plane of 
symmetry, and without rota- 
tion, with constant velocity V, 
in air otherwise at rest. By 
the first law of motion the 
tractive force, the weight, and 
the aerodynamic force due to 
pressure must form a system 
in equilibrium. The pressure 
distribution will therefore be 
exactly the same if we imagine the constant velocity - V to be impressed on 
the whole system of air and aerofoil. The aerofoil will then be at rest and the 
air will stream past it with the general velocity - V, that is to say, the air will 
be moving with velocity - V at a great distance upstream of the aerofoil ; 
near the aerofoil, and in the wake, the velocity distribution of the general 
stream - V will be modified by the presence of the aerofoil. Our purpose is to 
examine the general character of this perturbed airflow, which, on the present 
hypothesis, is a steady motion. 

Since the aerofoil is known in these circumstances to experience a lift 
perpendicular to the wind and, in this case, vertically upwards, we conclude 
that the upward vertical com- 
ponent of the aerodynamic force Y 

on the lower surface of the aero- ■* + *■ 



foil must exceed the downward 


Fig. 10-1 (ii). 


vertical component on the upper surface of the aerofoil. This shows that the 
average pressure over the lower surface must exceed the average pressure 
over the upper surface. Now consider fig. 10T (ii) which represents a section 
of the aerofoil of fig. (i) by a vertical plane parallel to the span. 

As we go from the median plane to a tip point such as Y whether along the 
upper or the lower surface we must arrive at the same pressure at Y. Thus 
there is a drop in pressure as we move outwards along the lower surface towards 
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Y and a further drop as we move inwards from Y along the upper surface 
towards the median plane of symmetry. Since the air is urged in the direction 
of decreasing pressure, it follows that an air particle which impinges on the 
leading edge AB and passes over the upper surface, which we shall call the 
suction side of the aerofoil, acquires a velocity component parallel to the span 
and towards the median plane. A corresponding particle which passes over 
the lower surface, which we shall call the pressure side of the aerofoil, acquires 
a velocity component parallel to the span but away from the median plane. 
The paths of such particles are shown schematically in fig. 10' 1 (iii). 


C B C B 



DA DA 

Suction side. Pressure side. 


Fig. 10-1 (iii). 

The particles which leave the trailing edge CD at a given point Q must 
therefore have impinged on the leading edge AB at different points P and P 
according as they have arrived at Q via the suction or pressure sides, moreover 
these particles will arrive at Q with different velocities, as is clearly seen from 
fig. (iii). On the other hand the particles in question must have the same 
speed q, for the pressure is continuous and since, by Bernoulli's theorem, 


is constant throughout the fluid, it follows that the value of q must be the same 
at Q whether the particle arrives there by the suction or the pressure side. 

This discontinuity of direction of the velocity at the trailing edge means 
that the interface between the two streams of air from the suction and pressure 
sides of the aerofoil is a vortex sheet, and the equality of the speeds shows 
(see 9-61) that the vortex lines and the streamlines, with wFich they then 
coincide, bisect the angle between the two velocities at a point such as Q. 

We now arrive at a preliminary picture of the flow past an aerofoil. The 
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oncoming air stream divides at the leading edge, passes over the suction aj 
the pressure sides to reunite in a vortex sheet E which forms the wake, E bea 



Fig. 10-1 (iv). 

the locus of vortex lines which spring from the trailing edge. These vorte^j 
lines are known as free vortex lines. 

Further we remember the existence of the very thin boundary layer (1-8) 
in which the velocity just outside the layer is sharply reduced to q o =0 at th« 
actual boundary of the aerofoil. Moreover the nature of the substance enclosed! 
by the surface of the aerofoil is irrelevant to our argument and nothing in oui 
line of thought is altered if we suppose the region inside the aerofoil to contain 
air at rest, i.e. a velocity field q 0 = 0. We can then regard the surface of the 
aerofoil (plus boundary layer) as a vortex sheet S of surface vorticity w per unit 
area determined by the velocity discontinuity qj between the air just outside 
the boundary layer vortex sheet and the air at rest inside the aerofoil, with 
w = n a^i as i n 9'6 (4). The whole of space is now occupied by air so that we 
can use the appropriate formulae for the induced velocity at any point. 

The vortex lines of this hypothetical distribution of vorticity to are known as 
bound vortex lines since they remain on the surface. The adjective “ bound ” 
must not be taken to imply that points of the vortex sheet are bound in the 
sense of having no velocity along the sheet. The velocity of a point of this 
vortex sheet will be |q 1; where qi = w A n from 9-61 (2) remembering that 
q 0 = 0. 

Since w is perpendicular to n, we have nco = 0 and therefore from the 
triple vector product rule (19-2) 

9ia w = (w A n) A w = naj2 - <o(n<o) = no> 2 , 

whence it appears that the streamlines of the motion just outside the boundary 
layer (determined from the velocity field q x ) are identical with the streamlines 
of the idealised vortex sheet S (determined from the velocity field |qj) and that 
the vortex lines and streamlines cannot coincide since co ^ 0. 

1 0-2. The generation of the vortex system. In discussing the 
nature of the flow past an aerofoil we considered the flow of a steady stream 
past a fixed aerofoil, and, further, we supposed that the steady motion was 
established. In order to see how the vortex system in the established steady 
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motion might be generated, it is more physically intuitive to suppose the aerofoil 
. be started into motion suddenly, in still air, with the velocity V originated 
by a suitably applied impulse, the velocity V of the aerofoil being subsequently 

maintained by a suitable tractive force. 

It is evident that after a finite time t has elapsed from the start of the motion, 
t be vortex sheet formed at the interface between the two sheets into which the 
advancing aerofoil separates the fluid will be of finite extent. 

Fig. 10-2 (i) is intended to illustrate the general state of affairs, the wake E 
being represented by CDEF. Since vortex lines cannot terminate in the fluid 



Fig. 10-2 (i). 


(9-31) the sheet E will be bounded at its after end by a vortex line EF known 
as the starting vortex. As t increases so the wake E lengthens. 

Fig 10-2 (ii) shows schematically the vortex lines viewed from the suction 
side of the aerofoil. If, as described in 9-63, we regard the aerofoil as replaced 


E C B 



£ ” D A 

Fig. 10-2 (ii). 


by air moving with velocity V the vortex lines must be closed. The bound 
vortices are shown by the dotted lines on the surface S of the aerofoil, where 
in this schematic diagram the complete vortex lines are depicted as rectangles. 
As the pattern lengthens with lapse of time the picture becomes that of an 
aerofoil trailing behind it horseshoe vortices of the type described in 9-52. This 
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lengthening must increase the energy of the wake, so that energy must | 
supplied to the system. Thus we account for the necessity of a tractive fj 
to maintain the motion, and the resistance thereby implied, which is known! 
the induced drag. ' ;] 

It might be thought that the appearance of circuits with circulation, wh< 
no such circuits existed in the initial state (of rest), contradicts Kelvin’s theoJ 
(9-21). Such, however, is not the case, for the circuits of that theorem alwai 
consist of the same fluid particles, and reflection on fig. 10-2 (ii) will show th! 
no circuit which embraces the aerofoil but penetrates the wake E fulfils thi 
condition. 

10-21. The impulse of a vortex ring. The considerations of 10- 
led to the picture of the wake as consisting of the superposition of vortex ring 

the rectangles shown in fij 

10-2 (ii), each consisting of 

r \ closed vortex filament. . 
yc Consider a plane vortex i 
' I ring It of intensity r (see 

J 9-31), the rest of the fluid; 
^ being in irrotational motion 
Fig - 10 - 21 . with velocity potential </>. 

. . , Let us suppose the ring to be 

closed by a plane diaphragm 5, shaded in fig. 10-21, and take neighbouring 
points P and Q, one on each side the diaphragm. Then from 3-32, 

<!>q - <f>p = circ C — r, 

where C is any curve joining P to Q and not intersecting the diaphragm. 

Now in 3-31 it was proved that any existing irrotational motion with 
velocity potential </> could be generated instantaneously from rest by application 
of an impulsive pressure P <f>. To apply this to the present case we imagine the 
diaphragm S to be a material membrane which immediately disappears after 
the application of the impulse. 

If n is the unit normal to a small area dS separating P and Q, the impulse 
on this area due to impulsive pressure is - n P <f> P dS at P and n p^ Q dS at Q. 
thus the resultant linear impulse on the system is the vector 

1 ~ p(4>q - <f>p)ndS = f p rndS = P rSn, 

J (S) j <s) 

where S is the area of the diaphragm. It should be noted that the second 
integral of (2) gives the impulse in the general case where neither R nor S is 
plane. Also it follows from Stokes’s theorem (21-7) that the integral, and 
therefore the impulse, is independent of the particular diaphragm used. 


the impulse of a vortex ring 
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10 2 y he time rate of change of the impulse gives the force F acting* so that 

F = dl = P r~(nS), 

(3) dt " dt 

r does not change with time (second theorem of Helmholtz, 9-31). 

8m l a particular application of (2) the magnitude of the impulse of the vortex 
air of 4 21 is 4 mcpa, since here T = 2™. This is, of course, the impulse per 
£ length of the vortex lines. 

10-3 The lift. Consider a closed curve which embraces the aerofoil 
and which lies in a plane perpendicular to the span. The circulation about 
„ch a curve is by Stokes’s theorem (21-7) equal to the normal flux of vorticity 
through it, and is therefore measured by the total intensity of the bound vortex 
lines which pass through the circuit. Referring to fig. 10-2 (n), we see that the 
circulation will be greatest when the curve in question lies m the plane o 
symmetry of the aerofoil for then the maximum number of bound vortex lines 
pass through it. The circulation will be less the further the plane of the circuit 

lies from the plane of symmetry. . , . 

Fia 10-3 shows a circuit of the kind described. If a circulation exis s 

(positive in the sense shown in the diagram), it follows that the average speed 
above must exceed the average speed below, in 
other words there will be an excess of pressure 
below and a defect above, so that the aerofoil will 
experience a lift. The lift per unit length of span 
at the median section will be greatest and will fall Fig. 10-3 

off towards the tips. It will be remembered that 

the vortex system was inferred from the existence of the lift, so that the present 
remarks are to be regarded as in the nature of a verification and a s g 
amplification as to the distribution. 

10 4. Instability of the vortex sheet. The trailing sheet of free 
vortices depicted in fig. 10-2 (i) is found to be unstable and cannot persist. 



Fig. 10-4 (i). 

The sheet tends to roll up somewhat like a sheet of paper and the vortex 
filaments twist round o ne another like the strands of a rope. Thus, at a sufficient 

. Miine-Thomson, Theoretical Hydrodynamics, 17-32. 
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Fig. 10-4 (ii). 


distance behind the aerofoil a section of the wake by a plane perpendicular ti 
the direction of motion would show two cylindrical vortices whose distance 
apart is less than the span. An approximate calculation (see 11-7) shows trial 

if these cylinders are regarded ai 

r \ having circular sections, the distanc* 

b L j apart of their centres is the fractioi 

V J ir/4 of the span and the diameter o] 

„ ^ the circles is the fraction 0*171 of th< 

±IG. 10-4 (n). 

span. This diameter then in th< 
case of a span of 20 ft. would be over 3 ft., so that the vortices are of con- 
siderable size. It should be remembered in this connection that the vortej 
lines which twist up to form these cores become spirals so that the assimila- 
tion of the rolled up vortices to cylinders is not exact. 

Experiments by Fage and Simmons on an aerofoil of aspect ratio 6 showec 
that the rolling up was nearly complete at about 13 chords distance behind th( 
trailing edge. 

10-41. Tip vortices. The rolling up of the wake to form a helicoida 
vortex gives rise to a picture of the wake as consisting solely of these vortices 
known as wing tip vortices. 

The actual state of the / ,'jjl 

wake is of course a com- /^/. //'if 

promise between this model * /// / '//'/// 

and that which gives the 

wake as a vortex sheet. The ^ 

tip vortex model is particu- ^ IG ' 

larly useful in discussing the interaction between the planes of a biplane. 

The two great contributions of Lanchester (1868-1945) to Aerodynamics 
and the basis of the modern theory of flight were : (i) the idea of circulation as 
the cause of lift ; (ii) the idea of tip vortices as the cause of induced drag. 
Lanchester explained his theories to the Birmingham Natural History Society 
in 1894, but did not publish them until 1907 in his Aerodynamics. That 
Lanchester is in truth the pioneer and founder of the modern science is often 
overlooked. 




Fig. 10-41. 


The velocity of the air. Adopting the standpoint of air streaming 
with general velocity - V past a fixed aerofoil as depicted in fig. 10-1 (iv), let 
us suppose that the steady motion is established, so that the wake Z extends 
downstream to infinity. As already described in 9-63 we shall suppose the 
aerofoil to be replaced by air kept at rest by a suitable system of pressures, 

* See tbe photographs and methods of J. Valensi, Application de la methode des filets de fumee 

a l etude des champs aerody/uuniques, Paris (1938). 
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that the surface S of the aerofoil can be regarded as a vortex sheet, and the 
Auction law can be applied in the sense described in 9-63 to give the per- 
turbation velocity. The air velocity q p at any point P will therefore be 
expressible in the form 

(1 ) q p = - v + q s F + q/> 

where on the right the first term denotes the general velocity of the stream, the 
second term the velocity induced at P by the vortex sheet S consisting of the 
bound vortices on the surface of the aerofoil, and the third term the velocity 
induced at P by the wake Z. It may be proper to observe at this stage that no 
particular hypothesis is here made as to the form of the wake. It is irrelevant 
whether the wake is a sheet or has rolled up in the manner explained m 104 
The particular form of the wake may be important when performing actual 
calculations of q/\ On the other hand if the point P is on the surface of the 
aerofoil it is clear that those parts of the wake nearest to the trailing edge will 
contribute most to the induced velocity and whether the vorticity farther 
downstream is distributed in sheets or cylinders will scarcely matter. But ii 
the point P is situated well astern, for example on the tail plane, the particular 
form assumed by the wake may be important in calculating its contribution to 

the velocity. 

10-51. The velocity at a point of the aerofoil. We want an 
expression for the velocity q p with which the air streams past a point P of the 
aerofoil, that is the velocity just 
outside the vortex sheet S at P. 

Draw the normal at a point P 
of the replacing vortex sheet S and 
take points Q and R on this nor- 
mal, equidistant from P, the point 
Q being outside the sheet and the 
point R inside. We then have from 10-5 (1) 

q« = - V + q^- 0 + qr Q , 
q B = - V + q s B + qr B - 

But q n is zero since R is in air which is by hypothesis at rest. Therefore 
adding and dividing by 2 we have 

iqo = - v + |(q + q S R ) + i(q*° + q**)- 

If we now let Q, R tend to the point P of the vortex sheet S, and let v s 
denote the velocity of the sheet at P induced by the rest of the sheet (i.e. 
excluding the element at P) , then from 9*6 (3), 

v/ = lim i(q A - Q + q s B )- 
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Also there will be no discontinuity in q r when passing through S (only 
fact when passing through E which does not arise here) so that if we wi 
v s p = lint q x « = lim q/ ! as Q, R tend to P, we have 

(*) iq p = - V + v s p + v s p , 

which gives the air velocity past the aerofoil at P in terms of the main stret 
velocity- V, the induced velocity v £ p due to the wake and the velocity v/ 
the vortex sheet at P induced by the rest of the sheet. 

1 0-6. Aerodynamic force. 



Fig. 10-6. 


Let dS P be an element of surface of the aerofoil at the point P. Let n be the 
unit outward normal vector at P and let p be the aerodynamic pressure. Then 
the aerodynamic force is 

A = -pn dS P . 

J (S) 

By Bernoulli’s theorem p = p 0 - \pq 2 , where p 0 is a constant pressure. 
Since a constant pressure applied to a closed surface has no resultant effect, we 
get 

A = \p f n q 2 dS P , 

J (S) 

where q is the velocity and q the airspeed at P. 

Now (21-2) 

= - (nq)q + n(qq) = nq 2 , 
since nq = 0, for n and q are perpendicular. Therefore 

q A (n A q)^p- 

J (S) 

Nov from 9-6 we see that io s p = n A q is a vector tangential to S, and is 
the surface vorticity of the vortex sheet S, so that 

A =i>f lq P A <* s p dSp, 

J (S) 

where we have written q p instead of q. 
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IV 

Using the result of 10-51, we have finally 

A = p f ( - V + v^ p + v s p ) A o>s F dSp = L + D, + F, where 

J(S) 

(1) L = - p V a | (5)W , p ^p. 

( 2) D, = 

(3) F = p[ (Vs p A ws p ) • 

v ' J <S) 

In these results we recall that v r p , V 5 P to/ are respectively the velocity 
induced at P by the wake E, the velocity induced at P by the rest of the 
bound vortex sheet S, and the surface vorticity of this sheet. 

We also note that these are exact results, in the sense that no approximations 

have been made. 

The forces L and D, are called the lift and the induced drag respectively. The 
appropriateness of this terminology will appear shortly (11-2, 11-21). 

Reasons will be adduced later for supposing the force F to be negligible. 

10-61. The force F. Consider two points P and Q of the surface of 
the aerofoil and the corresponding surface elements of area dS P , dS Q . By the 
induction law the velocity induced at P by 

the vortex sheet S is , ; //fc 


= lf 

477 J( 


1 f u > s q a QP 


Substitute this in the expression for F 
F = ±-[ f (^A^A “ ZdSpdSy. Fig. 10-61. 

4tiJ(s)J(S) QP 3 

Interchanging P and Q gives a similar expression for F and therefore F 
is half the sum of its two expressions, namely 


Fig. 10-61. 


„ _ P f f (M^A^A"/ + (^ P A-Pg)A^° 
SvJ (.5)1(4-) QP 3 

Now it is easy to prove (21-2) that 

(a A b) A c + (b A c) A a + (c A a) A b = 0 , 
and applying this to the above expression for F we get 


dS P dS Q . 


(W S ° A W S P ) A QP 

) QP 3 


dSp dSn. 
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Now the vectors to s F are tangential to the surface S of the aerofoil* 
are also tangential to the bound vortex lines. In the case of two-dimensiJ 
motion (i.e. of infinite aspect ratio) these vectors are rigorously parallel, so tj 
their vector product is zero, and F = 0. For aerofoils of large aspect ratiol 
should therefore expect F to be small. On the hypothesis, which will be mj 
later, that the bound vortex lines are parallel, we shall have F = 0. ' ; 

| 

10-7. Moments. If we take moments with respect to a point 0 we slu 
have the vector moment 


C = pjo/\[( - V + Vz p + v,s r ) A o>s p ]dS, 

from 10-51. 

The components of this vector will give the rolling, pitching, and yawii 
moments referred to suitable axes through 0. 


CHAPTER XI 


THE LIFTING LINE THEORY 

1 1 -0. In Chapter X we were concerned with a general description of the 
flow past an aerofoil. In the present chapter special hypotheses will be intro- 
duced in order to make numerical calculations possible. These hypotheses, due 
to Prandtl, will be introduced one by one as required, in order that their exact 
status in regard to the calculation may be perceived. 

Calculations based on the hypotheses just mentioned must be regarded as 
necessarily approximate. Nevertheless, it has been found that the results are 
sufficiently accurate for many purposes and have a much wider range of 
application than would appear, at first sight, to be justifiably expected. 

The student should be warned, however, that the investigation on which 
we are about to embark is one of discussing the deductions to be made from 
schematization of a very complicated state of affairs and that the laws of 
Prandtl ” which will be used as a basis are not necessarily laws of nature. 

11-01. Geometrical hypotheses. We shall assume that 

(A) the aerofoil has a median plane of symmetry ; 

(B) the chord of the profile of every section made by a plane parallel to the 
plane of symmetry is small compared with the span ; 

(C) the trailing edge may be regarded as a straight line. 

Assumption (B) is equivalent to postulating large aspect ratio, and experi- 
mental results indicate that an aspect ratio greater than about 4 may be 
considered large for this purpose ; a rather remarkable conclusion. 

Assumption (C) means that we can neglect the deviation of the trailing edge 
from a straight line in the same sense as in 8-01 we neglect the camber of a 
thin aerofoil and replace it by its chord. We therefore by (C) rule out the 
treatment of aerofoils whose trailing edge has pronounced curvature in plan, 
and in particular wings with ‘ sweep back (see 17-03) 

Subject to the above, the profiles and incidence may vary in any manner 

across the span. 

The aerofoil will be treated throughout this chapter as moving with constant 
velocity in the plane of symmetry, without side slip or rotation. 

IN Axes of reference. We take rectangular cartesian axes x, y, z. 
The y- axis, or lateral axis, is normal to the plane of symmetry and along the 
(straight) trailing edge. Its positive direction is to starboard and the origin 
is taken at the point where the y- axis meets the plane of symmetry. 

The x-axis, or longitudinal axis, is in the direction of motion, which has 
already been stated to be in the plane of symmetry. 



192 


AXES OF REFERENCE 


tui 

The z-axis, or normal axis, is perpendicular to the other two axes in such 
sense that the three axes form a right-handed system. This means, in par- 
ticular, that in ordinary straight horizontal flight the 2 -axis will be directed 
vertically downwards. 



8 O Ay 


I 2 

Fig. Il l (i). 


The axes so chosen are sometimes called wind-axes, for the z- and 2 -axes 
depend for their exact definition on the incidence. Since the motion of the 
aerofoil is in the plane of symmetry we have therefore V = i V, where V is the 
forward speed, and i is a unit vector in the positive sense of the z-axis. Another 
system of axes is sometimes useful, in which the axes are fixed in the aerofoil, 
the y - axis being defined as before, but the z-axis being drawn towards the 
leading edge of the chord of the aerofoil. Such axes are known as chord-axes. 

Whichever axes are used, we denote by i, j, k unit vectors along the 
z-, y-, z-axis respectively. 

It is often convenient to describe the position of a point P on the trailing 

edge by an eccentric angle similar to that 



Fig. 11-1 (ii). 


used in connection with thin aerofoils 
(8-01). Draw a semicircle with the span 
AB as diameter, and in the (z, y) plane. 
The eccentric angle d of the point Pis 
then defined as shown in fig. 1M (ii) and 
the y-coordinate of P is - \b cos 6. Thus 
P is the point (0, - \ b cos d, 0), and as we 
go from the port to the starboard wing tip 


along the span d increases from 0 to it. 


1 1-2. Expression for the lift. Referring to fig. 1M (i), if P is a point 
on the surface of the aerofoil, and if we draw the sections at distances y and 
y + dy from the plane of symmetry, the element of area at P may be written 

dSp = dy ds, 


EXPRESSION FOR THE LIFT 


where ds is an element of arc of the profile defined by one of the sections, the 
positive sense of ds being indicated by the arrow in fig. 11-1 (i). 

Thus 10-6 (1) gives for the lift 


fi>/2 f 

oV A dy\ w,s p ds, 

J —6/2 J(C) 


where b is the span of the aerofoil and C is the curve bounding the profile at P. 
In order to evaluate L we introduce the first hypothesis. 

Hypothesis I. All the bound vorticity vectors m s are parallel to the span. 
This is strictly true for a cylindrical aerofoil of infinite aspect ratio. 
Numerically this hypothesis says that 
(2) w/ = jw/, 

where oj s p is the magnitude of the bound vorticity vector at P, and j is a unit 
vector in the positive sense of the y- axis. Thus 


( 3 ) f oi,s p ds = j(" w s F ds = \r(y), 

J(C) J (C) 

where r(y) measures the total intensity of the vorticity crossing the profile C 
of the bound vortex sheet in the direction of the span and therefore, by Stokes s 
theorem, measures the circulation round C. 

(4) r (y )= ciic C - 

Since (see 21-13) i A j = k, -where k is a unit vector in the positive sense of 
the 2 -axis, we have from (1) and (3), 

fi>/2 

(5) L = - k L, L = P v )_ br r ^ d y’ 

which shows that L is indeed a lift, in the sense that it is directed perpendicularly 
to the wind and in the negative direction of the 2 -axis. 

We may justly regard (5) as the extension to aerofoils of finite span of the 
rule of Kutta and Joukowski for the lift (per unit span) on an aerofoil of infinite 
span (see 5-5). 

We also observe that the section of the aerofoil between the planes y and 
y + dy contributes to the total lift (see 11-23) the amount pJT(y)dy so that 
the rolling moment, reckoned positive from y to 2 , that is when the starboard 
wine tip is urged downwards, is 

(- 6/2 

(6) L mom = - pV\ yT(y)dy. 

v ’ J -6/2 

This moment is of course zero when the circulation F{y) is symmetrically 
distributed. If asymmetry is introduced, for example by the use of the ailerons, 
the rolling moment can be calculated from (6). 

Another consequence of hypothesis I is that the force F(10-6 (3)) vanishes. 
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[n-20; 


11-201. Distribution of load. We find in 11-23 that the portion of th< 
aerofoil between the sections y and y + dy exerts the lift pVF(y) dy ; th< 
distribution of lift (and therefore of load) across the span of the aerofoil if 
proportional to the circulation F(y). If we draw a curve whose abscissa is i 
and whose ordinate is r(y), we get what is called a load grading curve. 



W (ii) 

Fig. 11-201. 


The diagram shows two particular forms of load grading curve, (i) a straight 
line parallel to the span corresponding with uniform loading, and (ii) a semi- 
ellipse, corresponding with what is called elliptic loading. The area under the 
load grading curve measures the total load (cf. 11-2 (5)) carried by the aerofoil 
As is easily seen from 11-2(6) the distance of the centroid of the area under the 
load grading curve from the T(y) axis is a measure of the rolling moment. 
When the load grading curve is symmetrical this distance vanishes and the 
rolling moment is zero. 

11-21. Expression for the induced drag. Using the notation of 11 2 
we have from 10-6 the induced drag 

D,=p[ dy\ y £ p A u) S p ds. 

1-6/2 1(C) 

Hypothesis IF The velocity y^ induced at P by the trailing vortices may be 
replaced by the velocity induced at the trailing edge of the profile section 
through P. 

This may be called the lifting line hypothesis, for it is tantamount to regarding 
each profile section as a point to a first approximation (cf. 11-01 ( B )). We have 
for definiteness placed this point at the trailing edge of the profile and 
have consequently replaced the aerofoil, or lifting surface, by a lifting line 
coincident with the trailing edge of the aerofoil. Instead of the trailing edge 
of the profile its centre of pressure might be used, as is frequently done, but 
in view of 11-01 (B) the particular point chosen is not really important provided 
that it is clearly defined, and provided that the locus of such points is a straight 
line parallel to the span (cf. 11-01 ( C )). 

Combining this with 11-2 (2), we now get 

rt /2 

D > = p\ v x p aJ’ r (y)dy- 

J — 6/2 

To reduce this further we introduce 


EXPRESSION FOR THE INDUCED DRAG 
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Hypothesis 111. All the trailing vortices leave the trailing edge in lines which 
are parallel to the direction of motion of the aerofoil (but in the opposite sense). 

Reference to 10-1 and fig. 10-1 (iv) shows that the trailing vortices should 
leave the trailing edge in the direction of the air velocity there which is, in 
general (see 11-8 and 12-3), different from that of V. Hypothesis III treats the 
wake S as a flat sheet parallel to the xy plane. That the sheet rolls up further 
down wind (10-4) is unimportant for the present application, since the main 
contribution to y/‘ is from that part of the wake in the immediate neighbour- 
hood of the trailing edge. 



If we calculate y r p at a point P of the trailing edge, we see at once from 9-51 
that the only component is in the z-direction so that 

(1) y/ = w-k. 

The component of induced velocity which is normal both to the span and 
the direction of motion is called the downwash velocity* 

In the present case the downwash velocity at the trailing edge is w defined 

by (i). 

Since (21-13) j A k = i we get finally 

rt /2 

(2) D, = - W„ A = p\ wr{y)dy. 

J —6/2 


This expression shows that D* opposes the motion and is therefore a drag. 
Since its existence depends on the normal velocity induced by the trailing 
vortices it is called the induced drag, a term which distinguishes it from the 
drag due to skin friction. 

By considering the induced drag puF ( y ) dy on the section at distance y 
from the plane of symmetry (see 11-23) we get for the yawing moment 


( 3 ) 


|*6/2 

N = p\ wyr{y)dy. 

J-6/2 


* If we take into account also the bound vortices, it is clear from 9*52 that just ahead of the 
aerofoil there will be upwash. We are concerned here only with the velocity induced by the free 
vortices. 
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The positive sense of the yawing moment is from x to y, that is, when t] 
nose is urged to starboard. 


11-22. The downwash velocity at the trailing edge. Taking th< 
y-axis along the trailing edge, consider two profiles C, C' of the bound vortei 
sheet at distances -g and rj + dg from the plane of symmetry. Let P(y]) be th< 
circulation round C. Then the circulation round C' will be T(y]) + dr(r,). 



Fig. 11 - 22 . 


Fig. 11-22 shows a schematic plan view of the starboard wing with some of 
the bound vortex lines (cf. fig. 10-2 (ii)). The circulation r( v ) round C will be 
equal to the total intensity of the bound vortices which pass through this 
section. Similarly the circulation r( v ) + dr(rj) round <7 will be equal to the 
total intensity of the bound vortices which pass through the section C'. In 
fig. 11-22, as drawn, it is clear that fewer bound vortices pass through C' than 
through C. Therefore dr(rj) is negative and the total circulation of the tr ailing 
vortices which escape from the portion of the trailing edge between C and C' 
will be - dr( v ). 

Thus the vortex lines which leave the trailing edge between C and O' form 
a ribbon-like vortex sheet of circulation - dr( v ), and this ribbon being arbi- 
trarily narrow may be treated as a line vortex of this circulation when cal- 
culating the induced velocity. 

Now the velocity induced at P, (0, y, 0), by the semi-infinite line vortex of 
circulation through the point Q, (0, r 0), is, see 9-51, 


dw 


- dr (v) 

irr.QP 
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along Oz. 

( 1 ) 


THE DOWNWASH VELOCITY AT THE TRAILING EDGE 

Thus the downwash velocity at P is 

1 dr(r,) 

w — — I 

In J tj= — 6/2 y - V 


Ag in other integrals of this type the principal value (see 4-7) is to be taken, 
since the vortex through P induces no velocity on P. 

Thus, to evaluate the downwash velocity, we write 


f 1 /— dr (17) 

iv = hm 1 — 

e _ k ) ( 4 - 77 j „„_{,/2 y - v 


n-MdTto )' | 

4n J ,=j/+ £ y-V)‘ 

The further evaluation of this will depend on the precise form of the function 

m- 


11-23. The loading law. We have seen that the lift and induced drag 
on the aerofoil are respectively 

( 1 ) L = f /2 pVr(y)dy, D, = \' puT(y)dy. 

V ’ J-6/2 J -W 2 

These were obtained by the quite general method of 10-6, with the addition of 
Hypotheses I, II, III, by integration of the pressure thrusts over the surface of 
the aerofoil. Let us call the section of the aerofoil between the adjacent planes 
y and y + dy the strip y (cf. 19-3). Then precisely the same method applied 
to the strip y would show that it is acted upon by a lift pVTfy) dy and an 
induced drag pu>r(y)dy. This result will be referred to as the loading law. 

The loading law thus asserts that the integrands of (1) actually represent 
the elementary loads carried by and localised in the strips. 

In this respect the loading law states a physical fact as compared with the 
superficially similar law of induction (9-4) which merely asserts a quasi-behaviour 
of the elements of the integral which gives the induced velocity. 


11-24. Effect of downwash on incidence. For a given profile of an 

aerofoil, . , 

Geometrical incidence is the angle between the chord of the profile and the 

direction of motion of the aerofoil. 

Absolute incidence is the angle between the axis of zero lift of the profile and 

the direction of motion of the aerofoil. 

In the sequel incidence will always mean absolute incidence unless the 

contrary is stated. 

When the axes of zero lift of all the profiles of the aerofoil are parallel, eac 1 
profile meets the wind at the same absolute incidence, the incidence is the same 
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IS 1 " of ““ sp “' “ d the " ro “ “ “ d to b * 

An aerofoil is said to have aerodynamic twist when the axes of zero lift of its 
profiles are not all parallel. The incidence is then variable across the span. 

We shall have to distinguish between coefficients and incidence of the aero- 
foil as a whole, and its profiles. For the aerofoil we shall use the notations 

£ ’ r 1 l ? 6 C,: ' C V> a ' The latter are functions of the 

aerolT h ” ^ ^ P ° Slti ° n ° f the profile - For a symmetrical 

aerofod they are even functions of y, that is to say they are the same for 

for ST C °®f CientS incidence for a strip are of course the same as those 

tor the profiles which bound the strip. 

loading l”^" ^ aerod ^ ami e Properties of a strip in the light of the 




Fig. 11-24 (i). 


Fig. 11-24 (i) shows a profile of an aerofoil which is moving in the direction 
shown with velocity V at absolute incidence a' measured from I, the axis of 

zero lift. From the loading law the forces on the strip whose profile is shown 
flr6 

(1) yV 2 c'dyC L ' = P Vr(y)dy, \pVVdyC D .' = pwr(y)dy, 
and therefore 


( 2 ) 


C L ' 



In a properly designed profile the ratio of induced drag to lift is always 
small m the working range of incidence, and therefore e ' f which is called the 
angle of downwash, is a small angle. It follows that if F' 2 = ^/(F 2 + w 2 ) 
en ~ V, neglecting the second order of small quantities. 
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It now appears from the diagram that the resultant aerodynamic force on 
the strip is perpendicular to the direction of V' and not to the direction of V. 
Since e' is a small angle the coefficient of this force is C L ' . Therefore in respect 
of lift the strip behaves like a strip of a two-dimensional aerofoil in a relative 
wind in the direction of V', i.e. at incidence a 0 ', where 

(3) a 0 ' — a! - e'. 

The angle a 0 ' is called the effective incidence. 

Thus the effect of downwash is that the downwash velocity combines with 
the actual relative wind of speed V to produce an effective relative wind in the 
direction of V'. 

We can now draw two graphs of lift coeffi- 
cient against incidence (a) and ( b ) in fig. 11-24 
(ii). They are both approximately straight lines 
(cf. 7-13). Graph (a) shows the lift coefficient 
as a function of effective incidence and is the 
graph proper to the profile operating as a two- 
dimensional aerofoil, slope a 0 ' ; the other graph 
( b ) shows the graph when the profile is operat- 
ing as part of the actual aerofoil, slope o'. 

In drawing these graphs the further assump- j- IG u.24 (jj). 

tion has been made that the angle of downwash 

vanishes when the wind is along the axis of zero lift, in other words that this 
axis is the same in the two- and three-dimensional cases. With this assump- 
tion we have 

(4) Cl ~ do a o - ®°-. 

As to the drag, an actual aerofoil is subject, in addition to induced drag, 
to 'profile drag due mainly to skin friction, and therefore we can write for the 
total drag coefficient of the strip, using (2), 

(5) C D ' = C D : + e'C/, 

where C D ^ is the coefficient of profile drag for the strip. 

It may be noted that profile drag is largely independent of incidence in the 
working range. 

Profile drag is really the s um of two effects, drag due to skin friction and 
drag due to shape. 

The part due to skin friction owes its origin to the clinging of the air in the 
boundary layer to the surface of the body, an effect which must always be 
present, but which can be lessened by smoothing the surface, and reducing its 



area. 
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The part due to shape, otherwise known as form drag, is due to low«| 
pressure in the wake ; by shaping the body to reduce the wake to negligjj 
proportions, i.e. by streamlining, form drag can be almost eliminated. 

1 1*3. The integral equation for the circulation. If c' is the choi 

of the profile at distance y from the plane of symmetry, the lift coefficient j 
the profile is given by 

p , _ pVr(y) 

L *pFV ’ 

and therefore* F(y) = \c! VCf = be' Vafaf 

Therefore, from 1T24, 

(1) r(y) = \c'Vaf(«' -y). 

Using the value of w in 11-22 we get 

( 2 ) r(y) =o! 1 r bl2 dr{v) - 

' \c'Vaf “ 477-F y ~ I? 

This is the integral equation from which F(y) is to be determined. That 
done, we can find lift, drag, and downwash. 

Note that in general a', af, c' are all functions of y, since incidence, chord, 
and profile may vary from section to section. If the profiles are similar curves 
a 0 ' is the same at every section, but a' is not the same unless the sections are 
also similarly situated (untwisted aerofoil). 

For a given wing a', af, o’ are known functions of y, and in particular for 
thin wings we may take af = 2 rr. 

There are two fundamental problems connected with aerofoils. 

Problem I. Given the distribution of the circulation, i.e. given r{y), to find 
the form of the aerofoil, and the induced drag. 

Problem II. Given the form of the aerofoil, to find the distribution of the 
circulation, and the induced drag. 

For Problem I we know r(tj) the solution of (2) and we have to find a shape 
of aerofoil to fit it. 

For Problem II we have to solve (2), given c', a', a 0 '. We proceed to con- 
sider the simplest and also the most important case of Problem I, elliptic 
loading. 

11-4. Problem I ; elliptic loading. Referring to fig. 11-201 (ii) in 
the case of elliptic loading, the {F(y), y) curve is an ellipse. If P is the point on 
the span whose eccentric angle is 6, we have y -= - \b cos 6 and therefore 

(1) r(y) — r o sin 9, 

* Cf. 7-13. This is essentially the equation k = 2a V sin j3, in which, with the present notation, 
2 7 TK = r(y), a Q '—2TT t c'=±a, a 0 '= sin/S. 
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U ~ r is the value of F(y ) when y = 0. It is easily seen that the elimination 

m + (&)■=>. 


wh ich is the elation of an ellips^ ^ n>22 (1) that the downwash velocity 
putting z • ’ 

a t the trailing edge is p o C os f df _A 

(2) w = 4tJ 0 2& ’ 

from 4.71. Thus in elliptic loading the downwash velocity is the same at every 
t ° il 'the integral equation satisfied by the circulation (11-3). 

mgel Afgaind 1} 

(3) V l c'a 0 ' 2b f 

, „ , and a - re f er to the section at distance y from the plane of symmetry. 

’ h H.,; .“chord C an! the me, deuce «' depend, » "t 

profile section considered, that is to say on 9. Also FJV dep 
incidence of the aerofoil. If we increase the incidence , of the ) aero: o y ft 

incidence of each profile section will also increase by ft lhus 


/r 0 \ |2sin0 1) = x , + £ 

[VJ, l ca‘ 2b I 


.her, the tot tern denotes the new vain, of TJY. By subtraction we get 
r/r 0 \ _ r,l/2anfl 11 =/ 3. 

{[v) l vl l C V 26/ 

The only term which involves t is 2 sin 0/cV and therefore if we postulate 
that the loading shall remain elliptic al all incidences, we must have 
(4) a 0 'c' = a 0 c 0 sin 9, 

where c 0 is the chord of the middle section of the aerofoil, and a 0 is the value o 

tin addition, the profiles of the section, are similar curves, «.' will be the 

same at every section and (4) becomes 

/k\ c — Cq sin 0 . ^ . 

This means that the graph of C, the chord, against If _i, also an ellipse. » 
situation can be realised by an a.roforl so constructed that >» ph>» 
bounded by two half ellipses whose major axis is equal to the spa - 



a y b 


A B 
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To prove this, consider the ellipses 

^ % 2 _ , 


— h 

, 2 6 2 


It follows that 


x 1 ± x 2 

d-y i &2 


and if c' = x 1 ± x 2 , c 0 = aq ± a 2 , equation (5) is satisfied. 

Lastly, it is clear from (3) and (4) that in elliptic loading which remainj 
elliptic for all incidences, the incidence is the same at every profile section, and! 
r o and therefore, from (2), the downwash is proportional to the incidence. ; 

Another case arises for an aerofoil of rectangular plan. Here the chord o l 
may be taken as constant and equal to c 0 . Retaining the hypothesis that 
a o — a o> 'which will be true if the sections are similar, or if they are thin 
(3) becomes 

( 6 ) r o f 2 sind 1 1 _ , 

} V { a 0 c g + 26/ ~ “ ’ 

which shows that the incidence at each section is different, so that the aerofoil 
is twisted. The incidence at the middle section will be a, got by putting 9 = tt/2 
in (6), and therefore 

( 7 ) - = / 2 sin 0 11/(2 1 ) 

a l a 0 c 0 2b f / la 0 c 0 + 26 / ‘ 


From this it is clear that if the loading is elliptic at the incidence a, it ceases 
to be elliptic at a different incidence. 

From these examples of elliptic loading it appears that to make Problem I 
definite further conditions are necessary. 

Unless the contrary is stated, the phrase elliptic loading will be taken to 
imply that the loading is elliptic at all incidences in the working range, 

11-41. Elliptic loading ; lift and induced drag. From 11-2 (5) and 
11-4 (1) we have 

L = P v[ \bl\ sin 2 9dd = l p vr 0 . brb, 

Jo 

whence we get the lift coefficient of the aerofoil 

*br 0 


Now the aspect ratio is 

( 1 ) 


l P V*S 2SV ' 


A = — , so that 

O 


7 lAr o TrAvj 


= 7rA(oc - a 0 ). 


where w is the constant downwash velocity, 11-4 (2), at the trailing edge. 
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“ Here from 11-24 (2), (3) a'-a 0 ' is the constant angle of downwash and a, 
are the averages of cl, a 0 ' across the span. 

For the induced drag 11-21 (2) gives 


= ip f r 0 2 sin 2 d dd = |t 7 pr 0 2 , 
Jo 


and the corresponding coefficient is 


7rr„ 2 -nAw 2 

Jd ‘ ~ 4SF 2 _ F 2 


From (2) and (3) we get 

( 4 ) tt AC Di = C L 2 . 

Th . ™ P h of lift coefficiont .g.inst <lr,g ooeffioiont it c.Ued the polar can ; t of 
the aerofoil. Equation (4) shows that the polar curve of an elhpt.cally loaded 
aerofoil is a parabola, provided the only 
source of drag is the induced velocity. 

The polar curve can be graduated 
in incidence as indicated in fig. 11-41. 

Since a is proportional to C L , equal 
increments of incidence graduations 
on the polar correspond to equal in- 
crements of C L . 

In practice, in addition to induced 

drag, there is profile drag (11-24). The 

coefficient of this being denoted by C Da the complete drag coefficient is 

c D = c Da + C Di . 

The corresponding type of polar is the dotted curve in fig. 11-41. 



11-42. Slope of the lift graph for elliptic loading. 

If, as usual, is the slope of the lift coefficient graph in two-dimensional 
motion and a the slope of the lift graph for an elliptic aerofoil of aspect ratio A, 
differentiation with respect to C L of the formula, 11-41 (2), 

, Cl 
a = a ° + ^A 

giVCS 1 =1 + _1 

a a 0 ttA 

If we take the theoretical value a 0 = 2tt, we get 
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A 

00 
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8 

6 

4 

a (per degree) 

0*110 

0-092 

0-088 

0-082 

0-074 


It follows that, for incidence below the stall, the (C L , a) curves are straig] 
lines whose slopes increase as the aspect ratio increases, fig. 11-42. 



11-43. Change of aspect ratio in elliptic loading. 

a - a + 9jL n - Cl * 

° + ^’ Cd >~W 


Hence, if the aspect ratio is reduced to A' and if dashes refer to the new aerofoil 
with the same effective incidence, we have 





Thus for a given lift coefficient, decrease of aspect ratio increases both the 
geometrical incidence, and the induced drag coefficient. 

These results show that the largest practicable ratio is desirable. 


11-5. Problem II. In the foregoing discussion of elliptic loading the 
circulation T(y) is given and an appropriate form of the aerofoil is inferred. We 
now consider the converse problem of finding r(y) when the form of the aerofoil 
is given. To do this we must solve the integral equation of 11-3, noting that 
the symmetry with regard to the median plane of the aerofoil demands that 
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A * 

_ T(-y). In terms of the eccentric angle 0 we can therefore write the 
Fourier sine series, since r(y) vanishes at the tips 0 = 0 and 9 = tt. 

(]) r(y) = 2bVZA„ sin nO 

and note that n must be an odd integer * to ensure the equality of sin nd and 
sin n{TT - 9). Thus 

(2) r(y) = 2 bV Z A 2n+1 sin (2» + 1)0. 

V ' 77-0 

This formula for F(y) is unchanged when tt - 9 is written for 0, and the value 
at the centre given by 0 = tt /2 is 


(3) r 0 = 2 bV Z A% 

0 

Substitution of (2) in 11-3 (2) gives 


46 « . , b\ Z(2n + l)A 2n+1 cos(2n + l)<f>dj> 

(4) -7 — ,ZA 2n+] sin (2 n + 1)0 = a - =-l 0 

c a ° 0 "Jo ¥ J ( cos 4* - cos 

The values of the integrals on the right are given in 4-71. Let us write 
a 9 for a' to emphasise that a is a function of 0 and put 


Then we get from (4) 

(6) ZA 2n+1 [(2n + l)p„ + sin 0] sin (2n + 1)0 = p„a 9 sin 0. 

0 

To find the coefficients A 2n+1 from (6) would necessitate the expansion of 
each side, and of each term of the left side, in a Fourier series, thus leading to 
infinitely many equations in infinitely many unknowns. The solution of these 
being an obvious difficulty we have recourse to a practical method of solution, 
due to Glauert. Replace the infinite series of (1) by a finite series of, say, 
m + 1 terms, where m is a given integer, thus giving 

m . 

(7) £H 2n+1 [(2»+l)p 9 + sin 0] sin (2n+ 1)0 = g e a g sin 0. 

0 

This equation cannot be satisfied identically. If, however, we take a 
particular value of 0 we get a linear equation in the coefficients A v A s , . . . , A 2m+1 . 
If to + 1 particular values are ascribed to 0, we get m + 1 linear equations from 
which the coefficients *4 2n+1 can be calculated, and the values so obtained will 
satisfy (7), not identically, but only at the selected points. The solution will 

* The same method could be used to investigate the effect of moving the ailerons, but even 
values of n would then also have to be included. 
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uj 

be satisfactory if the coefficients so determined satisfy (7) at other poffi 
within the standard of accuracy demanded in any particular case. 

Since (7) is satisfied in any case when 9 = 0 or 77 we have (m+ 1) poia 
other than these available. The chosen points are usually taken as equal 
spaced in 6 over the half-span. Thus if m — 3 we should take 

.. 77 377 77 77 

= 2’ ¥’ 4’ 8’ 

and with these values we could determine four coefficients, namely 
(8) A lt A 3 , A 6 , A 7 . 

These usually suffice. 

A rough approximation is obtained by taking m=l, and 9= 77/4, 77/2., 
This will determine two coefficients A /, A 3 ' but it must not be inferred that, 
comparing with (8), A / = A ,, A 3 ' = A 3 . Indeed, the process is such that the 
coefficients are functions of m and the validity of the process depends on these 
values tending rapidly to limits suited to the form (1) as m increases. Glauert 
has tested this numerically in the case of a rectangular aerofoil and has con- 
cluded that in this case four coefficients should suffice. 

If the incidence a 9 has the same value a at each point of the span, (6) shows 
that A 2n+1 is proportional to a, and if we write A 2n+1 = otB 2n+1 , the coefficients 
-®2n+i are independent of incidence and may therefore be determined once 
for all. 

An ingenious electrical analogy has led Malavard * to devise a method of 
solving the integral equation of 11-3 by measurements of electrical potentials 
in a suitable apparatus. 

\\ hen the incidence is variable across the span (aerodynamic twist), we may 
write 

“9 = “m + f{0), 

where oc m is the incidence at the middle section. If then in the equation (6) we 
write 

^2n+l 2n+l a m “f -®2n+l> 

the equation is equivalent to the two equations 

2A' tn+1 sin (2n + l)9[(2n+l)/a + sin 9] = /* sin 9, 

ZB 2n+1 sin(2n + l)9[(2n + l)/r + sin 9] = M sin 9/(9), 
and all the numbers so determined are independent of the incidence. Thus 
C L = ■nAA l = IT A[A 1 'a m + = aa m + b 

where a and b are constants of the aerofoil. 

1 .. M alavard, Application des analogies elcctriqucs d la solution de queltrues problems* de 
l Hyarodynamique , Paris, 1936. 
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11-51. The lift. We have from 11-5 (2) 

(1 ) r(y)dy = 6 2 fJ? A tn+1 sin (2n+ \)9 sin 9 dd. 

Now f* sin (2n+l)0sin0d0 = 0, unless n = 0 when the integral is \n. 
Jo 

Therefore using 11-2 (5) 

L = \pVHP*A v 

Thus the lift coefficient for the whole aerofoil is 

77 b 2 A 3 . . 

( 2 ) C L = — = ttAA 3 , 
where A is the aspect ratio. 

Thus A, = C l /itA , and this gives a check on the theoretical value of A lt 
for C L can be determined by wind tunnel measurements. 

In the case of elliptic loading all the A 2n+1 are zero except A ly and 11-5 (3) 

gives 


v / 

and elimination of A x between this and (2) gives the result already obtained 
in 11-41 (2). 

If the incidence a is the same at every point of the span, we have seen (11-5) 
that A x is proportional to a. 

Since C L = 1 . a we have, in this case, a = M) — \ where a is the 

a a 

slope of the {C L , a) graph. If a 0 , a 0 are the corresponding slope and incidence 

in two dimensional motion we have 

Cl — Qt* = ^o a o’ 

and therefore 


a - a 0 


= c £ - -- = 


1 + T = (a " l) = 77 A {dr, t ' 

For elliptic loading r = 0, see 11-42, so that r may be regarded as a measure 
of the departure of the actual loading from elliptic loading taken as standard. 

1 1.52. The downwash velocity. We have at the point of the trailing 
edge, whose eccentric angle is 6, from 11-22 (1), 

1 p 2bVZ(2n+ GAn+i cos (2 n+ 1 )<f> dfi . 

Ue ~~ 4tt J 0 | b cos <f> - \b cos 9 

Using the values of the integrals given in 4-71 we have 

® sin(2n + l)0 

( 1 ) u> s = r£(2n+l)A 2n+1 ^ 


w B = V£(2n+ l)A 2n+ i 
o 


( 1 ) 
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[U 

In the case of elliptic loading we get from 11-51 (3) 

w e = VA X = r 0 /2b, 

which is constant across the span. 

1 1-53. The induced drag. We have, from 11-21, 

rm 

A = P w r{y)dy, 

J — 6/2 

and from our previous calculations, 11-51 (1), 11-52 (1), 

wr (y)dy = & 2 1 2 (2L4 2n+ j sin {2n+\)d)(S(2n+l) A 2n+1 sin (2 n+l)d)d0. 

Now f sin (2n + 1)0 sin (2r + 1)9 dd = 0, 

J 0 


where r is any integer other than n, but if r = n the value of the integral is nl2 
so that 

D, = Tpb 2 V 2 Zj(2n + l)Al n+1 . 

Therefore 

(1) C D . = ttAF(2>i+1)A!„ +1 = nAAfil + S), 

where 



+ (2m + 1)A L., + . . . 

1? ' • 

Note that S is never negative, and is 
zero only in the case of elliptic load- 
ing. 

The total drag coefficient is 
(3) C D = C L > o + C D( 

= ^ D ° + A, 2 (l + 

where C Da is the profile drag coefficient 
of the aerofoil and (3) is now the 
equation of the polar curve of the 
aerofoil. 

A typical polar curve is shown in 
fig. 11-53. 

If the profile drag coefficient for 
each profile section is a function of 
the position of the section, the profile 
drag coefficient of the aerofoil is 

/2 

C D 0 'c' dy, 

- 6/2 


where the dashes refer to the section at distance y. 
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11-6J 

1 1 -6. Minimum induced drag. Given the span and the lift, in what 

conditions is the induced drag least? We have 

L = \ pVhrbU^ A = \ pFW Afi 1 + 8). 

Thus when L is given D % is least when 8 = 0, i.e. when 
3.4 3 2 + 5 A 5 2 + . . . = 0, 

which implies that A 3 = A 5 = A 7 = . . . = 0, and therefore the loading is 
elliptic. Thus, of all wings of given span and lift the elliptically loaded wing 
gives the least induced drag. 

This result shows the practical importance of elliptic loading. It also 
shows that wings which are found efficient in practice are probably so found 
because their loading approaches the theoretically best distribution. It is 
therefore reasonable and often convenient to assume elliptic loading when 
deducing aerofoil properties. 

1 1-7. The wake far down wind. In 10-4 it was stated that the vortex 
sheet wake is unstable and rolls up into concentrated vortices. 

Let r 0 be the circulation of each vortex of the resulting pair treated as 
circular cylinders of radius a whose centres are b’ apart, see fig. 10-4 (n). The 
circulation is of course the same as the circulation round the central section 
of the aerofoil. From the method of 10-21 the impulse of this pair per unit 
length of cylinder will be P r o b\ When the aerofoil travels unit distance the 
ribbon vortices of 11-22 will increase their impulse (see 11-8) by P (-dT)2y, 
and therefore the total increase will be 

fV-6/2 

P r o b' = p( - dr) 2 y. 

If we assume elliptic loading, F = r g sin 9, we get 

p r o b' = f” \ P hF 0 cos 2 9dd = \n rb P r 0 , 

Jo 

so that b' = irh/4 = 0-7856. 

Again, if E is the energy per unit length of the wake, the increase of energy 
EV of the wake per unit time due to the lengthening must be equal to the wor 
done against the induced drag, i.e. D ( x V. Thus, using 11-41 and the va ue 
of E from 4-6, we get 

s TT P r o 2 = P r « 2 { lo 8 a + 

whence 2 ajb = 0-171. . . 

The velocity distribution due to such a pair of vortices is shown m fag. 
4-11 (6). It will be seen that there is downwash in the central part and upwas 
outside. When aircraft fly in V-formation the leading aircraft creates this 
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upwash in which the two astern on either side fly, and so on. This formatid 
is also adopted by wild geese who apparently have discovered its advantaal 
naturally. jj 

II' 8 * Lift and drag deduced from the impulse. Consider J 
aerofoil, regarded as a lifting line AB, started from rest, and moved in a straight 



Fig. 11-8. 

line. Let the velocity be V at time t. Then at time t the starting vortex will be 
at, say, A^. 

We shall assume that the wake ABA 0 B a remains a rectangular vortex 
sheet. 

If P is the point (0, y , 0) and Q is the point ( — l,y, z), there springs (11-22) 
from P a trailing vortex of circulation - dr(y), and so the whole wake may be 
regarded as resulting from the superposition of rectangular vortex rings, a 
typical one being PP'Q'Q of circulation - dT(y). 

Let h — PQ. The area of the ring is 2 yh and its impulse from 10-21 is 
therefore, if n is the unit normal to the plane of the rectangle, 

dl = p{-dr(y)) 2yhn = pdr(y) . 2 y (k l + iz), 

since - hn = ki — it, by geometry. The impulse I of the whole wake is got by 
integration. Now 

J( oJ ydr{y) = LjVW = [yr{y)Y - r r(y)dy, 

(lJA ’ J (BA) L 6/2 J - 6/2 

which reduces to the last integral since F(y) vanishes at the tips. Thus 


(- 6/2 

p{kl + \z) r(y)dy. 

J - 6/2 


The aerodynamic force (see 10-21) is dl/dt and dl/dt = V, while dz/dt = to, 
the normal velocity at Q, which by the symmetry of the ring is equal to the 
downwash velocity at P . Thus the aerodynamic force is 


rm rb/Z 

- k pVT(y)dy - i pwr(y)dy, 
J -b!2 J —6/2 
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ll'oj 

ff hich consists of the same lift and induced drag as were calculated by Prandtl’s 

i s interesting to note that the above investigation denies Prandtl’s 
Hypothesis III and replaces it by the assumption of a rectangular wake inclined 
to the x , y plane at the angle 


z J 

w dt 


'0 

1 = 1 

P V dt 

'o 


Since e is of the order wjV, it is anyway small. This new hypothesis is tanta- 
mount to assuming that the downwash velocity is constant across the span, a 
characteristic property of elliptic loading (11-41). Since this form of loading 
is desirable, the hypothesis is reasonable for well-behaved wing shapes. 

The method of the impulse is of course applicable whatever the form of 

the wake. 

It is also noteworthy that the above method does not depend on any 
assumption that steady motion is already established. 

1 1-9. The rectangular aerofoil. By this term is intended an aerofoil 
whose plan form is a rectangle. An aerofoil whose shape is that of a cylinder 
erected on an aerofoil profile satisfies this requirement. But so do more general 
shapes, for example an aerofoil -whose two wings are inclined to the plane of 
symmetry, or an aerofoil whose wings are appropriately twisted. 

1 1-91. Cylindrical rectangular aerofoil. This is the simplest type, of 
span b and chord c, which is also the chord of all the sections. All the sections 
are similar and similarly situated and therefore with the notation of 11-5, 
taking m = 3, we have 

SA 2n+1 [{2n + l)p + sin 9] sin (2n+ 1)0 = /msin0. 

0 

Put A 2n+1 — B 2n+ icc. Then 

( 1 ) (p. + sin 9) sin 9 + B 3 (3p + sin 6) sin 3 6 + B b (5/x + sin 6) sin 50 

+ B 7 (7p + sin 9) sin 7 9 = y sin 9, 

(2) p, = a 0 c/(46) = a 0 /(4A) where A = b/c is the aspect ratio. 

Glauert * has calculated the values of the A„, taking 9 = 22|°, 45°, 674 , 90 . 

1 1-92. Method of Betz. This consists in assuming for the circulation T 
at distance y from the plane of symmetry the formula 

(1) r=J{l - V 2 )t r o + A 1 ?' 2 + r 4V 4 + • • •] 

where in our previous notation 

(2) v’ = ylz b = ~ cos d > 

* H. Glauert, Elements of Aerofoil and Airscrew Theory, Cambridge (1930). 
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and the coefficients are then determined by substitution in 11-3 (2). The acj 
calculations are laborious and we shall content ourselves with a summari 
the results. For a rectangular wing the aspect ratio is 

(3) a = be. : 

There are two limiting cases. When the chord is large compared with i 
span, A approaches zero. This is the case for example in a long fin of sn| 
height, or for an aeroplane fuselage regarded as of rectangular plan. In tj 
case A = 0 Betz finds an elliptical distribution of loading. As A increases i 
infinity the loading approaches the rectangular distribution (see fig. 11.20] 
For intermediate values of A the load grading curve has the form shown 1 



fig. 11-92 (i) while the form of the drag grading curve is shown in fig. 11-92 (ii),; 
The graphs of r and 8 are shown for values of 4 A/a 0 between 0 and 10 in 

fig. 11-92 (iii). 

The method of Betz leads 
- — ■ — 1 to integrals of the type 

0-2 ^ r _ f 1 rj' n drj' 

" J-sftWMi - v’*) 

-( n„r cosn6< M 

0-1 •— 7**- J o cos 0 - COS if)’ 

/ — " where 

4A/a 0 V = -COS 9, rji = — C09<j>. 

0 2 4 6 8 10 ^he evaluation of this can be 

Fig. ii- 92 (iii). made to depend on the inte- 


0 2 4 1F~ 

Fig. 11-92 (iii). 

grals /„ of 4-71, by observing that 
(2 cos 6) n — ( e ie + e~ i9 ) n 


= 2cosw0 + 2 (j'j cos (n-2)6 + 2 cos(w - 4)9 + ... , 

and so 

2"- i (- dm. = „ ^ + 2w ggi?~ : 2)4, + . . ■ . 

sm <p \ 1 / sin <}> 

Again, sin n<f>j sin <f> can be expanded in descending powers of cos <f>, the 
leading term being 2"- 1 cos"- 1 <f>. Thus 

- ~ 77 [ r h ' n ~ 1 + hV\ n ~* +...], 
where the coefficients k 3 , Jc 5 , . . . can easily be calculated. 
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11-9 | 1*93- Method of Fuchs. If in 11-92 (1) we restrict the number of 

lerms, we raa F 

(1) r ---- J( i-V 2 HA + AV* + A 1 ?' 4 + • • • + A «v' 2n l 

From this we can calculate the downwash angle w/V and so write for the 
apparent incidence 

0C — "Tr "4" ' jf 5 

V ca Q v 

which gives a as a function of 17'. 

It is then postulated that the graph of a against r{ shall have contact of the 
(2n + l)th order with its tangent at 17' = 0, that is to say the first 2n + 1 denva- 
ives dM, Voc/d, i\ shall vanish at 17' = 0. This procedure gives n 

equations to determine the ratios of r o , A> ■ • • > An- The method leac s 
to the following formula for 8 and r applicable to corrected aspect ratios A’ from 

6t0l °' S = - 0-04 + 0-014A', 

T = 0-05 + 0-02A'. 

Here the corrected aspect ratio is defined by 

A’ = 27rA/a 0 , 

so that A' - A when a 0 = 2v. 


EXAMPLES XI 


1. A flat aerofoil of span b is in the form of that part of the parabola 
yi = ytf(\ - for which x is positive. Calculate the mean chord, the plan 
area, and the aspect ratio. Find h if the aspect ratio is 6. 


2 Assuming uniform loading, show that the wake consists of two trailing 
vortices only, one from each wing tip, and that the vortex system then consists of a 

single horseshoe vortex. , . -, 

Show that uniform loading is physically unacceptable on account of infimte 
velocity at the tips, but that the assumption of trailing vortices of diameter different 
from zero will remove the difficulty to a first approximation. 


3. Draw a graph of the downwash velocity at points of the span both inside and 
outside the tips on the assumption of uniform loading. 


4 In Ex I 21 Cr C n are given for the aerofoil Clark 1 H. Use the following 
additional values of Cd,, the coefficient of profile drag, to calculate C* for the 
incidences given below and draw a graph of both coefficients. 


_2-9 -1-7 +0-6 2-8 5-1 7-4 9-6 


(] Ih 0-0088 -0089 -0081 -0083 -0072 -0094 -0110 
On the assumption that, in this range, the drag coefficient due to skin frictior 1 is 
constant and equal to 0-0065, estimate and exhibit graphically, the form drag 
coefficient. 


5. Given the circulation r(y), show^ that the aerofoil has ininfitely many 

possible forms subject to the condition C L c V = 2 Ay)- . , „ l PnB th 

Discuss the case where the loading is elliptic and the chord c is the same long 

at every section. 
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6. Prove that in elliptic loading the local lift coefficient C L ' is equal to the Hi 

coefficient of the aerofoil. q 

7. Show that in elliptic loading r o /V is a linear function of incidence. 

8. Use Ex. IX, 13, to show that, for uniform loading, at a point on the z-arj 

the down wash velocity is ^ 

r b 

77 4 2 2 + b 2 ’ 

9. Use the preceding example to show that in the case of elliptic loading th 
downwash velocity at a point of the 2 -axis is 

w = J. y_ du 

277J0 J (\b 2 - y 2 ) z 2 + y 2 

and by means of the substitution y = sin prove that 

ic = to ^1 _ — \ 

°V J (b 2 + 4z 2 )) ’ 

where w 0 is the downwash velocity at the trailing edge. 

10. Use the fact that in elliptic loading the downwash velocity has a constant 
value w 0 across the span to show that the flow in the lateral plane (x = 0) is the 
same as the two-dimensional flow caused by a line of length b moving normally to 
itself with velocity iv 0 = rj2b. 

11. Prove that the complex potential of the two-dimensional motion described 
in the preceding example is 

“ iw o(\/{(y + «) 2 - 6 2 /4} - (y + iz)) 
and therefore that the downwash velocity is given by 

w — real part of w 0 f 1 ^ + — _ l . 

1 [(y + iz) 2 - 6 2 /4]*J 

12. By means of the preceding example show that at any point of the lateral 
plane 

_ j _ sinh y. cosh y. 

cosh 2 y. - sin 2 A ’ 

wtere V = V> sin A cosh /x, z = \b cos A sinh /x, 

and exhibit w/w 0 graphically as a function of 2yjb, for different given values of 2z/b. 

13. Use Ex. 11 to prove that far from the aerofoil the value of w in the lateral 
plane is 

b 2 w 2 - z 2 

— — — S/I 

8 ( y 2 + z 2 ) 2 0 ’ 

and that this would have had the same form, had the loading been assumed uniform. 

loadin’^ DraW ^ of dC ^ dcc as a funct >on of aspect ratio in the case of elliptic 

15. In the case of elliptic loading show that 

da = _ Ci dC D .^_Cf 
dA ttA 2 ’ ttA 2 ' 

Explain the significance of the negative signs. 
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16. Verify the following results due to Glauert which give the coefficients 
A 3 , etc. when 1, 2, etc. terms are taken in the method of 11-5, i.e. when m = 0, 
1 X etc. for a rectangular aerofoil of aspect ratio A = a 0 : 

, , At A I 4 1 _ 5 


CL'"} ” 

m 

O 

AJ/XIX 


AJfxa 

x 4 7 //X 0 C 

T 

S 

0 

0-800 

— 

— 

— 

•86 

0 

1 

•917 

•084 

— 

— 

•22 

•025 

2 

•926 

•110 

♦016 

— 

•18 

•044 

3 

•928 

•115 

•023 

•004 

•17 

•049 

Extend the table to m 

= 4. 






17. Prove that in the case of a two-dimensional thin aerofoil the pitching moment 
coefficient about the leading edge is related to the pitching moment coefficient about 
the quarter point by the formula 

C m ’ = - \C L ' + C mQ \ 

Prove that in an untwisted rectangular aerofoil the same relation holds in the 
form 

C m — — \c L + C mQ . 

18. Draw the polar curve of the aerofoil Clark YH (see Ex. I, 21) and graduate 
it for absolute incidence. 

19. Plot r and S in terms of the corrected aspect ratio from the formulae in 
11-93. 

20. Deduce 11-21 (2) by applying the Kutta-Joukowski rule to the circulation 
and downwash velocity. 



CHAPTER XII 


LIFTING SURFACE THEORY 


12-0. In this chapter we discuss some aspects of the aerofoil regarded aa 
composed of lifting linear elements, and then give a brief account of theories 
which treat the aerofoil as a vortex sheet over which vorticity is spread at a 

given rate. Finally , some applications of the acceleration potential are con- 
sidered. 



Consider a horseshoe vortex of infinitesimal span ds and circulation R. 
Taking the origin at the mid-point of the span and the x-axis parallel but 
opposed in sense, to the arms 1, 1' of the horseshoe we calculate the induced 
velocity at the point A (x, y, z). To this end consider first a single semi- 
infinite vortex OK of circulation R, in the same sense as the circulation about 1 
Let this vortex induce at A the velocity (u x , v x , w x ). If this vortex OK were 
shifted to coincide with 1 the induced velocity * would be, by Taylor’s theorem, 


d '°A . l ds 
dy ** S ’ 


““ “ * “° **** *“ made ’ and 


VELOCITY INDUCED BY A LIFTING LINE ELEMENT 
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while I', being of opposite vorticity, would induce at A the velocity 

- ( Ml " Jy ' **) ’ _ { Vl ~ Ity ' idS ) ’ ~ ( W ’ ~ ^ ' ¥S ) ’ 

so that the total velocity induced at A by the pair 1, 1' is 

3m, , dv, . dw x 
v ds, ds, ds. 

dy dy dy 

Projecting A on the plane x = 0, the plane y = 0 and the 2 -axis we get the 
points B, N, M of the figure. Let OB = n, OA = r. 

The vortex OK induces a velocity q 1 perpendicular to the plane OAB.. Thus 


u x = 0, v x = - q x cos <f>, w x = q x sin <f>, 


where, from 9-51, 


<7. = - — (1 + cos KOA) = - — (1 + sin 8). 
al inn v Ann 


Hence 


, ?(1 + sin 8) 


in(y 2 + z 2 ) 


S (1 + sin(,) = MPTW)( 1 -1 


Thus the induced velocity at A due to 1 and 1' has components du x = 0, and 


Rzdsf _ 2 y 

Vl ~~ in l (y 2 + Z 2 ) 
Rds (l L x\ 


1-- +=? 


xy 1 ) 


r 3 y 2 + z 2 


- 2 £- - (l - X ) 

[y 2 + z 2 \ r) ( y 2 + z 2 ) 2 \ *) 


xy 2 1 1 

r 3 y 2 + z 2 ) 


In addition we have to take account of the velocity induced at A by the 
vortex ds. This velocity (du 2 , dv 2 , dw 2 ) is of magnitude dq 2 - R ds sin a/(inr 2 ), 
where a = A.OAN , and is perpendicular to the plane OAN and therefore 
parallel to the plane OMK . Thus du 2 = dq 2 cos y, dv 2 — 0, dw 2 = dq 2 sin y 
where y = jLMON. Now 

ON z a , . • ON - x _ 

sin a cos y = — • ^ = cos B cos <j>, sin a sin y = — ■ - sin V. 


r ON 


Thus, finally the components of velocity induced at A, after an easy reduc- 
tion, are found to be 


Rds , , Rds sin + sin 8 sin 3) 

(1) du = — j cos 6 cost, dv = - t + ~ 2 ^rf ■ 


Rds f(l + sin 6) cos 2 <j> sin 3(1 + cos 2^)j 

dw= in{ n 2 + t 2? /• 
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munk’s theorem of stagger 


12*1 1. Munk’s theorem of stagger. 




Consider the lifting element ds ± placed as before at 0, and a lifting element 
ds 2 placed at A in a plane parallel to x = 0 making an angle e with ds x . Let the 
circulations be r it Ik, and let ^ denote the angle formerly called <f>. The 
normal AH to ds 2 drawn in the plane parallel to x = 0 makes an angle fa with 
OB and 

e-fa- </> 2 . 

If dw n denotes the induced velocity at A along AH, 
dw n = dv sin e + dw cos e 

F l ds l /(I + sin 6) cos (2<j> 1 -e) : sin 9 cos (2<f> 1 - e) r sin 9 cos e] 

= 1 V l w 2 + 2r* + 2? / 

r 2 ds t /(I + sin 6) cos (fa + fa) i sin 6 cos (fa + fa) sin 6 cos (fa - fa)} 

= ~to l n» + 2? 2r 2 J ’ 

using 12*1 (1). 

If there is a wind V along xO, the drag induced by ds 2 on ds 2 is d 2 D l2 = 
p r 2 ds 2 dw n , so that 


dW l2 = p 


\l ' 2 d. s | ds 2 


f(l + sm9)cos(fa + fa) f sin 9 cos <^> 2 ) sin 6 cos (fa - fa) 1 _ 
x _____ + — + / ' 
To get the drag induced on ds L by ds 2 we write - 9 for 6, the angle of 
stagger. Then 

,, r , pi ' tF 2 ds 2 ds 2 

a ~ to 

f(l-smO)coa(fa+fa) sm9cos(4> 1 +cj> 2 ) sing cos (fa - fa) \ 


By addition, the total drag mutually induced on the pair is 
19 7-1 , jsn pi'll* d S 1 ds 2 cos (' fa + I fa) 

dV l2 ^ a v n 277 n 2 

which is independent of the angle of stagger. This yields 


munk’s theorem of stagger 
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12-lH 

Munk’s theorem of stagger. 

The total induced drag of a multiplane system does not change when the 
elements are translated parallel to the direction of the wind, provided that the 
circulations are left unchanged. Thus the total induced drag depends only 
on the frontal aspect. 

Again, when the system is unstaggered (9 = 0), 

dW 12 = d 2 D 21 , 

and thus if the lifting systems are in the same plane normal to the wind, the 
drag induced in the first by the second is equal to the drag induced m the 
second by the first. This result constitutes Munk’s reciprocal theorem. 

The total mutual induced drag is 

[[P. r £^^l±^ds l ds 2 , 

J J 277 W 2 

where fa is the angle between the plane containing the normals to the element ds 2 
and the projection of the line joining the elements on a plane normal to the wind. 
(Similarly for with ds 2 .) 

12*12. The induced lift. 



Fig. 12-12. 


The velocity induced at ds 2 by ds 2 along Ox is, see 12-1 (1), 

du = y cos 6 cos fa 
tor- 

against the wind. This induces in ds 2 a lift 

d 2 F 1, = P r 2 ds 2 du = *, ds 2 cos 9 cos fa. 
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THE INDUCED LIFT 


[12-l| 

The velocity induced by ds 2 at ds x is with the wind ; and the induced lift ii 

p p 

d 2 F , 21 = ~ ^ r 2 d s i ds 2 cos 6 cos fa. 

Resolving along n the projection of the line joining the elements on a plane 
normal to the wind, we get 

d 2 F n cos 6 2 - d 2 F 2l cos fa - 0. 

Resolving perpendicularly to n, we get 

d“F 2l sin - d-F 12 sin fa = ^ 1 2 cos 6 sin (</> 1 - <f> 2 ). 

This vanishes if fa = fa an d is small in general. This investigation provides 
a theoretical method of obtaining the complete interaction between two wings 
by dividing them into pairs of elements. 


12-2. Blenk’s method. All the methods hitherto considered for wings 
of finite aspect ratio have been based on the lifting line theory of Prandtl, and 
that implied a limitation to aerofoils moving in the plane of symmetry and 
with a trailing edge which could be regarded as approximately straight. Blenk 
considers the wing as a lifting surface, that is to say the wing is replaced by a 
system of bound vortices distributed over its surface rather than along a 
straight line coinciding with the span. His theory, however, has the limitation 
that the wing is assumed to be thin and practically plane. The shapes con- 
sidered are the following : 




Fig. 12-2. 


In all cases the arrow shows the direction of motion. 

(a) is a rectangular wing moving in the plane of symmetry ; 

(b) is a skew wing in the form of a parallelogram moving parallel to its 

shorter sides ; 


12 - 2 ] 


blenk’s method 
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(c) is a symmetrical arrow-shaped wing, i.e. the case of sweep-back ; 

(d) is the same form as (a), side-slipping, i.e. not moving in the plane of 

symmetry. 

The angle (8, which will be regarded as small, is the angle between a leading 
edge and the normal, in the plane of the wing, to the direction of motion. 

In all four cases the hypothesis is made that the bound vortices are parallel 
to the leading edge, so that in particular for (c) the bound vortex lines are also 
arrow-shaped. 

There are here, as before, two main problems. 

I. Given the load distribution and the plan, to find the profiles of the 
sections. 

II. Given the plan and the profiles, to find the load distribution. 

We remind the reader that load distribution is proportional to vorticity 
distribution. 


12-21. Rectangular aerofoil. We consider problem I for case (a) of 
12-2, namely the rectangular aerofoil moving in the plane of symmetry. 
Taking chord axes with 

the origin at the centre of j x 

the rectangle, we suppose the \ 

profiles to be thin (see 8-01), I 

so that the whole aerofoil ^ ! » P(*.y, Q(x',v') M 

may be considered to lie in _ J 

the xy plane. Let y x ( x , y) I A 

be the circulation per unit _____ 

length of chord at the point | 

[x, y, 0) so that the circula- f 

tion round the profile at 

distance y from the plane of I ' ra - 12 ' 21 - 

symmetry is 

(1) A(y)=[ Yi( x < y)dx. 

■> -c/2 

Introducing “ dimensionless ” coordinates 

f = 2 x/c, r] ~ 2y/b, 

nr-ii-n +-V. a nmnrilofirm m fVin fnrm 


Fig. 12-21. 


yi (z, y) dx - 


( 2 ) r(7 ,) = J%(f, y)d{, 

where y(f, r j) = cy x (x, y)j 2 has the dimensions of a circulation. 
For y(|, rj) we choose an elliptic distribution over the span 


y(f. v) = 7o(£) v/(! ~ V 2 )’ 
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[ 12-21 


and for y 0 (f) we shall consider three different functions, 

(3) (i) y 0 (f) = a «Jrzj ’ (“) Vote) = W(! - f 2 ) ; 

(iii) y 0 (i) = c o£J (1 “ £ 2 )> 

where a 0 , b 0 , c 0 are arbitrary constants. Observe that (i) is the distribution for 
a thin flat aerofoil in two-dimensional motion (see 8-1). The most general 
distribution here considered will then be of the form 

(4) y({, V ) = [«„ + bj(l - ?) + c 0 ^(l - ?)]V(1 ~ V 2 )- 

12-22. Calculation of the downwash velocity. Consider first the 
velocity induced at P(x, y, 0) by a single bound vortex M'M parallel to the 
span (hfting line) and the trailing vortices which spring from it, fig. 12-21. Let 
Q(x', y', 0) be a point on MM'. The circulation at Q is then y 1 (x', y') dx and 
from Q there trails a vortex of circulation (see 11-22) 


_ ^y'hy'dx'. 

dy 

Applying the induction law to the vortex MM' , and the formulae of 9-51 to 
the trailing vortex, we get for the downwash velocity at P 

(1) 4™, Mix' = - 

J -6/2 dy y - y\ Q p > 

and the downwash velocity induced at P by the whole aerofoil is 

rc/2 

(2) w(x,y)=\ u\(x')dx', 

J -cj 2 

and therefore, in terms of £ and 77, 

(3) w{£, 7 ]) = J W (£')<*£', w (£') = \ W A X ')- 

Thus from (1) we get 

,44 1 f 1 W.V) c(g - nr ay(f , n) d v ’ 


(4) u(?) 


27r6 J _! dr)' 7) - T) 27Tb 2 


gtf - n r ay(f , n) <K 

2nb 2 dr]' X(t] - rf) 

c(£ - £') f 1 y(f> v') d v 
2nb 2 J_ x A 3 


where, A being the aspect ratio, 


(( - C ) 2 

A2 = + (7? " 7?T - 


( 5 ) 


CALCULATION OF THE DOWNWASH VELOCITY 


It may be noted that if f the expression (4) reduces to its first term 
and agrees with the result given by the lifting line theory (see 11-22). 

If now in (4) we put y(£', -q') = y 0 (^ )V(l ~ v' 2 )> the elliptic distribution 
across the span, we get 

Yo(i') , c (£ - f')yo(f) f 1 v' d v' 


yo(i') , c(i 

- i')yo(i') 

f 1 — 

2b + ~~ 

27Tb 2 

J-i A(i? 

_ c Ji_ 

- f)y„(f) 

f 1 *?' 


2 7Tb 2 

J _! A 3 


Substitution of (6) in (3) leads to the downwash velocity. The induced 
drag is then 

A- = h b p\ | yff. ’?)“’(£> 

which includes the suction force (7-5) at the leading edge should it not be rounded. 

The integrals in (6) are of elliptic type and cannot be evaluated in terms of 
elementary functions. Blenk therefore adopts an ingenious but lengthy 
method of approximation, which unfortunately applies only to the middle part 
of the wing so that the tip effects are uncertain. The approximation is better 
for larger aspect ratios. The method leads to replacing (6) by 

(7) «(f) = y 0 (f) 


A(f - £') + Pi log a 


- f ) + FAi- n log a - n ], 


where the coefficients A lt etc. are functions of rj which depend on the particular 
case of the four considered. For the rectangular wing moving in the plane of 
symmetry 


^ = 26’ 


A = - -J(l - v 2 )> 

7TC 


= 2 ^) " log 4 - 4 (1 " ^ A = °* 

The downwash velocity may now be calculated from (3) with the aid of (7). 

To determine the profile of the section at distance y from the centre, we 
suppose the relative wind to blow along the z-axis. Since our hypothesis is 
such that the disturbance of the general stream is reasonably small, and since 
the air must stream along the profile, we have 

dz w , „ If*. , 7 


and therefore z 


1 f* 

= pj w(x,y)dx. 


Comparison of this result with the ordinary theory of the lifting line gives 
the following mean additions to the incidence and curvature for the rectangular 
wing 

Ja = 0-059 A 4 = 0-056 — . 
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[ 12 - 2 *| 

In the case of the swept-back wing the mean increase of incidence, according ] 
to Blenk, should be 1-6 j 8(| - | rj |) per cent, of the absolute incidence without 3 
sweep-back. J 

| 

12-23. Side-slipping rectangular aerofoil. Blenk has also applied 
his method to problem II (see 12-2) for the case ( d ) with aspect ratio 6. Here! 
we are given a flat rectangular wing so that the downwash velocity must be 
constant. If we put 

V(£ V) = “ ’l 2 ) + a iV + a 2V 2 + a sV 3 ) 

+ 7(1 - ?)(W(1 - V 2 ) + V/ + ?W + V/ 3 ) 

+ 17(1 - £ 2 )(<W(! - V 2 ) + c iV + c iV 2 + C 3V 3 ), 

which contains 12 arbitrary con- 
stants, we can calculate w(£, rj) by 
the method already described, and 
by equating this to a constant, 
which is a known multiple of the 
incidence a, we can choose the 12 
constants so that this equation 
is certainly satisfied at 12 points. The points chosen are the intersections of 
the lines £ — 0, £ == ± ^3 with the lines 7) = ± rj = ± f, indicated in 
fig. 12-23. The lift, drag, and rolling moment coefficient about the x-axis can 
be calculated when the constants are known. 

The results of the calculation are shown in the following table in which 
A = 10 3 / (2 bV tan a), and /3 is in radians. 


jS 

a 0 A 

6„A 

c 0 A 

a x A 

M 

c l A 

a 2 A 

b 2 \ 

c 2 A 

a 3 A 

M 

e,A 

0 

66-8 

-1-46 

0-23 

0 

0 

0 

29-5 

-20-5 

-7-35 

0 

0 

0 

0-1 

66-8 

-1-46 

0-17 

-1-58 

009 

-1-07 

29-4 

-20-1 

-6-68 

-1-77 

3-72 

1-95 

0-3 

66-7 

- 1-14 

0-25 

-4-58 

-1-01 

-1-43 

30-5 

-20-1 

-7-30 

-5-40 

114 

2-90 

0-5 

66-5 

-0-48 

0-29 

-7-54 

-1-76 

-1-68 

31-5 

-20-0 

-7-37 

-9-02 

19-0 

3-48 


Blenk has also investigated the distribution of lift over an aerofoil of finite 
thickness. The procedure then adopted is the comparison of the given profiles 
with a series of crescent-shaped Karman-Trefftz profiles (see 7-6) having equal 
chords and various thickness but all giving the same lift. By this means an 
infinitely thin profile is deduced which can be regarded as replacing the given 
profile and to the resulting thin aerofoil the foregoing method may be applied. 
The calculated values of the lift coefficient agree very satisfactorily with the 
measured values. 

The reader interested in the above theory should amplify this short outline . 


12 - 23 ] 

by consulting the original paper,* noting, however, that the notation here 
adopted differs from Blenk’s. 

12-3. Aerofoils of small aspect ratio. For aspect ratios less than 
about unity the agreement between theoretical and experimental lift dis- 
tribution breaks down. The matter has been investigated by W. Bollay f who 
attributes the discrepancy largely to the consequences of Prandtl’s Hypothesis 
III (11-21) that the free vortex lines leave the trailing edge in the same line as 
the main stream. This assumption leads to a linear integral equation for the 
circulation (cf. 11-3) whereas Bollay’s theory leads to a non-linear equation. 



Fig. 12-3 shows a portion of a flat rectangular aerofoil whose chord c is large 
compared with the span b. We take the usual chord axes with the origin at the 
centre of the rectangle. 

The bound vorticity y(x) is assumed to be independent of y, that is to say 
is constant across a span such as PQ but is variable along the chord. 

The downwash is also assumed to be independent of y and may therefore be 
calculated at the centre of each span. 

The main point of Bollay’s theory, however, is that the trailing vortices 
which leave the tips of each span such as PQ, make an angle © with the chord 
which is different from a, the incidence. Since the trailing vortices follow 
the fluid particles which leave the edges of the aerofoil the angle 0 will pre- 
sumably be a function of x. To a first approximation it is assumed to be 
constant. 

* H. Blenk, Der Eindecker als tragender Wirbelflache. Z.a.M.M. 5 (1925). 
t Z. a. M. M„ Vol. 19 (1939). 























Fig. 12-23. 
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12-31. The integral equation. We begin by calculating the velocity 
induced at the centre C ( x , 0, 0) of the span PQ. Consider then the span RS, 



Fig. 12-31 (i). 


(cos CRS + cos CSR), 


centre D (£, 0, 0). The bound vortex associated with RS is of circulation 
y(£) d£ and induces at C a velocity, in the 3-direction, 

dw x = - (cos CRS + cos CSR), 

4 tt . L'D 

and so the downwash (i.e. the induced velocity in the s-direction) due to the 
whole set of bound vortices is 

( 1 ) w = r ■- 6 . 

u 1 L cI 2 ^(x- + (x- a 2 ) 

Also if is the induced velocity at C in the x-direction we see from 9-61 thal 

(2) «i = - iy(x) or + iy(x) 

according as we ascribe to z an infinitesimal negative or positive value. 

To get the velocity induced at C by the vortices trailing from R and S, lei 
T, M, V be the projections of P, C, Q on the plane of these vortices. Then th< 
vortex trailing from R induces at C a velocity of magnitude dq perpendiculai 
to the plane RCT, and the vortex trailing from S induces at C a velocity of th< 
same magnitude perpendicular to the plane SUC, see fig. (i). Let dq n be th< 
resultant induced velocity ; direction CM. Then, if the angle TCM — 8, w< 
have 

dq n = 2 dq sin 8 = (1 - cos CRT), 

and therefore, for all the trailing vortices, the resultant is 


2 dq sin 8 


(1 - cos CRT), 


_ r 2 v®m. 

iJ-c /2 1 ^ 2 + (x - £) 2 sin 2 @ 


( x - cos © 

+ (x - m 
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If m 2 , w 2 are the components of q„ in the x- and 3-directions, 

( 4 ) w 2 = q„ cos ©, u 2 = - q n sin © = - w 2 tan @. 

Now the boundary condition is that there shall be no flow through the aerofoil, 
i.e. that the normal induced velocity just cancels the normal velocity due to 
the stream. Therefore 

(5) w x + w 2 = V sin a. 

The required integral equation then follows by substituting the values from 
(1) and (4). Before doing this it is useful to employ “ dimensionless ” coordinates 
as in Blenk’s method, i.e. we replace 2 x/c by x, 2 £/c by £, and introduce the 
aspect ratio A = bjc. With these adjustments we get finally 

2nV sin a _ f 1 y(f) d£ 

( > a J_! (* - t)j{A*+(x- m 

f +1 y(f)cos©df f 1 y(|) cos 2 @(x - 

+ J_! A 2 + (x - sin 2 © " J_! ( A 2 + (x- £) 2 sin 2 ©)J(A 2 + (x - t) 2 )’ 

and this is a non-linear equation since © is itself a function of y(£). 

The tentative method of solution which Bollay adopts is to put 


/l + I 

wi-r 


which holds for large aspect ratios (see 8-1) and then to use (5) to determine y 
in terms of © and subsequently to approximate to a suitable mean value for © 0 . 
Into these laborious calculations we shall not 

1-201 

enter, but will content ourselves with reproduc- c N / 

ing a graph of (C N , a) where C N is the coefficient ’'0 0 y~ 

of normal force on the aerofoil, i.e. the normal 0 . 80 / 

force divided by \bcpV 2 . y 

The full line represents C N as calculated for 0 60 j ~ 

A= 1/30. The line — represents the o- 4 o y 

same calculations on the lifting line theory, and f 

the dots represent certain experimental values / 

obtained by H. Winter in 1935. so " 

It is worth observing that aerofoils of very °t 

small aspect ratio may have a stalling incidence I ' 10 ' 12 31 ' 

as high as 45° so that a is not necessarily a small angle. 


Fig. 12-31 (ii). 


12-32. Zero aspect ratio. The limiting case of zero aspect ratio 
(c -> oo ) is particularly interesting, for Bollay finds that here 

C s = 2 sin 2 a, 

and this is precisely the behaviour predicted by Isaac Newton for a flat plate 
which experiences a normal force proportional to the time rate of change of 
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momentum of inelastic fluid particles impinging on it. In fact here we should i 
have I 

N = pV sin a . V sin a . S, 1 

€ 

whence the above value of C N . | 

12-4. The acceleration potential. Consider an aerofoil placed in a . 
uniform wind - V in the negative direction of the z-axis. We can as I 
usual consider the aerofoil replaced by bound vortices at its surface enclosing 1 
air at rest and accompanied by a wake of free trailing vortices. Outside th#V 
region consisting of the bound vortices and the wake the motion is irro-s 
tational and there is a velocity potential <f> such that the air velocity is 

(1) q = - W- 

If v is the velocity induced by the vortex system, we have 

(2) q = - V + v, 

and since the motion is steady the acceleration (21-31) is 

(3) a = J = (qV)q . 

If we make the hypothesis that the magnitude of v is small * compared 
with that of V, (3) can be written 

(4) .= -(VV)q--Fg»ri(Vft 


using (1). 

Thus we can write 


a = - \7 0, <f> — 


where <P is the acceleration potential, the appropriateness of the term being seen . 
on comparison with (1). Also since the velocity potential satisfies Laplace's)? 
equation V 2 <f> = 0, it follows from (5) that 

(6) V 2 # = 0. 

Now the equation of motion of the air is (9-2), assuming incompressibilityj 
and neglecting external forces, 

and this shows that an acceleration potential always exists. Only, however. 1 

with our special hypothesis does it satisfy Laplace’s equation. Comparing; 

— - ^ 

* This hypothesis will fail at a stagnation point, for then v = V. This will, however, give rfo<| 

to no subsequent difficulty. ^ 


THE ACCELERATION POTENTIAL 


(5) and (7) we see that 0 and p/p can differ only by a constant, and we can take 

- p - n 

/o\ rh t 


where 77 is the pressure at infinity. There is no importance beyond physical 
definiteness in this particular choice of the constant. 


12-41. Lifting surface. One of the most successful applications of the 
acceleration potential has been found in the theory of thin aerofoils which 
can be sufficiently approximated by replacing them by their plan areas in the 
xy plane. 



Fig. 12-41. 


Considering such an aerofoil, we replace it by its plan area but remark that 
the sections may be in fact quite reasonable aerofoil profiles as shown by the 
section AB on the right of fig. 12-41 . If we denote by p v the pressure at a point 
on the upper or suction face and by p L the pressure at the corresponding point 
on the lower or pressure face, we have from 12-4 (8) 

( 1 ) Vl - Pv = p{®i ~ ®u)> 

where 0 L , <P V are the corresponding values of the acceleration potential. Thus 
we have for the lift and pitching moment 

(2) L = P \ (<P L - $ D )dS, M = p\ x(<P L - & D )dS, 

J(S) J (S) 

where the integrals are taken over the surface of the plan. 

From (2) it follows that the centre of pressure is at distance x v = MjL from 
the origin. 

The downwash velocity w is obtained by equating the values of the z-com- 
ponent of the acceleration as given by 12-4 (4) and (5). Thus 

dw 8<P 
dx dz ’ 

and therefore since w vanishes when x = oo, i.e. far upstream, 

1 C 1 d& , 

“’'tJ.s*- 


( 3 ) 



230 


LIFTING SURFACE 


[12-41 


The induced drag is then 

(4) A = f (p L - Pn ) J dS = | f (0i - &u)w dS. 
hs) * v J (S) 

Should the leading edge be sharp instead of rounded this expression for D ( 
will include a suction force (cf. 7-5), for which due allowance must be made. 

As in 12-22 the profile 2 = z(x, y), when y is given, is determined by 


1 f* 

-J w(x, y)dx. 


It appears from (1) that if the aerofoil is to experience a lift, 0 L must differ 
from <P V at the aerofoil surface, in other words the acceleration potential 0 must 
have a jump discontinuity, an abrupt change in value, in passing through the 
plan area from z small and positive to 2 small and negative. Elsewhere the 
pressure and therefore, from 12-4 (8), 0 must be continuous. The acceleration 
potential must therefore be sought amongst those solutions of Laplace’s 
equation which satisfy the foregoing conditions. 


12-5. Aerofoil of circular plan. This case has been very fully treated 

by Kinner*, who writes 

(1) x = aj(l - p 2 ) . V(1 + i? 2 ) cos <j>, 

y = aj( 1 - p 2 ) . */(! + 7j 2 ) sin <f>, z = apy, 

so that the surfaces p = constant are hyperboloids of revolution of one sheet, 
the surfaces rj = constant are ellipsoids of revolution, and the surfaces <f> = con** 
stant are planes through the z-axis. Every point of space is included exactly 
once if 

— 1 ^ p ^ 1, 0^7J<OC, 0 < <£ < 277, , 

and y ~ 0, p = 0 is the circle z = 0, x 2 - y 2 = a 2 , which is taken as the plan 
form. i 

With these coordinates Laplace’s equation becomes 


d r „ 501 jr , / 1 1 \ d 2 0 1 

3 p.L (1 M ) dp\ + a^L (1 v ) d v i + (l - p* 1 + 7 f) dp 

Solutions of this equation are constructed which have the necessary mathe^ 
matical properties described in 12-41. 

Space will not allow a detailed discussion of Kinner’s results but some of hi( 
conclusions for the circular plate aerofoil are interesting. For this he gets 
(see 12-41) ] 

C L = 1-82 tana, C m = 0-44 tana, x P = 0-515ct. ij 

* W. Kinner. Die kreisfiirmige Tragflache auf potentialtheoretischer Grundlage. Z.a.M.M% 
18 ( 1937 ). 
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Co,- = 1-82 tan 2 a or 0-82 tan 2 a according as suction is or is not included. Fig. 
12-5 shows the polar curves, the full line corresponding with the case of no suction. 



It is interesting to note that x P being independent of incidence there is a 
fixed centre of pressure at a distance 0-243 of the chord ( = 2o) from the leading 
edge, i.e. practically at the quarter point. 


12-6. Aerofoil of elliptic plan. This case provides an obvious but not 
too easy extension of the method used for the circular plan form and has been 
discussed by Krienes*, who transforms Laplace’s equation into other coordinates 
by the use of Weierstrassian elliptic functions. Appropriate solutions are then 
constructed. The following results are obtained in the case of an elliptic pla te 
semi-axes a, b, moving in the direction of the axis b. A is the aspect ratio and 
C„ is the centre of pressure coefficient. 


b/a 

A 

C lI t:\n a 

CJUn oc 


0 

GO 

277 

— 

0-288 

0-2 

6-37 

4-55 

1-98 

0-283 

0-5 

2-55 

2-99 

1-397 

0-267 

1 

1-272 

1-82 

0-44 

0-243 

2 

0-637 

0-99 

— 

0-208 ' 


When applied to the elliptic plate the method of Krienes also allows the 


investigation of the effect of side slip. The following results are quoted for the 
case b/a = 0-2, A = 6-37, /? being the angle of side slip (18-33). 

(1940)^ ^” enea - e mp t ‘ s °te Tragflache auf potentialtheoretischer Grundlage. Z.a.M.M. 20 
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p 

Cx/tan a 

CJt&n a. 

Cj/tan a. 

V 6 

yj<* 

15° 

4-16 

1-83 

0-0384 

0-440 

0-00925 

30° 

3-26 

1-43 

0-074 

0-439 

0-0277 


There is now a rolling moment (see 19-2) and [x v , y v ) are the coordinates of 
the centre of pressure. 


EXAMPLES XII 

1. Supply the intermediate steps which lead to the formulae 12-1 (1). 

2. A biplane consists of two parallel lifting lines A 1 B l , A 2 B 2 each accompanied 
by a single trailing vortex at each tip. Neglecting interference between the wings, 
show that the drag induced on the upper wing (1) by the lower wing (2) is 

Da = P -fcr _ l0g aIa\ + / " p + h* ~ A * A ^} ’ 

where / is the aerodynamic stagger and h is the aerodynamic gap. 

3. Show that in a parallel biplane with aerofoils of equal span the induced 
drag is least when each aerofoil exerts the same lift. 

4. Show that Munk’s theorem of stagger can be inferred from the principle that 
the work done by the induced drag reappears as energy in the wake. 

5. Show that for zero aspect ratio the distribution y (£) of 12-31 (7) is constant 
along the chord. 

6. Show, in the case of zero aspect ratio, that the velocity q„ of 12-31 (3) tends 
at the centre of the aerofoil to the value y 0 /2 sin 0 where y 0 is the constant value 
of the vorticity distribution. 

7. Show that for an aerofoil of zero aspect ratio y 0 = 2F sin a tan 0. 

8. Derive the form of Laplace’s equation given in 12-5. 

9. Show that in Blenk’s method, 12-22, the drag without suction force can be 
obtained by replacing, in the expression for the circulation, (1 + £)/(l - £) by 
(1 +f )/(l - £ - 8), and then letting 6 tend to zero. 


CHAPTER XIII 


PROPELLERS 


1 3-0. In this chapter we consider the elementary theory of the screw 
propeller, and endeavour to show what assumptions are usually made in 
arriving at methods for numerical calculation. 


13-1. Propellers. A propeller consists of a certain number of blades 
rotating about an axis. 



Fig. 13-1. 


Propellers are designed to exert thrust to drive the aircraft forward. If 
T is the thrust in the direction of the axis of rotation, Q the angular speed 
of the propeller shaft, Q the torque exerted by the engine and V the forward 
speed in the direction of the axis of rotation, the work done per unit time by the 
engine is QQ and by the propeller is TV. Thus a propeller converts torque 
power into thrust power and the efficiency is 

TV 
V ~ QQ' 

Thrust is obtained by proper shaping of the blades, which are in fact twisted 
aerofoils. 

Every point of a blade lies on a circular cylinder whose axis is the axis of 
rotation, and therefore as the aircraft advances each point describes a helix 
or spiral curve on the cylinder on which that point always lies. Of these 
cylinders there is one of maximum radius. The point of the propeller blade 
which lies on this cylinder is the tip, E in fig. 13-1, of the blade. From the tip E 
we can draw a perpendicular OE to the axis of rotation. This line may be 
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called the axis of the blade. The section of the cylinder by the plane through OE 
perpendicular to the axis of rotation is called the propeller disc, or simply the 
disc. 

If we take a point P on OE such that OP = r and describe a cylinder whose 
axis is the axis of rotation and whose radius is OP, the points of the surface 
of the blade which lie on this cylinder will constitute a curve resembling an 
aerofoil profile ; the totality of such curves defines the shape of the blade. It 
is, however, customary to define the shape of the blade by plane sections. 
Thus at P the section of the blade will be that made by the plane through P 
perpendicular to the blade axis, giving, for example, the profile marked AB in 
fig. 13*1. Such a section is called a blade profile. 

The portion of a blade between the blade profiles at distances r and r + dr 
from the axis of rotation is called a blade element. 

13-2. How thrust is developed. Each blade element behaves like an 
aerofoil and undergoes lift and drag, and of course leaves a wake behind as it 
moves. In the present section we shall omit all consideration of the velocity 
induced by the wake as we are here concerned only with a main principle. 



Fio. 13-2. 

Fig. 13-2 shows the blade element one of whose bounding profiles is th 
blade profile of fig. 13-1. 

We now introduce two assumptions which will be retained throughout thl 
chapter. 

Assumption I. The aircraft is moving in the direction of the axis of rotatioi 
of the propeller. 

This is only rigorously true for a certain particular incidence of the mai 

lifting system. j 

Assumption II. Every point of the blade element between the plan^ 
r and r + dr has, due to the rotation, a velocity rQ. 

This is clearly the more nearly true, the greater the value of r. 

The resultant velocity is then W 0 where W 0 2 = V 2 4- r 2 Q 2 . 

If then the blade profile is disposed as in the figure it will undergo a iff 
dL perpendicular to W 0 and a drag dD opposed to W„. 
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If fS is the angle which W 0 makes with the direction of rQ the blade element 
has a thrust in the direction of V of amount 

(1) dT = dL cos /? - dD sin P, 

and the whole blade undergoes a forward thrust equal to the sum of the dT 
arising from its various elements. 

At the same time there is a torque 

(2) dQ — r(dL sin p + dD cos p) 

opposing the rotation of the blade, and the sum of the dQ is the total torque 
which the engine must exert to turn the blade. 

It appears from this elementary exposition that, if R is the radius of the 
propeller disc, the maximum speed of a blade profile is J(V 2 + R 2 Q 2 ) and that, 
if compression waves are not to develop, this maximum must be kept below 
the speed of sound (see 16-1). This places a limitation on the radius of the 
propeller disc when maximum values of V and Q are assigned. Again, in order 
that the speed of sound may be more nearly approached without adverse 
effects the tip profiles must be made thin (see 16-6). This is also dynamically 
desirable to avoid too great a thickness at the root of the blade which, for 
reasons of strength, would be necessary if the blade were unduly massive 
towards the tip. 

We also note that if Q = 0, then W 0 = V, p = 90° and dQ = r dL. Thus, 
if the blade profile is set so that its axis of zero lift is in the direction of V, we 
shall have dQ = 0 and there will be no torque on the propeller shaft from this 
element. If all the blade profiles are set in this way the propeller is said to be 
feathered.. The feathered attitude is usually a possible setting with propellers of 
variable pitch (see 13-42). 

In postulating the existence of lift and drag on the blade elements we are 
tacitly assuming that there is circulation round these elements, and therefore 
that the surface of the blade is equivalent to a sheet of bound vortices. These 
will give rise to a wake and therefore to induced velocity additional to W 0 . 
^ e proceed to discuss the nature of the wake. 

13-3. The slipstream. This is constituted by the air which has passed 
through the propeller disc. 

Consider the portion of the blade between P on the blade axis and the tip E. 
This portion behaves as an aerofoil, and, if we adopt the lifti n g fine theory, 
from the trailing edge PE there escapes a vortex sheet. As the blade rotates 
this sheet assumes a helieoidal or spiral form, as indicated in the figure, and the 
Upstream consists of an assemblage of such surfaces, one for each blade. In 
fhe wake of the trailing edge there is therefore a downwash, and just ahead 
here is an upwash from the bound vortices. As the air passes through the 
Propeller disc its axial velocity must be continuous. The downwash velocity 
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at a point of the wake has also a component tangential to the cylinder oil 
which that point lies and the air in the slipstream is therefore rotating aboa 

the line of advance of the aia 
craft in the same sense as tij 

M angular velocity of the propelleJ 

Ahead of the propeller dia^ 
the bound vortices induce a tan! 
gential component inthe oppositi 
sense, but the undisturbed afl 
into which the propeller disc jj 
advancing can have no axial 
rotation, so this must be cai| 
celled by the velocity induced 
by the wake. • 

The vortex sheet whkl 
\/N springs from the trailing edge a 

Fio. 13-3 (a) a blade is unstable and rolls u| 

into a spiral of concentrated voiS 
ticity. In the particular case in which the lift is uniformly distributed aloni 
the blade axis, the vortex system due to the blade will consist of (i) a bound 
vortex along the blade axis, (ii) a spiral vortex springing from the tip of tha 
blade, and (iii) a rectilinear vortex 

along the part of the axis of rotation * „ 

which is on the downstream side of — j— 

the disc. (See the frontispiece.) / — ! N. 

Fig. 13-3 ( b ) illustrates the f O s __ J 

scheme, and in the case mentioned 'v v V V 

the circulation round each part has . 

the same value F, say. When the ^ ^ 

lift is not uniformly distributed v aPj 

along the blade axis, the sheet will . /) 

still roll up almost immediately into v * 

concentrated vortices * whose cores ' £ 
will be represented by lines of 

the spiral type (ii) and the axial v * 

type (iii). It is this arrangement v y 

which replaces the horseshoe vor- 

„ , ... . ,, , Fio. 13-3 (6). 

tices oi the lifting hne theory of 

aerofoils. The vortex (ii) has been described as spiral in form. This must not 

*J. Valensi, £tude de Fair autour d’une helice, These, Paris (1935), has obtained soul® 
beautiful photographs of the vortices and developed a method of obtaining quantitative result^ 
from their measurement. 5 
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be taken to mean that it is a regular helix drawn on a circular cylinder. For 
some calculations it is convenient to make that an assumption, but in general 
the diameter of the slipstream contracts (see fig. 13-31) as we proceed down- 
stream and the slipstream only ultimately assumes the cylindrical form in an 
ideal incompressible inviscid fluid. 

Observe that if there are several blades,* each will contribute a vortex of the 
type (iii) so that in the case of B blades, each with circulation r, the axial vortex 
will be of circulation Br. 

13-31. Velocity and pressure in the slipstream. When the propeller 
advances with constant velocity V and rotates with constant angular velocity 
ft, the motion of the air at a point fixed in space is not steady, the pressure p 
and the velocity q depend on the time. If, however, we take a system of axes 
of reference fixed in the propeller, and therefore rotating and advancing with 
it, the motion is steady with regard to these axes. If q' is the air velocity 
measured with respect to these moving axes, Bernoulli’s equation (see 2-11) 
becomes 

(1) - + \q' 2 - \Q 2 r 2 = constant, 

P 

the last term on the left representing the potential energy of the fictitious 
field of force introduced by the rotation. If we denote by ( q a , q r , q t ) the axial, 
radial, and tangential components of the absolute air velocity q, the components 
of the relative velocity will be (q a , q n q t - rQ) and therefore 

q' 2 = la 2 + ? r 2 + (?< - - ? 2 + r2 & 2 - 2q,rQ 

and so (1) becomes 

V 

(2) - + \q 2 - q t rQ = constant, 

P 

where q is now the absolute air speed. 

Fig. 13-31 shows schematically a section through the centre 0 of the propeller 
disc DD', the hatched part representing the slipstream, the point of view being 
that of an observer moving with the axes of reference. Outside the slipstream 
the motion is everywhere irrotational. Far ahead of the propeller the air 
appears to form a uniform stream - V, as it also does far astern except in the 
slipstream. 

The slipstream itself contracts from its greatest diameter DD' at the disc, 
and asymptotically approaches the form of a circular cylinder typified by the 
diameter GG’ in fig. 13-31. 

It is useful to regard the air ahead of the disc and bounded by the surface 
w hose sections are indicated by ADG, A'D’G' in fig. 13-31 as an “ extension ” 

* See the frontispiece. The photograph was taken in water in a cavitation tank with the 
propeller axis horizontal. The vortices are made visible by the cavitation bubbles {which contain 
^ater vapour) escaping from the blades. 
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of the slipstream, but it should be carefully noted that in crossing say DG from 
inside to outside the slipstream there is an abrupt change of velocity so that 
the boundary of the actual slipstream is a vortex sheet, whereas in crossing AD 



Fig. 13 31. 


there is no abrupt change and therefore the boundary of the above “ extension” 
is not a vortex sheet. 

Now consider a point P of the slipstream. Let us put q, = rw, so that # 
is the angular speed of a plane containing the air particle which is at P, and tbf 
axis of propeller rotation. Then outside the slipstream ai = 0, for the motion it 
irrotational and there can therefore be no circulation. Thus (2) can be written 

(3) 2 + i? 2 - r 2 coQ = - + IF 2 , 

P P 

where U is the pressure at infinity ahead of the disc ; and so (3) is valid 
throughout the field of flow. 

Finally, if the projection of q on the plane of the section of fig. 13-31 t| 
denoted by (F + v) we have q 2 = (F + v) 2 + r 2 w 2 and therefore 'ft 


( 4 ) = + l 

This is an exact equation which applies throughout the fluid. 

If we describe the position of P by cylindrical coordinates (r, 6, z) where! 
is the distance downstream from 0, the pressure p and the velocities v, to at* 
functions of all three coordinates. 

i 

13-4. Interference velocity. The trailing vortex system described 1 


13-3 gives rise to induced velocity, known as interference velocity. j 

This velocity will have three components, axial, radial, and tangential, 
latter term referring to the tangent to that circular section of the slipstreqj 
which passes through the point which we are considering. 


INTERFERENCE VELOCITY 


239 


13 - 4 ] 

Assumption III. The radial component may be neglected. 

In the plane of the disc, on the downstream face, the interference velocity 
will, see fig. 13-3 (a), have its axial component opposite to the direction of 
advance of the propeller and its tangential component in the same sense as the 
rotation.* Thus relatively to the propeller the total axial component is 
increased to, say, F(1 + a), and the total tangential component is decreased to, 
say, rQ{ 1 — a'). The numbers a and a' are called interference factors. For a 
propeller they are both positive. 

Now consider points P 2 , P 1 at radial distance r just ahead and just astern 
of the disc. By symmetry the bound vortices induce no axial velocity at these 
points, so the total induced axial velocity is the same at P 1 and P 2 and may be 
written 

v = aV = %v v 

If the bound vortices induce angular velocity tu' at P 1 , by symmetry, they 
must induce angular velocity - o' at P 2 . Thus the total induced angular 
velocity can be written as %o 1 + a>' at P, and |a>] - o' at P 2 . But P 2 is in 
the irrotational flow and therefore q - o' = 0. Therefore the total angular 
velocity induced at I\ by both bound and free vortices is u> 1 = 2 to' = 2a' Q. 

13-41. The force on a blade element. To calculate the force we 
introduce 

Assumption IV. Each blade element may be treated as a two-dimensional 
aerofoil moving with the relative velocity calculated at the downstream face 
of the disc. 

The relative velocity here referred to is the velocity whose axial and radial 
components at distance r are F(1 + a), r£2(l - a'). 



Let AB be the chord of the blade element. 

The angle 6 which AB makes with the direction of the tangential velocity 
is called the blade angle. If <f> is the angle which the relative air velocity IF 
makes with the tangential velocity the incidence is a = 9 - <j>, and the cor- 


. * On the upstream face the tangential component 

18 the same on both faces. 


vanishes, see 13 ’3. The axial component 
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responding lift and drag coefficients may be found from the graphs appropriate 
to the blade profile. If c is the chord, the lift and drag in the blade element are 

dL = C L . ipW 2 c dr, dD = C D . IpW'-c dr, 

where C L and C D are the lift and drag coefficients of the blade element. 

If we now write 

(1) C T = C L cos <f> - C D sin cf>, Cq = C L sin <f> + C D cos </>, 
we get for the thrust and torque due to the blade element 

dT (1) = C T . yw*c dr, dQ a) = C Q . k P W 2 cr dr. 

If there are B blades the contributions of all the blade elements at distance r 
will be 

dT r = BdT*\ dQ r = BdQ a) . 

The projected area of all the blade elements on their chords is Be dr and the 
area of the annulus between radii r and r + dr is 2m dr. The ratio of these 
areas is termed the solidity of the blade element and is denoted by a = Bcj(2rrr), 
Also, from fig. 13-41, 

m x - V . 1 + a 




and therefore 


dT 

( 3 ) = C T .irporV 2 (l 4- a) 2 cosec 2 <f> = C T . npor 3 ^ 2 (1 - a') 2 sec 2 ^, 


( 4 ) = ■ wpcrr 2 F 2 (l + a) 2 cosec 2 <f> = C Q . TT P or i Q*{ 1 - a') 2 sec 2 ^. 

13-42. Characteristic coefficients. If we write 
(1) T r = t (P R*Q», Q t = K(P RW, 


equations (3) and (4) of 13-41 become 

(2) -jg = C T 7 to^( 1 - a') 2 sec 2 <f>, 


- - Cqttcj I 4 (1 - a') 2 sec 2 <f>. 


The thrust and torque on the whole propeller are then 

( 3 ) T — rpR^Q 2 , Q = KpRdQ 2 , where 


f 1 T 1 d K i 

-Uf* ' = J .Ti*- 


In terms of n, the number of revolutions per unit time, and D, the diameter 
of the disc, we define the rate of advance coefficient 

(5) 7 — V — 71 — i l - a' , 

( ) J -^D~m = 7T^ TT~a taa ' f, ’ 

the last term being obvious from an inspection of fig. 13-41. 
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The efficiency of the propeller is then 


( 6 ) 



J T 

77 K 


For a given propeller the geometrical quantities cr, 9 are known for each 
value of f, and also the aerodynamic quantities C L , C D for each value of a. 
Thus, if we know the interference factors a, a' (see 13-7), we can calculate 
</>, J, Ct> Cq and so obtain the differential coefficients dr ( /df, dxfdi; from (2). 

Graphical integration will now give the characteristic coefficients t, k ana 
therefore rj for different values of J . Typical graphs are shown in fig. 13-42. 



Fig. 13-42. 


We observe from (6) that if r vanishes for a value J \ of J, rj will also vanish 
for this value, and the graph shows that k vanishes for a value J 2 of J. 

If J = J there is no thrust and the propeller is feathered. 

If Jj < J < J 2 , t and therefore the thrust is negative but the torque 
remains positive. Thus the propeller is acting as a brake. 

If J > J 2 , both thrust and torque are negative and the propeller acts as 
a windmill, i.e. supplies power instead of consuming it. The efficiency is then 
1 jrj taken positively. 

If J = J 2 the propeller is capable of autorotation, i.e. of rotating without 
demanding power from the engine, as in the autogyro. 

With regard to J v if the propeller makes one revolution in a unit of time it 
advances the distance F = J J). The length J J) is the experimental mean 
pitch, and is the distance the propeller advances per complete turn of the blades 
when no thrust is exerted. 

In variable pitch propellers it is possible to rotate the blades, each about the 
blade axis, and thus obtain a different experimental mean pitch for each setting. 
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This turning of the blades will of course alter the incidence of every blade 
element. 

13-5. Infinitely many blades. If we suppose the propeller to have 
an infinite number of equal blades each carrying an infinitesimal proportion 
of the total thrust, the situation undergoes a notable simplification in that the 
principle of momentum is easily applied. Referring to fig. 13-31 we shall 
consider the air which occupies the slipstream and its upstream “ extension ” 
and bounded by the section AA' , GG' , the former being so far upstream that 
the velocity is V parallel to the axis of rotation and the pressure is 77, the latter 
being a long way downstream at a point where the slipstream has become 
sensibly cylindrical. To this part of the slipstream we apply the suffix unity 
so that the quantities p, a>, v are denoted by p v a> 1 , v lt and are functions of r 
only and not of the azimuth 9. We denote by 2 the diameter of this part of 
the slipstream. The forces acting on the body of fluid here considered are 
(i) the thrust T, (ii) the pressure thrust due to uniform pressure 77 over AA', 
(iii) the pressure thrust due to p 1 over GG', (iv) the pressure thrust due to 
pressure p over the curved boundary AG, A'G'. A uniform pressure -11 
applied over the whole boundary yields no resultant force and, supposing this 
to be applied, (ii) is eliminated and (iii) and (iv) are due to pressures p, - 77 and 
p - n respectively. If we denote by X the component of the new (iv) in the 
direction of T, we can equate the resultant force to the net flux of momentum 
out of the volume AA' GG'. 

Thus we get 

(1) T + X - f (pi - 77) 27 rrdr = p f 2irrdr(V + tq) 2 

Jo J o 

f Rl 

- pV 2nr dr( l + vj, 

Jo 

the second integral on the right giving the volume flux out of GG' and therefore 
by the equation of continuity the corresponding flux at AA'. Thus, taking 
the value of p 1 - 77 from 13-31 (4) we get 


2 up ( [r 2 oj 1 (12 - Icoj) + \i \ 2 )dr. 
J o 


In 13-51 we shall prove that X = 0. 

To evaluate p t observe that in the cylindrical part of the slipstream, 
resolving radially, 

(3) i = 

which means that jtq decreases as we move towards the axis of rotation, and 
since p 1 = 77 when r = R x we have 

(4) - 77 = - p j raj 2 dr. 


THE ENCASED PROPELLER 
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13-511 

13-51. The encased propeller. If we consider the propeller with 
infinitely many blades to be operating in an infinite coaxial cylindrical tube of 
diameter 2 h, equation 13-5 (1) will still hold. Outside the cylindrical part of 
the slipstream the velocity will be constant and equal to, say, V - v 2 , the 
fact that it is less than V following from the equation of continuity. If we 
consider the air outside the slipstream and its “ extension ”, we shall have 
by the same argument as that which yields 13-5 (1) 



where p/ is the pressure over the section outside the slipstream. Now by 
Bernoulli’s theorem (or by 13-31 (4), noting that cu — 0, v == - v 2 ) 


Pi 77 — pv 2 (I )• 

Therefore from (1), since v 2 is constant, 

(2) X = 27 rp ( - \v 2 2 r dr = - \rrp(h 2 - R^v^ 2 , 

Jr, 

and thus it appears that X is negative, i.e. opposes the thrust. 

Now by the equation of continuity, if 2 R 2 is the diameter AA' of the exten- 
sion of the slipstream in fig. 13-51, we have 

77 (A 2 - R 2 2 ) V = 7i(A 2 - R 2 ){V - v 2 ') 
and therefore v 2 ' = {R 2 2 - R 2 )VI(h 2 - R 2 ), 

(J) 2 _ /? 2\2 

so that from (2) X = - rpF 2 — , 

and when A^ oo, i.e. when the casing is absent, X->0, which proves the 
assertion made in 13-5. 

The problem envisaged in this section may be regarded as approximating to 
the case of a propeller in a wind tunnel of circular section. 
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1 3*6. Froude’s law. 

and introduce 



Assumption V. The contraction of the slipstream may be neglected. 



The diagram now shows a slipstream of radius R, which is cylindrical through- 
out. As before, AA' , GG' represent cross-sections of the “ extension ” and the 
slipstream at infinite distance from the disc. On GG' at radial distance r the 
axial velocity will be I + tq so that v t is the velocity induced by the trailing 
vortex system constituting the slipstream. Similarly, a> 1 is the angular velocity 
induced at the same point by the trailing vortex system. Thus, at a point of 
GG' each half of the infinite trailing vortex system induces the velocities 
i v i> i w i- Thus the corresponding velocities induced at a point of the disc at 
radius r are ^v 1 and Icq. 

This is Froude’s law. 


137. Interference factors. Considering still the propeller with in- 
finitely many blades we introduce 

Assumption V I. The induced angular velocity is insufficient to produce 
appreciable variation of pressure across a section of the slipstream. 

With this assumption 13-5 (4) shows that p 1 = 77. 

Now the flux of mass through the annulus of the disc comprised between 
radii r and r + dr is 2ttt dr p(V + aV). Therefore if dT r and dQ r are the thrust 
and torque on this annulus, 

dT r = 2tt rdrp{V + aV)v 1 , dQ r = r . 2mdrp(V + aV) cep- 2 , 
by the principles of linear and angular momentum. Therefore 

(1) = 477TpI 2 a(l + a), = 4rrrr 3 pVQ(l + a)a', 

since from 13-4, v 1 = 2aV, w 1 = 2a' Q. 

Assumption VII. The formulae (1) can be applied to a propeller with a 
finite number of blades. 


INTERFERENCE FACTORS 


If we equate the values (1) to the corresponding values of 13-41 (3), (4), we 


1 + a 2(1 - cos 2j>) ’ 1 - a 2 sin 2<f>’ 


and from 13-42 (5) 


1 a J 
1 — a' tt£ 


These three equations then determine a, a', and . Graphical methods 
can be applied to finding the solution. 


EXAMPLES XIII 

1. If k T — Tjpn^IP, Jcq = Qjpn~D z , show that, with the definitions of 13-42, 

k T = jT, k Q = — K. 

Show also that the efficiency is Jk T j2-nkQ. 

2. If T, Q, P are the thrust, torque and power of a propeller, show that 

l T-~ R 3 V* - — -- 
p J* J* 

l n- — R S V 2 - — - 

P V J 2 J'° Q 3 ’ 

l p _ ?^P2I/3 _ ^Y1 

p J 3 n J 3 Q 3 ‘ 

3. Prove that the free vortex lines of the absolute motion coincide with the 
streamlines of the relative motion in the slipstream. 

4. Prove that the total circulation round the blade elements at radius r is 
TToC L rW. 

5. Show that the loss of energy for the blade elements at radius r is, in unit 
time, 

dli = (I - a')QdQ r - (1 + a) V dT r . 

Hence prove that 

dE = iC D pW 3 Bc dr, 

which is the work done against the drag of the blade elements in unit time. 

6. If e is the angle between the apparent and effective relative velocities at the 
blade elements at radius r, prove that 

Be ( C L C D \ 


8n r ' sin <j> cos 

7. If rj r is the efficiency of the blade elements at radius r, defined by 

V dTfi. 

Vr ~n dQ r ’ 

1 - a' 1 - e tan d> . C D 

prove that r> = , where e = • 

,r 1 + a 1 + e cot <j> C L 
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EXAMPLES XIII 


8. If a free vortex of circulation Fir) issues from a point P, at radial distance r 
of the disc and proceeds downstream as a regular helix, prove that, at the point f 
of the disc at radial distance r', and at angular distance /S from P, the components of 
velocity induced by the helical vortex are 

q a = r [ Z- 3 [r - r' cos ( 8 + /?)] dd, 

4^ In 


rir)V, 
4 TT Q * 
r(r) V I 


j l~ z [r f - rcos(Q + £) - r0sin(0 + P)]d0, 
J" l 3 [r sin (6 + j8) - r& cos (6 + jS)] dd, 


Z 2 = r 2 + r' 2 - 2 »t' cos (0 + /3) + V 2 8 2 /i 2 2 . 


9. Draw graphs to show, for the propeller with infinitely many blades, (i) the 
axial incremental speed, and (ii) the incremental angular speed to at radius r, in 
proceeding from far ahead to far astern of the propeller. 

Add to (ii) a graph to show the part due to the bound vortices. 


10. In a propeller with infinitely many blades, prove that the pressure on the 
downstream face of the disc exceeds the pressure on the upstream face by 
pUj(F + fi’j), where v 1 is the axial incremental velocity far down in the slipstream 
and the other incremental velocities are neglected. 

Prove that the efficiency is 



11. In a propeller with infinitely many blades, prove that the pressure jump in 
passing through the disc is at radius r 

pr 2 ai(Q - Jen), 

where no is the tangential velocity at radius r. 


CHAPTER XIV 


WIND TUNNEL CORRECTIONS 


14 - 0 . Aircraft are designed to perform the major part of their flying in 
natural air, which is but little turbulent, and at a height from the earth which 
is usually great enough for the boundary effect to be negligible. On the other 
hand much of the data, on which the designer relies, is obtained from measure- 
ments made on a model in a wind tunnel. In such conditions there is a pressure 
gradient, turbulence, scale effect due to the use of a different Reynolds’ number, 
and a modification of the flow due to the presence of boundaries. This latter 
modification is accessible to mathematical analysis and it is here proposed to 
consider the first order approximation to the necessary corrections. 

The problem will, as usual, be idealised by making certain simplifying 
assumptions. In the first place it will be assumed that the windstream in the 
tunnel, before the model is inserted, is uniform parallel flow, of unlimited length 
up and down stream ; the wind stream is in fact cylindrical or prismatic, or 
perhaps confined between parallel planes. 

B A 







B' 

Fig. 14-0. 


A' 


It will also be assumed that the insertion of the model does not alter the 
boundaries of the wind stream. 

Fig. 14-0 is intended to illustrate the two main cases which arise, the closed 
working section, and the open working section. In the latter case our assumption 
states that the wind stream or jet will be presumed to leap the gap between 
A A ', BB’, streaming along the dotted lines AB, A'B' as if the gap in the walls 
did not exist. We shall, however, find it necessary to go further than this on 
the road to simplification. In the case of the open working section we shall 
assume that the gap itself is of infinite length, in short that A, A' and B, B’ are 
points at infinity up and down stream, and that the model is thus exposed to 
an open cylindrical or prismatic jet unconfined by solid walls. 
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14* I. Nature of the corrections. Without entering into any question 
of transition from model to full-scale, we primarily seek from wind tunnel 
measurements the values which the measured quantities would have, had the 
measurements been made in the absence of the tunnel boundaries.* We shall 
see presently that the quantities mainly affected are the apparent incidence 
and the induced drag. 

Let us denote by C L ' , Cjf , a! numbers measured in the tunnel, and by C L , 
C D ,x the corresponding numbers measured in free flight. Then it will appear 
(see e.g. 14-4) that there exists an interference angle ej such that 

Cl = C L ’, a = a' + £/, C D = C D ' + ejC L . 

Our first problem is to evaluate the interference angle. We can then 
calculate C D , a and draw the appropriate graphs and polars for the Reynolds’ 
number at which the measurements were made. 

Although we have described the situation in terms of a model, exactly the 
same considerations apply to full-scale tests in a tunnel. 

1 4*2. Boundary conditions. In the case of a closed working section 
the boundary condition is simply that the velocity component normal to the 
boundary shall be zero ; q n = 0, where q n is the normal component. 

In the case of an open working section the condition is that the pressure shall 
be continuous as we pass from inside the air stream to the air outside. We shall 
take the outside air to be at rest, but it may be observed that the case of moving 
outside air has some aerodynamic interest as in the case of a fuselage or tail 
plane moving through the air, and at the same time experiencing the influence 
of the slipstream, where the velocity is different. We have by Bernoulli’s 
theorem 

- + \(V 4- q t ) 2 + \qf = constant, 

P 

where q, is the component of the perturbation velocity parallel to V and q, the 
component in the plane of a cross-section. At the boundary of the open jet p 
is constant and therefore Vq t + %(qf + q, 2 ) is constant. To a first approxima- 
tion we neglect qf and q t 2 , and therefore q t is constant along the boundary. 
But clearly at infinity q, = 0. Therefore the condition for the open jet is 
q t = 0 at the boundary. 

Before the model is inserted the velocity potential is, say, f 0 , and if the 
direction of the z-axis is taken downstream (see 14-31) we shall have 

- dfjdz = V. 

If the model were in an unlimited stream V, the velocity potential would 

* Were the tunnel walla so shaped as to follow streamlines of the motion which would obtain 
in their absence, no correction would be required for their presence. 
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be, say, <j> 0 + <f> F , cf> F thus denoting the disturbance of the free or unlimited 
stream due to the presence of the model. 

If the tunnel jet is present there will have to be added an interference 
potential <f>, so that the complete velocity potential will be 

<f> — <f> o + <f>F + 

In this expression <f> 0 and <f> F are known, and fi must be determined to satisfy 
the boundary conditions. 

In the case of the open jet we have seen that q t = 0, so that - d<j>jdz = V 
at the boundary and therefore 4> F + ft must be independent of z and so constant, 
since there is no perturbation at infinity upstream. The boundary condition 
can therefore be satisfied if we choose <f>, = - <f> F at the boundary. 

14-3. Reduction to two dimensions. Consider a model of a monoplane 
aerofoil placed in the idealised wind tunnel described in 14-0. From the trailing 
edge free vortices spring and go down- 
stream as a wake. We shall assume that 
these vortices are parallel to the generating 
lines of the tunnel walls, i.e. Hypothesis III 
of 11-21. We shall further assume, as in 
the lifting fine theory, that the bound 
vortices lie on a line along the span of 
the aerofoil. Consider the cross-section C 
of the tunnel which contains this line. If 
we imagine the trailing vortices to be con- 
tinued indefinitely upstream the section C 
would be at right angles to a set of ordinary 
rectilinear vortices and the calculation of 
the velocity components in the plane C would be a two-dimensional problem. 
Moreover, any velocity component in this plane would be induced in equal 
amounts by the upstream and downstream parts of the rectilinear vortices in 
question. It therefore follows that the induced velocity components in the plane 
of C can be calculated as a two-dimensional problem in rectilinear vortices whose 
strength is exactly half the strength of the free vortices trailing behind the aerofoil 
(cf. 9-52). Thus, to take the simplest possible case, if we suppose the lift to be 
uniformly distributed across the span, the aerofoil is equivalent to a horseshoe 
vortex of constant circulation r, the two “ arms ” of the horseshoe springing 
from the wing tips. In the plane of C we therefore have a vortex pair A, B, the 
circulation of each vortex being and the strength of each therefore being 
r/4 7 t. If the boundary C were absent, the complex potential due to this vortex 
pair would be, sav, w F . Our problem is therefore to find an “ interference ” com- 
plex potential uq such that the complete potential w = w F + w L satisfies the 
appropriate condition on the boundary C. 
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In the case of a closed jet the boundary C is a streamline i ji = constant, and 
without loss of generality we may take it to be ip = 0. 

In the case of an open jet the discussion in 14-2 shows that on C we must 
have (f> = 0 (or a constant). 

It may be remarked that, as far as calculations of induced drag are 
concerned, we may suppose all the lifting elements to be moved parallel to V 
into the plane of C, for by Munk's stagger theorem (12-11) the total induced 
drag is not thereby altered, provided the distribution of circulation remains 
unchanged. 

We have therefore reduced the problem of tunnel interference to one of 
two-dimensional motion. 

14-31. Axes of Reference. As in this chapter we shall be using the 
complex variable, it is expedient, in order to avoid confusion with the customary 
notation, x + iy, to take as axes of reference the following system ; .r-axis to 
starboard, 2-axis downstream and the y-axis so as to complete a right-handed 
set. If the model is mounted “ right-way up ” in a horizontal wind tunnel, the 
y-axis will then be vertically upwards when the span is horizontal. (In experi- 
mental work it is often convenient to suspend the model upside-down, and in 
that case the y-axis would be vertically downwards.) The results which we shall 
obtain will not involve mention of the axes so that this temporary departure 
from our standard convention need entail no difficulty, and we can use the 
customary notation 2 = x + iy for the complex variable, since the 2-coordinate 
will not enter into our calculations. The velocity components will be denoted 
by u in the ^-direction and v in the y-direction, so that downwash velocity will 
be denoted bv v, which will be negative for downwash and positive for upwash. 
We shall reserve w for the complex potential, for the component parallel to 
the z-axis is T to the order of approximation here adopted. 

14-4. Circular closed section. 

Let the section of the tunnel be a circle 
C of radius fif. To take a specific case, 
consider a closed tunnel in which an 
aerofoil AB is placed along the x-axis, 
the centre of the span coinciding with 
the centre of the tunnel. Let us replace 
the aerofoil by a pair of vortices whose 
strengths are k = r/i-n. Then if the 
tunnel were absent, w-e should have 

( 1 ) 

w F = ik log (« - \b) - Ik log (z -t- lb), 



Fig. 14-4. 


CIRCULAR CLOSED SECTION 
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and therefore, using the method of the circle theorem (5-2), the interference 
potential is (see 5-2, (vi)) 


' lo g (” - i b ) + iK lo 8 (“ + l b ) > 


and the complete complex potential is 

( 3 ) w = w F + Wj. 

It is easy to prove that (2) is the complex potential of vortices at the inverse 
points of A and B with respect to the circle, and of opposite circulations. 

The interference velocity is given by 

dwi - MkR 2 - ibr ( b 2 z 2 \ 

( 4 ) U[ - IVi = - = Ri _ ^ + iRi + • • 7 ’ 

and therefore at the centre of the span Uj = 0, and Vj = 6/7 (4-7r.fi! 2 ) which is 
positive. Now if C L is the lift coefficient in free flight, we have 

C L x ipPS = br P v 

and therefore 


r* _ ihh* IttR 2 v 1 + iR i 


... ClSV C l S V 

(,,) Vl= MR- =g -^’ 

where C is the area of the cross-section of the tunnel. The general effect of the 
interference is therefore to decrease the downwash velocity by the amount v Iy 
and therefore to decrease the downwash angle by the interference angle 

(1) «/ = S Q 

Now let a' be the absolute incidence as measured in the wind tunnel and 
let a be the absolute incidence in free flight which would give the same lift 
coefficient C L as that found from the tunnel measurements. If e is the angle of 
downwash in the free flight, we have from 11-24 


C L = a 0 (a - e), C L — a 0 {a.' - e + «/), C Di = eC L , C D ! — (e - ef C L , 

where C D . refers to free flight and Gfi / to the tunnel. Comparing these we have 

(8) a = a' + e It C D . = C D / + €iC l . 

From these results it appears that the wind-tunnel measurements give values 
of incidence and induced drag which are too small. Thus the corrections are, 
for the incidence add CiS/8C ; for the induced drag coefficient add Ci 2 S/8C ; 
to the observed values. 
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Actually tunnel measurements will yield the total drag coefficient C D but 
since profile drag is largely independent of incidence the above correction is 
the only one required. 

The above calculation has proceeded on the tacit assumptions that (i) we 
may use only the value of e, at the centre of the span, and (ii) that the loading 
is uniform. 

As to (i), (4) shows that the maximum variation of is about b*/(lQR*) 
of its value at the centre of the span ; as to (ii) see 14-41. 

14-41. Elliptic loading. In 14-4 we made the crudest hypothesis; 
that the loading is uniform. W hen the loading is elliptic we have 

r = rj ( i - 4 x *ib>), 

where b is the span. W T e can now consider the span to be made up of vortex 
pairs of circulations - dr/2, dr/2 (see 11 - 22 ) and therefore of strengths 
T dr/in. If therefore in 14-4 (4) we put k = - dr/ 4rr, 2 = X, b = 2x we get, 
for this vortex pair, the induced velocity dvj at the point (X, 0), 

, - ‘ixR-dr 

avi = 

1 4n(R i - x 2 X 2 ) 

In this put x = lb sin 6, and integrate across the span. Then we easily find that 

_ br o f" /2 sin 2 Odd bX 

1 4xrR 2 J o 1 - tj 2 sin 2 0 ^ 2 R 2 ' 


'' ' 4wffJ 0 1 

AT Sm 2 ^ 

Now = 

1 - -tf sin 2 6 

and therefore the integration gives 


(2) e, 


SCr. 1 


if sin 2 9 




' ' “ V - 4 ttR 2 r, 2 \ j(l - v 2 ) “ V - ~8C + " ■■■>’ 

where we have used the result 7r&r o = 2SVC L from 11-41. 

This is the correction at (A”, 0) and agrees with the result of 14-4 if we neglect 
the term in rf. This neglected term will be less than 10 per cent, of the leading 
term if 

I 7 ? max — f ^2 rJ < ' i- e - if < 0 - 6 . 

The correction to induced drag at (X, 0) will be, from 11-23, ejpVTdX, and 
therefore the total correction to the drag coefficient will be 


jc ° = p^C*" r,,v<i ■ ixw)dx 

SC,* 4 C' 

- sc -a J_, <■ + !->* + - wn - 


* Milne-Thomson & Comrie, Standard Four-Figure Tables (1945J, p. 223, No. 137. 
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which again agrees with 14-4 when the second term is neglected, and neglect of 
this term when b/2R = 0-75 entails an error of less than 6 per cent. W'e can 
infer from these results that the exact load distribution is not very important 
in the circular tunnel. 

A similar investigation should in strictness be made in examining the tunnel 
corrections for forms of cross-section other than circular ; but having made this 
remark we shall be content with the evidence afforded by the present case, and 
proceed in other cases to assume uniform loading and to use the value of e/ at 
the centre of the span. From such calculations the correction for other dis- 
tributions can be inferred by integration. 


14-42. Open jet circular section. Theorem. The corrections for an 
open jet tunnel of circular section are the same, with reversed signs, as the 
corrections for a closed jet of the same section. 

Proof. Let R be the radius of the section and take the origin at the centre. 
Let w F (z) be the complex potential when the tunnel walls are absent. 

Now consider the two complex potentials 

w c = W t -(z) + ic F , w 0 = w F (z) - Wp 

On the circle | 2 | = R,w c is the sum of two conjugate complex quantities, 
and w 0 is their difference. Thus on the circle | 2 | = R we have </r = 0 in the 
case of w c , and </> = 0 in the case of «’ 0 . These are therefore the complex 
potentials for the closed and open sections. The interference potentials are 
thus ± w F (R 2 /z) and the corresponding corrections differ only in sign. Q.e.d. 

Thus, for example, the corrections of 14-4, 14-41 with the signs changed 
apply to the open jet case. 

The above theorem applies without restriction to every vorticity dis- 
tribution. 



14-43. Glauert’s theorem. The theorem proved in 14-42 is capable of 
the following generalisation due to Glauert. 

Theorem. The corrections for an aerofoil whose span is small compared with 
the dimensions of a tunnel which consists partly of solid walls and partly of 
open jets are the same, with the signs changed, for the same aerofoil turned 
through a right angle in a tunnel in which the parts previously open are closed 
and the parts previously closed are open. 
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glauert's theorem 


Proof. ABCD in fig. 14-43 indicates parts of the tunnel walls, the dotted 
portions being open. Let the aerofoil, of span b, have its centre at the origin, 
and in (i) lie along the £-axis, and in (ii) along the y-axis. 


>y 

Q 1 P 


Then in the two cases, if w F , w F ' are the free complex potentials 
w F = iK log ( z - \b) - %k log (z + lb), 
w F ' ~ iK log ( 2 - \ib) - iK log ( 2 + lib), 

the aerofoil being supposed replaced by a vortex pair. Expanding the log. 
arithms 


w F = - 


iKb iKb 3 


Kb Kb 3 


12z 3 + • Wf 2 12j3 + 


Thus if the terms of order b 3 /z 3 are negligible in the potentials (and therefore 
the terms of order 6 3 /« 4 are negligible in the velocities) 


Wp = - IWp — - — • 

Now if w, w' are the complete complex potentials, we have 
W = Wp + W[, w' = Wp' + wf, 
so that w r , wf have to be determined from 

0 = w ± id = - iKb T 4- «>/ ± w t , 

0 = w ’^ w’ = K b Q T J) + wf =F wf, 

along the boundaries. The upper signs correspond to an open wall in fig. (i) 
on which </> = 0 and therefore to a closed wall in fig. (ii) on which ifi = 0. It is 
clear, on multiplying the second set of equations by i and comparing with the 
first set, that 

w — - iw’, and Wj = - iwf . 

The first relation gives 

ft = - ft = <£> 


glauert's theorem 


14-43] 
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and therefore when if) = 0, ft = 0, and when ft = 0, <j> = 0, which proves that 
open and closed parts correspond in the two cases. 

The second relation gives Uj - ivj = - i(uf - ivf), 
and so v t — uf, 

which proves that the interference velocities have the same magnitudes but are 
oppositely directed when the aerofoil is turned through a right angle. Q.e.d. 


14-5. Parallel plane boundaries. When the aerofoil is between 
parallel planes we may use the conformal transformation of 4-3. 



z-plane. 

Fig. 14-5. 


{•plane. 


Suppose the aerofoil is placed midway between and parallel to the planes 
y = ± \h. Taking the origin at the centre of the span, the region between the 
planes is mapped on the upper half of the £-plane by 

(1) l = ie” zlh . 

Replacing the aerofoil by a vortex k at {\b, 0) and - k at ( - \b, 0) the 
vortex k at z = §6 gives rise to a corresponding vortex k at = ie nb ^ h , while 
the vortex - k at z = - \b corresponds with a vortex - k at £ 2 = ie~ z,bl2h . 
The image system which makes the real axis in the £-plane a boundary consists 
of a vortex - k at ^ and k at £ 2 . Therefore 

. , £ - £i . , £ - £a 

w = Wp + U'l = IK log = - IK log zz , 

£ “ Cl £ ~ £2 

and w F = iK log ( z - lb) - iK log ( z + lb), so that since w t = w - w F , 

dw d£, dwp 

7 1 1 1 1 \ IK iK 

{) = ~r ir 7 ^ ~ _ r 7 !* + ft-TJ ~ * - - P ^ rrp' 

At the centre of the span 2 = 0 and therefore, from (1), ’( = i. With these 

values we get u t = 0 and 

477/c e* b l‘ ih 4 k 

* 1 ~ ~lf 1 - e’ rblh + b 
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[14-5 


If bjh is small we get approximately (see 1-9 (i)) v t — K7T 2 b/6h 2 . Putting 
K b = VSCi/&tt (see 14-4 (5)) the interference angle is 


(3) 


S£l 7T 

€! h 2 ' 48 ' 


When the aerofoil is placed perpendicularly to the plane boundaries with 
its centre midway between them we have Ci = ie' 1 ' il2h , and = ie~ M i 2h . 
This leads by similar steps to the approximation 


(4) 


_ iSCj 77 

e ' 24' 


14-6. The general problem. We have seen that the interference 
problem can be solved completely for the circular section. The case of other 
sections can be reduced to this when the conformal transformation which maps 
the interior of the tunnel section on the interior of a circle is known. 



2 -plane. 4 -plane 

Fig. 14-6. 

Suppose that the transformation 

(i) z=m 

maps the interior of the tunnel section in the 2 -plane on the interior of the 
unit circle | £ | = 1 in the £-plane, everywhere conformally, so that f (£) does 
not vanish or become infinite within the unit circle. We shall continue to 
consider the case of uniform loading, so that the aerofoil is replaced by a 
vortex pair (k, -k) at distance 6 apart. The correction for other types of 
loading can be deduced from this by integration, as already exemplified in 
14-41 foT the case of elliptic loading. 

If the vortices are situated at the points z lt z 2 in the z-plane, there will be 
vortices of strengths k, - k at the corresponding map points £,, C 2 in the £-plane. 
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Take first a closed working section. Then using the circle theorem (5-2) we 
get, as in 14-4, for the complex potential 

r _ r _ r - 1 _ F 

(2) w = ik log - ik log = • 

' ’ c - c* c- 1 - C* 

Since w = w T + w F , and w F = Ik log ( z - Zj) - Ik log (z - z 2 ), we get 

. , £ - Cl . , C-VCl ■ , 2 - 2l 

(3) W I =lK\og- Y - IK log- - IK log 

t - 4* 4 - 1/C* 2-2* 

where the middle term on the right differs from the last term of (2) by the 
irrevelant constant ik log C*/Ci- 4Ve now have 

dw dt, du' F 


/_1 1_ _ 1 11 

i U - Ci C-C* C - l/fi + C - licj 

■ I 1 11 

- IK \ \ 

Iz - Zj z - z 2 J 


from which the interference angle at the centre or at any other point of the span 
can be at once deduced.* 

When the working section is open, we have to arrange that the velocity 
potential given by (2) is constant on the boundary, to which end we change the 
sign between the two terms on the right of (2), thus giving, on the model of (4), 

. %K ( 1 1 1 11 

(5) -«,+ »l- rS) ( £ _ {l ? -£, + £ . 1,(4 


— -}• 
Iz - Zj Z - Z 2 / 


When the real axes and also the origins correspond in the two planes and 
the span is on the real axis with its centre at the origin, we have z = 0, C = 0 
at the centre of the span and z l = - z 2 = lb, ^ = - C 2 = \l, where 

(G) \b=m). 

In the case of a closed section, (4) then gives 


2k /2 l\ 

f'( 0) [l 2/ 


Putting bn = SCiV/SiTr (see 14-4 (5)) we get 


= WlL _ JW2 _ l\) 

27rb 2 l 2/'(0) \ l 2/ S’ 


* Had the restriction / '(£) ^ 0 not been made, we should get a non-physical infinity at a 
zero of /'(£). 
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For an open section, (5) leads similarly to 



[ 14-6 


We shall apply these general results to two particular cases, (i) the rect- 
angular section, (ii) the elliptic section. This will be found to lead to mapping 
functions which are doubly periodic. In 14-7 we shall outline the properties of 
such functions in so far as they concern this problem. 


14-7. Jacobian elliptic functions. The circular function sin 2 has 
the period 2 t t, that is to say, sin (z + 2 t 7 ) = sin 2 . It follows that sin 2 takes 
the same value at all the points z + p ,2 tt where p is zero or any integer positive 
or negative. The number jt-n is a quarter period for sin 2 . The circular function 
tan 2 has the smaller period n, and therefore also the period 27 t, so that | n is not 
only a quarter period of tan 2 but also a half period. 

The function tan 2 has a zero at 2 = 0 and therefore at all the points p . 77. 
Near 2 = 0 we have an expansion tan 2 = 2 + |z 3 + . . . , so that the leading 
coefficient at 2 = 0 is unity. Moreover tan 2 has a simple pole at 2 = \n, for 


tan 2 - 


cos ( \n - 2 ) 
sin (£tj- - 2 ) 


r- nearly, 

2 - \lT J 


when 2 is near the value \tt. Thus tan 2 has simple poles at all the points 

\tt + p . Tt. 

Consider the following linear arrangement of points labelled alternately 
s and c at intervals or steps of \n. 


(1) • s • c • s • c • s • c • s • c • s, 


the arrangement being supposed continued indefinitely in both directions. If 
we regard these points as being marked in an Argand diagram, and denote an 
arbitrarily chosen point labelled s by K s , we thereby define the adjacent point 
c east of s which will be denoted by K c . If the points are considered to lie on 
the z-axis and if K s = 0, it would be possible to define tan 2 by the following 
requirements : 


(i) tan 2 is a periodic function with a simple zero at K s and a simple 

pole at K c . 

(ii) The step K c - K s ( = \n) from a zero to a pole is a half period. 

(iii) The coefficient of the leading term in the expansion near z = 0 is 
unity (i.e. near 2 = 0, tan 2 = 2 nearly). 


Similarly we can define cot z as the periodic function with a simple zero at 
K c , a simple pole at K s , with the step from the zero to the pole as a half period 
and having unity for the leading coefficient near 2 = 0 [cot 2 = 1/2 nearly at the 
origin]. That the function tan 2 cot 2 has no poles follows from these definitions 
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an d it is therefore a constant (c, say).* Near the origin the product is 
0 x I /2 = 1, so c — 1, and therefore tan z and cot 2 are reciprocals. 

This well-known property therefore follows from the new definitions. 

Again, from the diagram (1), we see that tan (2 + K c ) = tan (z + ^ 77 ) has 
a pole at 2 = K s and a zero at z = K c . Thus tan (z + \tt) = constant x cot 2 , 
and if we let 2 ^ 0 we see that the constant is - 1. 

We could define the hyperbolic function tanh 2 in like manner, by considering 
an arrangement like (1) but along the 7/-axis, as the periodic function with a 
zero at K s and a pole at K„ with the half period equal to the step \in from the 
zero to the pole, and having unity for leading coefficient near the origin 
(tanh 2 = 2 ). 

Now consider the integrals 

fi" dd 

(O) K = Kirn) = —rrz ■ , n. , 

' ' Jo V(1 - msm 2 6) 


iK' - iK’ (m) = i | 


0 ,/(! - m x sin 2 9) ’ 


where 0 ^ m 1 , m± — 1 m. 

We call m the squared modulus and observe that K (m) is the same function 
of m as Ii'(m) is of m v or K (m) = A"(l - m). When m is given, both K and 
A' are uniquely determined. 

Now when to = 0 we have A'(0) = \n, iK’(0) = co , so that 7i(0) is a 
quarter period of all the circular functions. Similarly when m = 1, we have 
A(l) = co, iK'(l) = \irr, so that iK'(l) is a quarter period of all the hyper- 
bolic functions. A natural extension of these ideas is afforded by the 
Jacobian elliptic functions, which have both K(m ) and iK (to) for quarter 
periods. 

The Jacobian elliptic functions are 12 in number and may be readily defined f 
with respect to the following doubly infinite rectangular array of lattice points, 
analogous to the arrangement (1). 


s 

• c 

• s 

• c 

• s 

• c 

• s 

• c 

• s 

n 

•d 

• n 

■d 

• n 

•d 

■ n 

•d 

• n 

s 

• c 

• s 

• c 

• s 

• c 

• s 

• c 

* s 

n 

■ d 

• n 

•d 

• n 

•d 

• n 

•d 

• n 


The pattern is repeated indefinitely on all sides. If we denote by the (complex) 
number K s an arbitrary point labelled s, we thereby define adjacent points 
labelled c, n, d situated respectively east, north, and southwest from s. We 


* A function which is liolomorphic at all points of the plane including infinity must be a 
constant (Liouville’s theorem). 

t This account is based on the original and attractive treatment of E. H. Neville, Jacobian 
elliptic functions, Oxford (1951). 
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denote these points by the complex numbers K c , K n , K d . 
origin it is plain that K s = 0 and that 


IU| 

If we take K, gj 


K s + K 0 + K d + K n = 0. 


W e shall suppose that the scale of the above lattice is such that, with properhf 
chosen axes of reference, 


A C = A, K n = iK', 


- K - iK'. 


Now let the letters q, r, t, v be any permutation of the letters s, c, d, n. Thea 
the elliptic function qr 2 is defined by the following statements : ■ 

(i) qr 2 is a doubly periodic function with a simple zero at K„ and a simply 
pole at K r . 

(ii) The step K r - K„ from the zero to the pole is a half period ; those at 
the numbers K c , K„, K d , which are different from K r - K„, are only quarter 
periods. 

(iii) The coefficient of the leading term in the expansion of qr 2 near 2 = 0 
is unity. 


This definition should be compared with that given above for tan z. 

With regard to (iii), the leading term at the origin is z, l/z, 1, according as the 
origin is a zero, a pole, or an ordinary point. 

The following table shows the poles and periods of all 12 functions : 


Periods 

Pole K s 

Pole K c 

Pole K n 

Pole K { 

2A, UK' 

CS z 

sc z 

dn z 

nd 2 

4A, 2 iK' 

ns z 

dc z 

sn z 

cd 2 

iK, 2A + 2 iK' 

ds z 

nc z 

cn z 

sd 2 


It is a known theorem that a doubly periodic function devoid of poles is 
simply a constant.* Now the product (pq z) (qp z) is such a function, since each 
factor has a simple zero at the (simple) poles of the other. Thus the product 
(pqz)(qpz) is a constant, and, in view of (iii) above, this constant is unity. 
Therefore the functions pq z, qp z are reciprocals. If we agree that pp z is 
to be replaced always by unity, then a similar argument shows that 

(4) pq 2 = pr 2/qr 2 

however p, q, r may be chosen from s, c, d, n. 

A more ambitious application of the same principle is to show that 

/sn 2 dn 2\ 2 1 - cn 2z 

V cn 2 / “ 1 + cn 2z ’ 

which can be done by showing that the quotient of the two sides is a function 
devoid of poles. 


* Liouville’s theorem. See the footnote on p. 256. 


JACOBIAN ELLIPTIC FUNCTIONS 


261 


Of the above 12 functions, the 6 which have a pole or a zero at the origin 
a re odd functions of 2, the remaining 6 are even functions. Thus, for example, 

(0) cs z = - cs ( - 2), cn 2 = cn ( - 2). 

To see this, observe that cs z and cs( - 2) have the same poles and zeros, 
and therefore cs 2 -f- cs(- 2) is a constant which must be - 1 in virtue of 
property (iii) in the definition. 

Just as a circular function such as sin 2 repeats its values in infinite strips 
of breadth 27 t, so an elliptic function such as sn 2 repeats its values in a chequer 
pattern of rectangles whose sides are of lengths 4 K and 2 A'. (A similar remark 
applies to all 12 functions). Thus sn 2 assumes the same value at the congruent 
points 2 + p . 4 A + n . 2 iK'. Within such a rectangle sn 2 has a simple pole 
at the point which is congruent with iK', residue 1 /Jm, and a simple pole at 
the point congruent with 2 K + iK 1 , residue - 1 jjm. 

The following list of critical values will be found useful (proofs omitted). 

(7) cs (iK 1 ) = - i, ns A = 1, ns {K + iK’) = m\ 

ds(iA') = - im h , ds K = mj, cs(A + iK') = - imj. 

The effect of a quarter period step in the lattice is clear from the diagram. 
Thus, for example, 

cn {K + z) = constant x sd 2, 
for the step K (or K c ) to the right changes c to s and n to d. 

To discover the constant put 2 = - K, then 

1 = constant x sd(- K) = - constant x sd(A), 
so that from the above table of critical values we get 

(8) cn(A + 2) = - w^sdz. 

Similarly, we can show that 

(9) cn ( iK ' + 2) = - ds 2. 

(10) sn(iK' + z) = »r s ns 2. 

(11) sn(A + 2) = cd z. 

Lastly, we state, without proof, some further results which will be needed. 

It appears from (2) that the quarter periods A, iK' and therefore all the 
12 functions depend on the single parameter m. When it is necessary to show 
this dependence on m we write * for example, sn(2 ] m) instead of sn 2. W e then 
have Jacobi’s imaginary transformation 

(12) sn (iz | m) = isc(z]w 1 ), cn(rz|m) = nc(z| m d ), dn{iz\m) = dc^l^). 

In the neighbourhood of 2 = 0 we have the expansions 

z 3 z 5 

sn z — z - (1 + m) — + (1 + 14m + m *) 51 " • • • • 

* The Jacobian functions are usually regarded as dependent on k rather than on m, where 
m = k 2 , m 1 = 1 — k 2 — k' 2 . In this notation sn z = sn( 2 |m) = sn(z, &), and for example 
sn (iz | to) = sn(iz, k) = i sc(z, k') — i sc(z \ m 1 ). 
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(13) cn« = l- |j + (l + 4m) ^ 

dn z = 1 - m ~ + w ( w + 4) — - . . . . 

Note also : 

sn(z[0) = sinz, cn(z|0) = cos z, dn(z|0) = 1 ; 

sn(z|l) = tanh z, cn(z|l) = dn(z|l) = sech z. 

14-8. Rectangular section. Let the cross-section of the tunnel be a 
rectangle of breadth a and height h. Take axes of reference as shown in fig. 14-8. 



Fro. 14-8. 


£-plane. 


We take Jacobian elliptic functions whose quarter periods K and iK' satisfy 
the relation 

a) 

Thus when a and h are given, K, K’ and the squared modulus m are uniquely 
determined. 

We begin by showing that the interior of the rectangle in the z-plane is 
mapped on the interior of the circle | £ | = 1 by 

,,, y sn AAz dn 4Az 

2 £ = — — pp- • 

cn £Az 

Proof. From 14-7 (5) we see that 

. . o 2 _ 1 - cn Az 

( 4 1 + cn A z ' 

The form (3) is more convenient for our proof, but observe that (3) gives two 
values of £ to each value of z, whereas (2) gives only one. 

On AD we have z = \a f iy and therefore Az = K + iXy. Now from 
14-7 (8), 

(4) cn(/i + iXy) — - sd(iAy) = ip, say, 


RECTANGULAR SECTION 


where p. is real (but not constant), since sd z is an odd function of z. Therefore 
when z is on AD, 

(5) £ 2 = III) 2 = - — = 1 

() 4 1 + ip’ 1 + p 2 ’ 

so that | £ | = 1, and as z moves along AD, £ describes an arc of the circle 

|£l = i- 

Similarly, on AB, z = x + \ih and therefore Az = Xx + iK'. Now from 
14-7 (9), 

cn UK' + A*) = 7— ds Xx, 

Jm 

which again leads to a relation of the form (5), so that as z moves along AB, 
£ describes an arc of the circle | £ | = 1. The discussion for BO, CD leads 
to the same conclusion. Also when z = 0, we see from (2) that £ = 0, so 
that the interiors correspond. It follows that (2) has the required mapping 
property. Q.e.d. 

Now near z = 0, sn |A z — Az, dn J, Az = I, cn JAz = 1, and therefore from 
(2) £ = -JAz approximately so that 


Thus from 14-6 (7) and (8), 


2 


Writing x=\Xb, we get \l from (3), and noting that sn 2 x +cn 2 x—l, 

(8) | - l 2 = 2 cs x, j + l - = 2 ns x. 

To compute (7) we need tables of elliptic functions.* 

The procedure is as follows. From (1), 

K a breadth of tunnel 
K' h height of tunnel 

Thus, given tables of K, K' as functions of the squared modulus m, we can 
obtain KjK' as a function of m, and, by comparison with the known value of 
ajh, deduce the values of m, K, K’ separately from the same tables ; (1) then 
gives A and the tables give the values of (8) and so of (7). 

When b is small, the series expansions of 14-7 give the approximations 

(10) 1 - xcsx = (2-m)x 2 /6, 1 - xnsz = - (l+m)x 2 /6, 

* Milne-Thomson, Die elliptischen Funktionen von Jacobi, Berlin (1931) ; Jacobian Elliptic 
Function Tables, Dover Publications, New York (1960). 





using (1), where C = ah is the area of the section, and m x = 1 - m is the 
complementary squared modulus. 

The correction for the open working section (positive sign in (7) ) 


( 12 ) 


SC L (1 + m) K'K 

€ ' ~ G 127T 


Notes, (i) We remark that K is the same function of m as K' is of m lt so that 
(11) and (12) have the same mathematical structure. Now it can be proved 
from the transformation theory of elliptic functions * that KK' (1 + to 1 ) has the 
same value whether K\K' is determined from (9) or from KjK' ~ 2h/a. This 
result means that the correction (11) is the same for a tunnel of height h and 
breadth a as for one of height a/f 2 and breadth hj 2. Correspondingly for the 
open section we can replace the height by a J 2 and the breadth by h/J2 
without altering the correction (12). 

(ii) We may regard (11) and (12) as verifications of Glauert’s theorem in 
this case, for if the aerofoil is turned through a right angle in the closed tunnel 
the correction is (12) with the sign changed. 

(iii) The results of 14-5 may be regarded as limiting cases for (11) can be 
written in either of the forms 


SC L 

h 2 


SC L K 2 ^ 


If we let a-> oo , we must have from (1) K -> x , and therefore K' -> n/2, 
m->-l, «•!-> 0, which gives 14-5 (3). Similarly, if we let A->oo , we get K'-*- oo , 
K -> n/2, m 0, 1, whence we get the equivalent of 14-5 (4). 

(iv) The above results can also be got by the method of images. For 
example, in the case of the closed section, in order that the normal velocity 
shall vanish at the walls, suitable image vortices must be introduced, leading 
to a doubly infinite system of images, whence u - iv can be expressed in terms 
of elliptic functions with poles at the images (see Ex. XIV, 11). 

(v) Rosenhead f has discussed, with the aid of theta functions, the case of 
elliptic loading, and also the tunnel open on two sides and closed on two sides. 


14-9. Mapping an ellipse on a circle. The interior of the ellipse 
(x/a) 2 + (y/j 3) 2 = 1 is mapped on the interior of the circle | £ [ = 1 by the 
transformation 

(1) z = c sin Act, £ = mf sno, A = n/2K, 


* By the use of Jacobi’s imaginary transformation and Landen’s transformation, op. cii., 
p. 259. 

t Proc. Roy. Soc. ( A ), 142 (1933). 
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where m is the squared modulus of elliptic functions whose quarter periods are 

determined by 

(2) a = c cosh jj. , 1 8 = c sinh ^ , c 2 = a 2 - /? 2 . 



z-plane. £ -plane. a-plane. 


Fig. 14-9. 

Proof. Consider the three planes z = x + iy, £ = £ + iy, cr = s + it. In 
the cr-plane, draw the rectangle whose corners are the points ± K ± \iK'. 
The transformation z = c sin Act gives 

(3) x = c sin A s cosh A t, y= c cos As sinh At. 

Then if t = ± UP, the point (x, y) lies on the ellipse ( x/a ) 2 + {ylfi) 2 = 1. 

Thus on the side A 2 B 2 Af of the rectangle we have 

(4) x = a sin As, y = /? cos As, 

so that as a goes from A 2 through B 2 to Af, z goes along the arc ABA' of 
the ellipse. Similarly, as ct describes the lower side A 2 A 2 , z describes the 
arc A'B'A of the ellipse. 

On the side A 2 B 2 A 2 of the rectangle As = bn, and therefore, from (3), 
x = c cosh At, y = 0, so that as t increases from - \K' to \Ii z moves from 
A to 8 and thence back from S to A. 

Thus as ct moves round the rectangle, z moves round the ellipse and to and 
fro along the two slits AS, A'H, as shown in fig. 14-9. 

Now consider £ = sn ct. From 14-7 (10) we have sn ct sn (ct + UC) = m~i, 
and writing s - \iK r for ct, we get 

(5) sn (s - \iK r ) sn (s + \iK’) = mr*. 

When s is real the two factors of the left side of (5) are conjugate complex 
quantities, and therefore 

| £ | = | mi sn (s + \iK') \ = !• 

Therefore as ct moves along A 2 B 2 Af, £ moves along the semicircular arc 
Aft^Af of the circle | £ \ = 1. On the side A 2 S 2 A 2 of the rectangle a = K + it 
and therefore (14-7 (11), (12)) £ = nd (t j mf, so that £ = nd (t \ m x ), rj = 0. 
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Thus as a goes along A 2 S 2 A 2 , z goes from A x to S x and thence back to A ' 
A similar discussion applies to the side A 2 'H 2 A 2 , and therefore when a describes 
the rectangle counterclockwise, £ moves round the circle | £ [ = 1 and to and 
fro along the slits A X H X . Therefore the interiors of the circle in the 
£-plane and the ellipse in the a-plane correspond point by point. The slits can 
be suppressed, for they are occasioned only by discontinuities in a, and it ia 
easily verified that the functional values of z and £ are continuous across them. 
Thus the postulated mapping property of (1) is proved.* 

14*91 . Elliptic section. Let the cross-section of the tunnel be the ellipse 


When the aerofoil is replaced by a vortex k at (|6, 0), - k at ( - \b, 0), 
the general formulae of 14-6 may be applied, using the mapping of 14'9 (1), 
which gives, near the origin, 

(1) z = cAcr, £ = mho, A = irj2K, c 2 = a 2 - /3 2 , 

so that (dz/dQ „ = cA m~*. 

Also l is determined from 

(2) \b = c sin Act 0 , \l = m ^ sn ct 0 , 
where a 0 is the corresponding (real) value of a. 

With these determinations we have from 14-6 (7), (8), 

™ SC L j bKmi/2 l\\ 

the upper sign for a closed working section, and the lower sign for an open 
section. 

The quarter periods of the elliptic functions are determined from 14-9 (2) by 


When the aerofoil stretches from one focus to the other, we have b = 2c, 
and therefore from (2) 


so that 

but with an aerofoil of span comparable with the focal interval it is doubtful 
whether replacement by a vortex pair is sufficiently accurate.)" 


* This elegant argument is due to Neville, op. cit ., p. 259. 

f Glauert, R. and M. y 1470 (1932), gives the corrections in this case assuming elliptic , not 
uniform, loading in the form BSCl/C, where 48 = £/(a + /?) for the closed and - a/ (a + /3) fo r 
the open working section. See also Milne-Thomson, “ Application of elliptic functions to wind 
tunnel interference ”, Proc. Roy. Soc. Edin., (A), LXIII, 1947. 
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When bjc is small, equations (2) can be written in the approximate forms, 
(6) \b = c(Act 0 - |A 3 ct s ), = mi(a 0 - J(1 + m)<i 0 s ). 

Thus a first approximation is Act 0 = b/2c, and so, from 1-9 (iii), the second 

approximation is 


With this value (6) gives 


bmi f 
= 2cA t 1 


, 1 + m\ } 

1 A 2 ” )f 


2 2cA / b 2 
l bmi t 24c 2 


1 + m 
A 2- . 


whence (3) gives the approximation 


SC. /, 1 + m 6wi\ 

(8) e/ = 4877 c 2 V 1 A 2- ± "A 2 ^ ) ’ 

the upper sign for the closed working section. When a -> /3, we get the case of 
a circular section, and it will be found that (8) assumes the correct form for that 
type of section, see Ex. XIV, 18. 

The case where the span is centred on the minor axis * presents no special 
difficulty, for the general method of 14-6 is of universal application. 


EXAMPLES XIV 

1. In a closed circular tunnel with the vortex pair replacing the aircraft 
centrally placed, show that the interference velocity at the centre of the span is 
the same as the velocity induced at that point by vortices placed at the inverse 
points (with respect to the circle) of the wing tips and of opposite circulations. 

Verify that these image vortices make the circle a streamline. 

2. Assuming uniform loading for an aircraft placed centrally in a closed tunnel 
of circular section, draw a graph to show how Vj varies across the span. 

3. For a closed circular tunnel, show that the tunnel correction to the induced 
drag coefficient is the same as the change in that coefficient due to decreasing the 
aspect ratio from A to A' in free flight (assuming elliptic loading and the same lift 
coefficient) where 

1 1 ttS 

T _ A = 80 ’ 

4. Obtain the formula 14-41 (1) for elliptic loading and complete the details of 
the integration. 

Prove that, if if < 1, 

T V(1 “ V) ' 

5. Prove that 

r ( cos2 9 + 16 (A) 4 sin2 w ) dd = i77 0 + T6 Or) ) ' 

* Rosenhead, Proc. Roy. Soc . (A), 140 (1933), has discussed the case of elliptic loading, with 
the aid of theta functions, when the span is along either axis. 
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6. Prove that for elliptic loading of a centrally placed aerofoil in a close<f 
circular tunnel to the next order of approximation the correction to the induced 
drag coefficient is 



7. In the case of a closed circular tunnel, if the loading is uniform and the 
span is at distance h from the centre, prove, by means of the circle theorem, that 

SC L R i 

ei ~ 80 (R 2 - h 2 f + {>W 

at the centre of the span. 

8. Perform the calculations which lead to 14-5 (4). 

9. If there are two equal point vortices with circulations in the same sense, 
prove that on the perpendicular bisector of the line joining them the velocity 
potential is constant. 

Prove also that at any point of the perpendicular bisector the velocity is normal 
to that line. 

10. A wind tunnel has an open rectangular working section of height a and 
breadth h. Draw the image system for a small centrally placed vortex pair per- 
pendicular to the height (use ex. 9). Hence show that the correction is the same 
(with the sign changed) as for a closed rectangle of height h and breadth a. 

11. The origin is taken at the centre of a rectangular closed tunnel, the x-axis is 
parallel to the height and the y - axis to the breadth. Vortices of strengths k, -k 
are at (0, lb), (0, ~lb). Prove by the method of images, or otherwise, that 

-u + iv = iKfi sn A (z - lib + $ia) - iKfj.su \ (z + lib + %ia), 
where K, K', A are related by 

K _ 10 _ A 

h ~ a ~ 2’ 

and fj = Am 2 . 

12. The rectangular working section of a tunnel is open at one pair of opposite 
sides of the rectangle and closed at the other pair. Draw the image systems for a 
vortex pair centrally placed (i) parallel to the open sides, (ii) parallel to the closed 
sides. 

13. Obtain the corrections for a closed elliptic section when the aerofoil is 
replaced by a symmetrical vortex pair on the minor axis. 

14. Obtain the corrections for an open elliptic section when the aerofoil is 
replaced by a symmetrical vortex pair (i) on the major axis, (ii) on the minor axis. 

15. Use the result of example 1 1 to show that 

SO 

O = 2~(1 - 0cs(0 !»%)), e = 6 A/ 2 . 

Hence obtain 14-8 (11) when 9 is small. 

16. If 9 = nK'/lK, use the approximations K = \tt(\ + \m), K' = log (4 IJm), 
which hold when m is small, to show that for small m 

e 20 = 4 IJm. 
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17. If m is determined from 14-91 (4), show that when m is small 



approximately, where c 2 = a 2 - /3 2 and 6 is the same as in the preceding example. 

18. Use the two preceding examples to show that as a ->/?,/? remaining fixed, 
14-91 (8) tends to the correction for a circular tunnel of radius j8. 

19. Show that wind tunnel walls will not interfere with the flow past an aircraft 
if they are so shaped as to coincide with streamlines in the flow of an unrestricted 
stream past the same aircraft. 

20. An aircraft of volume V is suspended in a wind tunnel in which the pressure 
decreases downstream with the gradient - dp/dz — P. Show that the measured 
drag is approximately increased by the amount PV. 



CHAPTER XV 


SUBSONIC FLOW 

15-0. Hitherto the compressibility of the air has been ignored. The MacE 
number (1-71) has been taken equal to zero. 

In this chapter we shall consider steady motion at speeds for which the Maelt 
number is not negligible. ;® 

The air will be treated as an ideal compressible fluid. The effect of viscosity 
is therefore ignored. The most important consequence of viscosity is probably 
the skin friction due to the drag in the boundary layer. The neglect of external 
forces (gravity) has already been explained (2-13) as implying merely that we 
are concerned only with aerodynamic pressure. 

15-01. Thermodynamical considerations. Consider a unit mass of 
gas, volume v, density p, so that 

(1) vp = 1. 

Let T be the absolute temperature (temperature measured from the absolute 
zero, about - 273° C.) of the gas. The gas is said to be perfect if it obeys the 
law (cf. 2-5 (1)). 

(2) pv = RT, or p = RpT, 

where p is the pressure and R is a constant. Thus of the four quantities 
p, v, p, T only two are independent. 

Logarithmic differentiation of (2) gives the relations 

,g. dp + dv __ dT dp _ dp dT 

p v T ’ p ~ p I ' 

We shall treat air as a perfect gas. 

Let us imagine our unit mass of gas to receive a small quantity q of heat. 
The first law of thermodynamics asserts that heat is a form of energy. 

Thus the small quantity of heat q, with a suitable choice of units of measure- 
ment, is equivalent to q units of mechanical energy. Hence communicating the 
heat q will supply energy to the gas ; the gas expands so that its volume 
increases to v + dv, thus doing mechanical work p dv. We suppose the ex- 
pansion to take place very slowly, so that no kinetic energy is developed. 

Since no energy can disappear, we can write 
( 4 ) q = dE + p dv. 
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The quantity dE is the increase in the internal energy of the gas ; it is the 
excess of the energy supplied over the mechanical work done. 

Hypothesis. In a perfect gas the internal energy E is a function of the 
absolute temperature T alone. 

This hypothesis is a generalisation from the results of experiment. It is 
also known as Joule’s law. It follows that 

(5) dE — kdT 
and (4) now becomes 

(6) q = kdT + p dv. 

If, in communicating the small quantity q of heat to the gas, the expansion 
is prevented (dv — 0), the temperature of the gas will rise, say dT, and we can 
write 

q = c v dT. 

The quantity c„ is called the specific heat at constant volume. It is the quantity 
of heat required to raise the temperature one unit when the volume is kept 
constant. Putting dv = 0 in (6) gives 

(7) k = c v . 

We similarly define c p , the specific heat at constant pressure, as the quantity 
of heat required to raise the temperature one unit when the pressure is kept 
constant. Now, if p is constant, (3) gives dv/v = dT/T, and therefore from (6) 



and therefore 

c p = k + R = c v + R 


from (7). 

We therefore conclude that 


(8) R - c P - c v . 

Hypothesis. In a perfect gas c v , c„ are constant. This is also based on 
experiment. 

In the above we have denoted the small quantity of heat by q and not by 
what would seem the more natural notation dQ. The reason for this is that 
there is actually no function Q of which q is an exact differential. We can, 
however, write 

(9) q = T dS, 

where dS is the differential of a function S called the entropy. 

To justify (9), observe that (6) and (7) give 


! 

T 


dT p 

c 4 . — 

jt ‘ Ji 


p dp 

dv = c r — 


c v~~ = C v d log (pvr 
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(10) q = cjc v , 

which proves that y/T is an exact differential, say, dS 

dS = c v d log (pv Y ), 

If the state changes from (p v v x ) to (p 2 , v 2 ), the increase of entropy is 
therefore 

(11) S 2 - S x = c„ log (p 2 vj) - c v log (ppvp). 

The second law of thermodynamics asserts that the entropy of an isolated 
system can never decrease, i.e. dS > 0. 

If the entropy remains constant throughout the fluid, the flow is said to he 
homentropic. The condition for homentropic flow is therefore dS — 0. It follows 
from (11) that, if the flow is homentropic, 


(12) pv v = k, or p = Kp y , 

where k is a constant which depends on the entropy. This is the adiabatic law 
(cf. 2-32). 

The steady flow of air is governed by the equations of motion and continuity 
(19-5) in the form 

(13) -~VP = ( qV)q, V(P q) = 0, 

and, as there are three unknowns p, p, q, these equations are insufficient to 
determine the motion. In the case of homentropic flow, however, we can adjoin 
the adiabatic relation (12) and so obtain a determinate system of equations. 

To calculate the internal energy we have 


dE = c v dT — 


c„ d ( pv ) 

R 


d(pv) 
y - 1 ’ 


and thus, save for an added constant, we have the alternative forms 


(14) 


pv p 

y - i (y - i) p 


15*1. Steady homentropic flow. In this case we have Bernoulli’s 
equation, 2-32, along a streamline 

(1) -^ + 1 q* = C. 

y - 1 p 

In 1-5 we found the speed of sound in air otherwise at rest, except for the 
small sonic disturbance, to be 

v = m , 

\dp/ o Po 


( 2 ) 
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We now define the local speed of sound or sonic speed by 


C 2 _ d _l - 

dp 


- - = Kyp y ~ x , 
P 


which gives the speed of propagation of small disturbances relative to air in the 
state (p, p). With this notation (1) becomes 


+ W = C 


— l/i2 

— 2 H max j 


where c 0 2 /(y - 1) is what the left side would become, did the streamline to 
which (1) refers contain a stagnation point q — 0, and |<? 2 max is what the left 
side would become, were there a point at which _2 
c = 0. It is not asserted that such points actually 
occur on an arbitrary streamline but merely that 
each streamline has two such constants c 0 , q m&x 
associated with it. B 1 9 max 

Observe that (3) shows that when c = 0, p = 0, \ 

and therefore p = 0. It follows that </ max is the \ 
speed with which the air could flow into, or be in \ 
contact with, a vacuum, and this speed can be \ 

nowhere exceeded. \ 

The graph of q 2 as a function of c 2 is the straight \ 

line AB in fig. 15-1. This clearly shows that along \ 

a streamline c ^ c 0 , q 5^ q m -.ix- The straight line \ 

q 2 - c 2 = 0 cuts AB at the point C (c* 2 , q * 2 ) where \ 

v — 1 2 \ 


q * 2 — c* 2 


L rfl — r ■ 

, y max “ , i °0 

y + 1 y + 1 


The two portions AC, BC of this line correspond \ 

with physically different regimes. 2 \ ,'q- c 

At any point of AC we have q < q* — c* < c, pTC 

so that the Mach number, M = q/c, is less than ^j\ 

unity, provided that q < c*. Flow for which , ' g j \ ^ 

M < 1 is called subsonic. L -*j 

At any point of BC we have q > q* = c* > c, 
so that M > 1, and the flow is then called super- 
sonic. The condition for supersonic flow is therefore q > c*. 

For these reasons the sound speed c* is called the critical speed. For air 

y = 1 - 405 , ^ = 2 - 20 , = 2 - 44 . 

c 0 c* 

As a simple illustration suppose that the motion is two-dimensional, that 
the streamlines are concentric circles, fig. 3-7 (iii), and that in each such circle 


Fio. 15-1. 
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there is the same circulation 2ttk. Then if q is the speed at radius r, we have the 
circulation 2-77 rq = 2 ttk and q = k/t, as in 4-1. Thus M = q/c gives 
c = q[M = KjrM. Substitution in (4) then yields 


«Hv- 1 ) 


(y — 1 ) M‘ 




r 2 = a 2 \ 1 


say. Thus 


^ 1 (y- 1)M 2 \ 

From this it appears that r has the minimum value a. This minimum value 
occurs when M — oo , so that q — ^ max , c = 0, and the pressure p is zero. Thus 
the motion cannot be continued into the region r < a. This region may, for 
example, be vacuous or occupied by a solid core (cf. 4-12). 

As r increases, we see from (6) that M steadily decreases and attains the 
critical value unity when 


"M- 


Thus in the region «<?"<?■* the flow is supersonic, say between the two 
inner circles of fig. 3-7 (iii). When r > r*, M < 1 and the flow is subsonic. 
This is the analogue in a compressible fluid of the rectilinear vortex in an in- 
compressible fluid. 

1 5*2. I rrotational motion. For irrotational motion there is a velocity 
potential (j> such that <| = — V and if the motion is steady, the equation of 
continuity (21-5) is V(p fl) = 0 j or (q V ) P + P V <1 — 0, so that (see 21-5 (7)) 

<>> -cw +»!+•! +«!=<>■ 

Now dp ~ C ~dp= - ^ pd (|? 2 ) = - £ 2 d(u 2 + v 2 + w 2 ), 

using 15-1 (3) and Bernoulli’s theorem in the form 2-31 (1). Since u = — d<f>/dx 
we get 


_ _ P[, 
c 2 L 1 


du dv 
u Tx + v Fx 


- — — r [ U<j> xx ~r V<f> yx F W<j> zx ] t 

K J Cr 


where <f> xx = d^jdx 2 , <f>y X = d 2 <j>jdy dx, and so on. 
Substituting in (1), we have 


+ <f>w 1 - -J + 


2 uv . 2 vw . 

^2“ rvj “ 
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15-21 

where n = - d<f>/dx, v = - d<f>ldy, w = - d<j>/d z, and from 15-1 (4) 
c 2 = I (y - l)(? 2 n,ax - U 2 - V 2 - W 2 ). 

Thus the velocity potential <f> satisfies the non-linear differential equation (2). 

When c = oo , (2) reduces to V 2 ^ = the case of an incompressible fluid. 

15-3. Linear perturbations. In the case of a uniform wind V parallel 
to the a;-axis, 15-2 (2) is identically satisfied by <f> = Vx. If we place an aerofoil 
in this stream, the motion will 
be perturbed and the velocity 
potential will become 

(1) <p = Vx + <f>(x, y, z), 

so that <f> is the perturbation 
potential. The velocity at any 
point was ( - 7, 0, 0) and is now 
( - V + u, v, w). 

The perturbation is said to be 
linear if m/7, v/V, w/V are small 
quantities of the first order 
whose squares and products are 
negligible. 

Observe that there is no 
limitation of 7 which may be 
large or small. 

The approximation will fail near a stagnation point where - 7 + u = 0, 
so that m/7 = 1. 

The application of the linear theory will therefore be to thin aerofoils of 
small camber and at small incidence. Such aerofoils are suited to high speeds, 
so the linear theory should yield a good first approximation.* 

To find the perturbations, let the suffix 0 refer to the undisturbed stream. 
Then q 2 = ( — 7 + m) 2 + v 2 + w 2 — V 2 — 2m 7 and therefore 



For the speed of sound, 15-1 (4) gives 

c 2 = i(y - 1) [? 2 max - (V 2 ~ 2m 7)] = c 0 2 + (y - 1) u7, 
where c 0 is now the speed of sound in the undisturbed stream, whence we get 

(3) c = c o[i + (y ~ mF ] = c 0 [i + l(y - 1) M 0 2 |] , 

* The application of the linear theory to aerofoils is particularly associated with the names 
of Glauert for subsonic, and Ackeret for supersonic flow. 



Fig. 15 - 3 . 
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where M g = F/c 0 is the Mach number of the undisturbed flow. The Mach 
number is therefore 


M = - = 
c 


l = M a [l - £{1 + *(y- 1)M 0 2 }], 


The pressure change is given by Bernoulli’s theorem, 2-31 (1), 
(5) p - p 0 = dp = - Po q dq = up 0 V. 


C 2 = d P = T ~ Vo _ uV Po 
d P P ~ Po P ~ Po’ 


we have 


p ~ Po = dp 


uV u „ , 
Po ~ v p0 ^° ' 


In applying the above it is useful to observe that u is the incremental 
component of the disturbed velocity opposite to the velocity of the undisturbed 
flow. 

With these approximations the equation 15-2 (2) satisfied by <P becomes 
(1 - M 2 ) <P XX + & vv + = 0, 

and substituting (1) in this shows that the perturbation potential f satisfies the 
same equation. Since the derivatives of f are, on our hypothesis, small, we 
may replace M by M 0 , thus obtaining 

(?) (1 - M?) f xx + f yv + f„ = 0. 

This is the Prandtl-Glauert equation satisfied by the perturbation potential f 
and therefore also by the complete potential (1). 


1 5*4. Linearised subsonic flow. Here M„ < 1, and therefore the 

equation 15-3 (7), satisfied by the velocity potential, is 

m A2 y> z ) + d2 <f>( x > y> z ) + d2< f>( x ’ y> z ) = 0 & = \ - m*. 

dx 2 dy 2 dz 2 ’ 0 

Let us make the affine transformation 

(2) x t = Ax, y t = A fiy, z t ----- A fiz, A = constant 

and write 


(3) <f>i(X{, y ( , Zt ) = vf(x, y, z), v = constant. 

The affine transformation (2) is a mapping of the ( x , y, z ) space on the 
( x ( , y u z,) space in such a way that all lines parallel to the x-axis are stretched 
by the factor A, while lines parallel to the y-axis and the z-axis are stretched 
by the factor A/3. Clearly straight lines map into straight lines, planes into 
planes, and parallel lines or planes into parallel lines or planes. The mapping 
is not conformal unless /3 = 1, i.e. M 0 = 0. 
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From (2) we have 

_9 = fix* JL. = A A oJL 

dx dx dx t dxff dy P dyff dz P dzf 
and therefore (1) becomes 

,,, y it dtyfxi, y t , z t ) d 2 f i (x i ,y i ,z i )_ 

( ' dx? dy? '■ dz? 

which is Laplace’s equation. 

Any solution f t (Xi, y t , z t ) of (4) gives the flow of an incompressible fluid in 
the (x it y it z? space, and (2) and (3) then determine a corresponding linearised 
flow of compressible fluid in the (x, y, z) space, where the velocity potential is 

(5) f{x, y, z) = Ax, A fiy, Xpz). 

If we regard f and <f>i as perturbation potentials of the same uniform wind V in 
the negative direction of the x-axis in both spaces, we have for the complete 
velocity potentials 

(6) Vx ( + f t (Xi, y u z?, Vx + y, z) = Yx + -f ( ( Ax, Xfiy, A ffz). 


If ( - V + iti, v ( , w t ) and ( - V + u, v, w) are the perturbed velocities at 
corresponding points we have 

dfi dx d . v 

Ui ~ ~ Yx t ~ ~ dJ ( Tx v t = \ u ’ 

dfi dyd v 

l ' fyi ~ tyi d y V< ^ ~ A A 

dfi dz d . v 

Wt= -dii = -^i dz V<t> = \f} W - 


1 5*4 1 . Distortion of the streamlines. In the unperturbed flow 
the streamlines are straight. Consider the streamline y - h = 0, z - ic = 0. 
In the perturbed flow the quantities y - h, z - k will differ from zero by 
quantities which by our linearisation hypothesis must be small. These small 
differences will be called the distortions of the streamlines. The differential 
equations of the streamlines are 

dx dy dz 

— V + u v w 

and therefore to our order of approximation 

dy v dz w 
dx = ~ V’ dx~ ~ V' 




where by 15-4 (2) h { = A fih, k ( = A fSk. 

Thus we can state that the distortions of the compressible flow at (x, h, k) 
are fi/v times the distortions of the incompressible flow at the point (A®, A f3h, AjS k) 
in the {x it y u z t ) space. 

This result enables us to plot the streamlines of the compressible flow when 
the streamlines of the incompressible flow are known. 

Consider the point P,(x, h, k) in the (x i: y t , z,) space. In the undisturbed 
flow the streamline through P, is straight and parallel to the x,-axis. If we 
disturb the flow by introducing an aerofoil, this straight streamline will bend so 
as to pass through the adjacent point P,' (x, h + h', k + k') where h', ¥ are 
small distortions of the originally straight streamline. By what we have just 
proved, the point P c in the compressible flow in the (x, y, z) space which corre- 
sponds with P, is P < (x/X, A/ A/3, P/A/3), and the straight streamline, which 
passed through P c in the undisturbed compressible flow, will bend so as to pass 
through the adjacent point P c ' whose coordinates are 


lx h fih' k flk'\ 

\V AjS + V’ A P + TJ ; 


and as P/ describes its streamline in the disturbed incompressible flow, so 
P describes the corresponding streamline in the compressible flow. It is 
clear that the locus of P c ' can be plotted point by point from the locus of P/. 

The reader’s attention is explicitly directed to the observation that a stream- 
line in one space does not map affinely into a streamline in the other space ; 
that, for example, the relation y t = Xfiy does not hold in general between the 
coordinates of P/ and P/. In fact we are remarking that 





(But if we choose Xft 2 = v, the mapping will be affine.) 

This conclusion might appear peculiar, if it were taken to imply that the 
compressible flow deduced from a given incompressible flow past an aerofoil A{ 
could lead to different compressible flows. But it must be remembered that the 
surface of the aerofoil A t is itself a locus of streamlines and therefore the aerofoil 
A deduced from it will differ in shape according to our particular choice of 
A and v. No paradox is involved. 
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Conversely, we might start with the aerofoil A in the compressible flow 
and plot the form of A t in the incompressible flow. From the behaviour of A i 
the behaviour of A would then be deduced. 

There is considerable advantage in locating the aerofoil A near the x-axis, 
y = 0, z = 0, for if we take h — 0, k = 0, we can now state that the distortions 
at ( x , 0, 0) in the compressible flow are fi/v times the distortions at (Ax, 0, 0) 
in the incompressible flow. 

In particular if we take A = 1, v — /?, the aerofoils A and A t differ but 
slightly, provided the span is sufficiently small for the wing tips to be regarded 
as near to the x-axis. 

15-42. Two-dimensional flow. Consider two planes: the x,z, -plane 
occupied by incompressible fluid moving with velocity potential Fa;,-, and the 
xz-plane occupied by compressible fluid moving with velocity potential Vx. 
Let a profile A t which deviates but little from a part of the x,-axis be placed in 
the x, 2 , -plane. Then the complete velocity potential will be 

(1) Vx { + <£,(*.-, 2 ,). 

If we make the affine transformation 

(2) x, = Ax, z, = A/Jz, 
the velocity potential 

(3) Vx + - <^,(Aa: , A /Jz) 

will give a linearised subsonic compressible flow past a profile A in the xz- plane. 



z 

Fig. 15-42 (i). 


The chords will be related by c, = Ac, and the ordinate of the camber line at 
(x, 0) in the compressible flow will be /S/V times the ordinate of the camber line 
at (Aa;, 0) in the incompressible flow. 

From 15-4 (7) we have w t jV = vw/(\f3V) and therefore the incidences in 
the two planes are related by 

v 


( 4 ) 
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By Bernoulli’s theorem the pressure increase due to the perturbation in the 
incompressible flow is 

d Pi = Pi ~ Pa = hpo(V* - (F - m,) 2 ) = p 0 UiV, 

and in the compressible flow from 15-3 (5) the pressure increase is dp = p a uV. 
Therefore 

(5) dpt-vdp/X. 

The lifts are given respectively by 

Lf = J ' pi dx it L = |"/i dx, 

and therefore 

(6) I H = vL. 

For the circulations, 

A,- = j" («,- dx t + w t dzj, K = J" (u dx + w dz), 

and so from 15-4 (7) 

(7) K t = vK. 

Since L t = K ( p 0 V we have L = Kp 0 V, and therefore the Kutta-Joukowski 
theorem holds also for linearised subsonic compressible flow. 

We now consider some particular cases, recalling the result of 15-41 that 
the distortion of the streamlines in the compressible flow at (x, 0) is fijv times 
the distortion in the incompressible flow at (Xx, 0). 

Case I. A = 1, v = 1. Here the chords are equal but the camber and 
thickness of A are those of A t reduced in the ratio of /? : 1. The lift, circulation, 
and pressure are the same at corresponding points in both flows. The incidence 
is reduced in the ratio /? : 1. 

Case II. A = 1 //$, v = 1. Now c = pc it so that the chord of A is less than 
the chord of A t in the ratio ft : 1 and the camber and thickness are reduced in 
the same ratio at corresponding points. The lift, shape, incidence, and circula- 
tion are unaltered ; the pressure is increased in the ratio 1 : /3. 

Case III. A = 1, v = fi. In this case /3 /f = 1 and the distortions are the 
same in both flows. Thus A and A i are identical profiles at the same incidence. 



Fig. 15-42 (ii). 
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The circulation, lift, and pressure are increased in the ratio 1 : /?. Thus the 
effect of compressibility on a given profile is to increase the lift in the ratio 
1 : fi (Glauert’s correction).* The disposition of corresponding streamlines is 
sketched on fig. 15-42 (ii) when fl = 0-6 so that M a = 0-8. 

15-43. Lifting line. From 15-4 we see that the distortions at ( x , h, k) 
in the compressible flow are fi/v times their values at the point (Xx, Xfih, X8k) in 
the incompressible. 

If we take A = l/yS 5 v = 1, it follows that the distortions at (0, h , k) are in 
the ratio /J : 1. If therefore we replace the aerofoil by a lifting line stretching 
from (0, - 6/2, 0) to (0, 6/2, 0), this line will occupy the same position in both 
flows. The lift, circulation and incidence (15-42) will be the same in both flows 
at any profile section but c' = fie/, and since from 11-3 we have 
r/ - \(a 0 ')i c/ ( Fa/ - «>/), 
we shall have in the compressible flow 

r = |~^c'(IV - w'), 

since, from 15-3 (7), w/ = w'. It follows that the integral equation for the 
circulation (11-3) is the same for both flows except that ( a 0 ')i is to be replaced 
by («o O.//?- Therefore the method 11-5 still applies provided that we replace 
p by p//3. Thus, as far as the linearised theory applies, the only effect of 
compressibility on the lifting line theory is that the slope of the (C L , a) graph 
must be increased in the ratio 1 : /3. For further details the reader is referred to 
a paper by Goldstein and Young, f 

The foregoing theory has its application to aerofoils in conditions -where 
shock waves do not develop. The flow past an aerofoil is such that the relative 
airspeed at certain places may be considerably greater than the forward speed. 
A simple instance is that of the circular cylinder in a stream V without circula- 
tion. Here the speed at the ends of a diameter perpendicular to the stream is 
2F. Should places occur on the aerofoil where the critical speed (15-1) is 
attained or passed, shock waves (16-4) may develop and part of the regime may 
become supersonic. The investigation of this mixed state is not yet on a 
satisfactory basis. 

15-44. The hodograph method. Consider two-dimensional steady 
motion. Let PQR be an arc of a curve in the plane of the flow, the ( x , y) plane. 

From the points P, Q, R, . . . , draw vectors PI\, QQ V RR± . . . , to represent 

the fluid velocity at these points. From a fixed point H draw vectors HP', 

* The mere fact that l//3^°o when M 0 -<- 1, shows that the range of applicability of this 
correction is limited. 

t R. and M., No. 1909 (1943). 
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HQ', HR' , . . . , equal and parallel to these velocity vectors. The points 
P 1 , Q', R', , describe the hodograph of the given curve PQR, and the plane 

of this curve is the hodo- 
^ " J graph plane of the given 

v R i q motion. If we take the axis 

/ / p Hu in the hodograph plane 

_ / / / parallel to Ox in the plane 

/ R Q. p of the flow, the velocity at 

s"\Q u + iv = qe iB , 

° x H u and P' will have cartesian 

Plane of the flow. Hodograph plane. coordinates ( U , v) or polar 

Fig. 15-44. ' T r 

coordinates (q, 6). We shall 

assume, for the sake of simplicity of statement, that this mapping of one 
plane on the other is bi-uniform (3-6).* 

We have seen in 15-2 that the velocity potential of an irrotational com- 
pressible flow satisfies a non-linear differential equation. We shall show that if 
(q, 6) or ( u , v ) are taken as variables, the equation becomes linear. 

It is useful to introduce the stream function ip. The equation of continuity 
(21-5) is, in the case of steady motion, 

d (p u ) , <Hpf) _ 0 
dx dy 


and we can satisfy this by taking 


pu = - p 0 


pv = p 0 


where p 0 is any constant, which may be conveniently identified with the 
density, say, in the main stream, when we consider flow past an aerofoil. The 
function \fj is the stream function. Thus if <p is the velocity potential, we have 


- d<f> = u dx + v dy, 
and therefore, as is easily verified, 


— df = - v dx + u dy, 
P 


(\d(p + — dip^j = (u - iv)dz = qe~ ie dz, 
dz = - ~ (# + y #) • 


so that 


* The locus of u - iv is also a hodograph. It is the reflexion of the above in the real axis, and 
its use is frequently advantageous. 
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If suffixes denote partial differentiation, z Q = dz/dq, we have at once 


+ 7° &) ’ Ze ~ q + P p 


and since z af) = z 6q , we get 


5 \e ie j ip 0 , \ a je . ip 0 . \ \ 

Performing the differentiations and equating the real and imaginary parts, 
we get (see Ex. XV, 9), noting that p is independent of 9 from 15-1 (1), 


j I d ( Po \ , _ Pod I 
Yq — dro ;T ( — j ’ 96 — Yn 

dq\qpl p 


These are the hodograph equations. To get the equation satisfied by the 
stream function since <p„e = fom we have 

*(?*)-»«(£)}- 


*(?*)- »K(£)} 

l q ( P p ) ~ ^Tqiqt 


since p is independent of 9. 

N ° W lq{f) = 


p 0 dp dp _ pof 
p 2 dp dq p 2 c 2 


using Bernoulli’s theorem 2-31 (1) and c 2 = dpjdp. 

We then find that (3) becomes finally 

W ^ + J(1 + U‘) f q + ( I - »■) g- = 0 , M = i. 

This is the linear equation satisfied by the stream function. The equation is due 
to Chaplygin.* 

15-45. The hodograph equations for homentropic flow. Assuming 

the adiabatic relation pjp 0 = ( pjpff , put 

id - = e = = 5 >- 

The hodograph equations 15-44 (2) can then be written in the form (see 
Ex. XV, 10). 

(2) 2t(1 - t) s+1 <p T = - {1 - (2)3 + 1 )r}<p e , (1 - r)Ho = 

For these equations Chaplygin has given the formal solutions 

(3) ip = - B6 - HB m ip m (r) sin (md + e m ), 

<P = B<p 0 {r) + EB m <p m (r ) cos (m3 + e m ), 

* See also R. Sauer, Theoreiische Einfuhrung in die Gasdynamik, Berlin (1943), p. 94. 
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where, in the notation for hypergeometric functions,* 

, , > r im F(a m ,b m ; c m ; t) 

(T> ~ r^F(a m , b m \ c m ; r x ) ~ U o) (n) “ y ‘ 

Here B, B m are constants and t x = F 2 /? 2 max» where V is the speed of the 
main stream ; the parameters a m , b m , c m are given by 

«» + b m = m - a m b m = - \m(m + 1)>3, c m = to + 1 ; 

i i / \ f 1 - ( 2 £ + !) t j j , \ 2t #m( T ) 

and ^ (t) = J 2 r(i - = w( i _ T )i • 

Chaplygin has shown that when q m ax -» oo (incompressible fluid), <f> and i/i 
tend to the limiting form <f> i: ip it given by 

(4) <f>i + iipt = B log (qfi~ ie ) + ZB m [?,e-' (s+ 'm)/F] m . 


This is the expansion of the complex potential </>,- + n/>, of an incompressible 
flow in terms of the complex velocity q fi-** = - d(<f>i + iifi^/dz. If, therefore, 
we start from an incompressible flow | as given by (4), assuming convergence, 
we can proceed to the compressible flow given by (3), for the constants B and 
B rn are now known. The boundaries of the field of the compressible flow will in 
general be different from those of the field of incompressible flow. In the 
applications this difference is small but difficult to evaluate precisely. 


15-46. Velocity correction factor. I The formal method of solution is 
quite unsuited to numerical calculation, for the hypergeometric functions have 
not been tabulated and the series do not appear to be reducible to a closed form. 
Some method of approximation is therefore required. In what follows suffix i 
will refer to incompressible flow. 

In 15-45 (4), if F ( is the speed of the main stream, the speed q t occurs in 
the forms § 



while in the compressible flow it occurs in the forms 

U 0 ) (n)' 

It is clear that the simplest and most useful approximations will therefore be of 
the types 

<AoM = log Hr), U°’(r) = [f M]", U° M = bMfS 


* Milne-Thomson, Calculus of Finite Differences (1965), 9*8. 

f The question has been examined by Bergman, N.A.C.A. Technical Notes, 972, 973 
(Washington), 1945. 

% G. Temple and J. Yarwood, “ The approximate solution of the hodograph equations for 
compressible flow ”, Rep. No. S.M.E., 3201, R.A.E., 1942. 

§ Observe that although g'max = <*> for incompressible flow, t/tj-* (qJV ) 2 as g'max - ^ 00 • 
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where the functions |(t), tj(t) are independent of to, and are approximately 
equal to t 1/2 when r is small. Temple and Yarwood proceed to find upper 
and lower approximating functions £ x , £ 2 , 7 ^, tj 2 independent of m, such that 

£ 1 " < K (0) < Vi m 7 >Pm m 7 

and their functions are “ best possible ” approximations in the sense that no 
closer approximations will satisfy the above inequalities for all values of to. 
For details the reader is referred to the original paper. The applications of the 
approximations £ and 77 are as follows. Let </>,-, >pi be the velocity potential and 
stream function of an incompressible flow, F,- being the speed of the main 
stream, and let 


( 1 ) <j> i = 0(q i /V i ,e), 7 = d). 

Then the velocity potential and stream function of the corresponding com- 
pressible flow are 

( 2 ) <A = #(£/£ 1 . 8), 'A = 'f'ivhi, 8), 

where £ = £(r), 77 = 77 ( 1 -), & = ffa), tjj = Tjfo), 


and, as before, r = j 2 /? 2 i 


= F 2 /} 2 maj , and F is the speed of the main 


stream. Let us arrange the constant so that 1 Jj ( = 0 is the boundary in the 
incompressible flow. Then in the compressible flow the boundary is 

'A = 8) = 0 , 

and comparing this with ( 1 ) on the assumption that the boundaries are 
curvilinear, we have 

,oi _ Vtr)_ 

{ ] V t V (t,) 

at the boundary. 

The distortion of the boundary in the compressible flow can now be 
determined from the fact that the velocity potential has the same value at 
corresponding points in the compressible and incompressible flows. Hence, if 
ds, ds t are corresponding elements of length of the boundaries, we have 

(4) q ds — - d<P = q t ds { . 

Let r, r t be the radii of curvature of the boundaries at corresponding points. 
Then 

,51 r _ _ & jfei 9t 

' 1 u del de q ' 

From these results the distortion of curvilinear boundaries can be determined 
by geometrical construction. 

The case of rectilinear boundaries is exceptional, for on such a boundary 
8 — constant and the shape is the same in both flows. Also 
q = - d&/ds = - (d0/d^)(di/dq)(dq/ds), 
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f (10 df da 

(6) s =-)Md q j- 

Equation (4) still holds. 

Again, writing 

,7) | = = ^ 

where c 0 is the sound speed in the main stream, the function / is called the 
velocity correction factor at the Mach number Af 0 . 

Write x = qjV, y = qfV it p. = + |M 0 2 ). 

Then it is shown that the approximation 
(8) ij(t) = t 1/2 (1 - 

holds, with a proportional error of not more than 4 per cent., over the whole 
subsonic range 0 < t < t*. From ( 3 ) and ( 8 ) we get (1 - p)y=x{ 1 - px 2 ) 
which, as is readily verified, is identically satisfied by 

2 cos \(r t + 8) 2 cos d 

x= JW) ’ y -(i-/*)V(2V)’ 

The second of these determines 6 when y is given, and thus the velocity 
correction factor is, approximately, 

y cos 6 


EXAMPLES XV 

1. If p, v, T, S are connected by 

pv = RT, S = c v log p + c v log v, 

prove that 

8T _ dS _ dT dS _ dp _ dv _ dp . dv = 
dp dv dv dp dT dS dS dT 

Explain the geometrical significance of this result. 

2. Draw the graph x = c 2 jc* 2 against y = ? 2 /y 2 m ax> showing the critical point 
dividing subsonic from supersonic flow. 

3. If c 2 = dpjdp gives the local speed of sound, obtain the following forms of 
Bernoulli’s equation, 

+ qdq = 0, 2g dc + qdq = 0, iq 2 = — ^-y(c 0 2 “ ° 2 )- 
p y - 1 y — I 

4. Use the velocity potential, for incompressible flow, 

jr KO 

4> = - Vx + -- 
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to prove that in compressible subsonic flow with the same circulation the radial 
and transverse components of velocity are 

K 8 

u r = V cos 6, lie, = - V sin 6 - - — . - - , 

r 9 2ttt 1 - M 2 sin 2 0 

and hence prove the Kutta-Joukowski theorem for lift. Prove also that the drag is 


5. In subsonic flow past a lifting line, show that at a large distance l behind the 
aerofoil the downwash angle is 


2uAb' 2i 


(1 + IPVfl 2 )*], 


where b' is the span of the rolled-up vortex wake (11-7). 

6. Prove that, if compressible subsonic flow in a wind tunnel of width 2 h is 
compared with incompressible flow in a tunnel of width 2/3/t, the downwash in the 
compressible flow is times the downwash in the incompressible flow. 

(Goldstein and Young.) 

7. Comparing compressible flow in a tunnel of breadth 2 h with incompressible 
flow in a tunnel of breadth 2 fih, prove that the increase of longitudinal velocity at 
the working section is 1 //? times the increase in the incompressible flow. 

(Goldstein and Young.) 

8. In a wind tunnel the stream is non-uniform owing to a pressure gradient. 
In the compressible flow the velocity components of the undisturbed stream are 

u = V + 1 pF x (x, fiy, pz), v = F v (x, py, pz), w = F,(x, Py, pz) 

and in the incompressible flow 

«< = V + F x (x, y, z), v t = F v (x, y, z), w t = F z (x, y, z). 

Prove that the corrections to be applied for non-uniformity of the stream in the 
compressible flow in which the velocity components are ( u , v, w) are 1 IP times the 
corrections in the incompressible flow with components (m,-, v ( , w { ). 

(Goldstein and Young. ) 

9. With the notations of 16-44, prove that 

observing that p is a function of q but not of 6. 

Hence prove that 

-k + S,i = -^^(4 

?( P S f dq\pqj 

10. Obtain the hodograph equations for isentropic flow in the form 16-45 (2) 
Prove that 

d f t difi ) 1 1 - (2 P + 1)t d 2 ijj 

dr ((1 - r fdr f ~ 4 t(1 - t)0+i W ’ 
d f t( 1 - r)^ 1 df\ 1 (1 - r fd 2 j> 

dr II - (28 + 1)t drj~ 4 t W 


d f t( 1 - t)^ 1 df \ 

dr (1 - (2 P + 1 ) t drj 
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11. Show that the change of variable given by 

dX j dr A 2 

T = z (1 - T ) e — i > 1 when r -> 0, 

A T T 

leads to the hodograph equations 

A d<j>jd A = — F dtp/dd, X dip/dX = d<f>/d0, 
where F = [1 - (2)3 + l)r](l - t)-**- 1 . 

Hence show that the approximation F — 1 leads to 
Xd(<p + ii/j) id{4> + ip) 

8X = 36 

12. If the adiabatic pressure density relation is replaced by 

P ~ Pi = 0 (i - -) , 

Pi P J 

show that the graph of the above (p, p ) relation will touch the adiabatic at the point 
(Pv Pi) if G = c^ Pl ~, where c x is the speed of sound for the state (p v Pl ). ' 

13. Use 15-46 (8) and (3) to show that 

<7v 1 - ux 2 

V = W = g , ■ 

1 i 1 - p 

and hence by writing x = 2 cos ^{rr + 6)/J{3 p), find the velocity correction factor 

x ly- 

Draw a graph of xj(y( 1 - p,)) against cos 8. 

14. With the notation of 15-46 if C P: = (p — Pi)l\ Pi V 2 , where suffix j refers 
to the main stream, show that 

Mx = {[1 + i(y - l)M 2 (l - x 2 )]rlr - 1 - 1 Y:\yM*. 

Hence show that C P: ill can be calculated in terms of 

= (P -Pi)!biV? 

when the velocity correction factor is given. 


CHAPTER XVI 


SUPERSONIC FLOW 

In this chapter we shall consider steady motion at speeds for which the 
Mach number (1-71, 15-1) exceeds unity. 

The air will still be considered as an ideal compressible fluid so that the effect 
of viscosity and therefore of the boundary layer is ignored. 

16- 1. Moving disturbance. Before considering supersonic flow let us 
examine a special problem. Let a feeble instantaneous disturbance such as a 
cry originate at a point P in air otherwise at 
rest. 

Such a disturbance will spread in a spherical 
wave, with P as centre, with the speed of 
sound c, so that at times t, 2 1, 3 1, ... the 
disturbance will have reached points which lie 
on concentric spheres, centre P, radii ct, 2 ct, 

3 ct, ... If, however, the air is moving with 
velocity V from right to left, the points reached 
by the disturbance at time nt will lie on a 
sphere of radius net whose centre is at distance 
Vnt from P. If V < c these spheres will not 
intersect, and it is clear from fig. 16-1 (ii) that the disturbance will ultimately 
reach any pre-assigned point of space. 



Fig. 161 (ii). PlG - 16 ' x (“)• 
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But when V > c the state of affairs is different, fig. 16-1 (iii), for then the dis- 
turbance never reaches points which lie outside a cone whose vertex is P, whose 
axis is in th direction of V, and whose angle is 2g, where sin g = cjV =ljM. 
The angle g is called the Mach angle and the cone is the Mach cone. 

In two-dimensional motion the Mach cone is replaced by a wedge and the 
lines in which the plane of the motion cuts the wedge are Mach lines. 



Fig. 16-1 (iv). 

A similar phenomenon is observed when uniform flow F(> c) takes place 
parallel to a wall which is smooth save for a small roughness (such as a projecting 
seam) at P. Here a disturbance originates at P and is continually renewed as 
the oncoming air reaches P. The waves continually generated at P give a 
noticeable disturbance only where they lie most densely, i.e. on m, the Mach 
line which issues from P. In the steady state the disturbance at every point of 
m is the same ; the disturbance is not damped, at least in theory, as we recede 
from the wall along m. If there are several such roughnesses, each will give rise 
to a Mach line. Along such a line there is air density slightly different from 
the density of the smooth flow (cf. 15-3 (6)), and this circumstance renders it 
possible to photograph the lines whose existence is thus well attested. 

From this it appears that supersonic flow, in which the airspeed exceeds the 
critical value (15-1), is physically different from subsonic flow. This manifests 
itself mathematically by the change of the differential equations from the 
elliptic to the hyperbolic type (cf. 16-2). 

1 6* 1 5. Thrust due to a supersonic jet. We consider flow from an ejector. 
Within the ejector the flow becomes supersonic immediately after passing the 
section at which the critical speed c* is attained and thereafter emerges from 
the exit with velocity F, density p (cf. Ex. 2, 11, 12). Let w be the area of 
the jet at exit. Then the mass flow is m=pVco. Let p be the pressure at exit 
and II the external pressure. Then by the momentum theorem the reaction 
R of the gas upon the body is 
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R=mV + pw = mV 1 + Ila>, 
where Fj is the velocity when the pressure is 77. 

Thus 

p-n= P V(V 1 -V) 

which gives F x when F, p, 77 are known. 

Now as the speed changes from F to V 1 there is, in general, an increase of 
entropy, so that V 1 will be smaller than in an isentropic transformation in 
which the pressure varies from p to 77. 

Thus there is a loss of energy which will be the greater, the greater the 
difference between p and PI. The loss vanishes when the process remains 
isentropic and then 

P=IJ, F=F 1 

It follows that the ejector will be acting at its greatest efficiency if the exit 
pressure is equal to the external pressure. 


I6-2. Linearised supersonic flow. We consider the case of two- 
dimensional steady motion in the xy-plane, the undisturbed wind being of 
speed F, where F > c 0 , the sound-speed in the undisturbed flow, in the negative 
sense of the z-axis. The linearised equation satisfied by the velocity potential, 
15-3 (7) is 

(1) (l-M°) d -^ + ^-0 

(1) (1 > dx 2 + By 2 ~ ’ 

where now M g = V /c 0 exceeds unity. We write 

(2) sin g 0 = ~ , cotg 0 = J(M 0 2 - 1), 

so that g 0 is the Mach angle (16-1) appropriate to the undisturbed flow. Then 
(1) becomes 

dU , d 2 </> 

(3) - = tanVo ¥2 , 


and it is easily verified by differentiation (cf. 1-5) that the general solution of (3) 


<f> =MV - x tsmp. 0 ) + f 2 (y + xtang 0 ), 


where / x and/ 2 are arbitrary functions. 

We see here the essential mathematical difference between subsonic and 
supersonic flow. In subsonic flow we can reduce (1) to Laplace’s equation by 
a real affine transformation (15-4). No such transformation exists for (3). 
In the terminology of the theory of partial differential equations the subsonic 
case leads to a differential equation of the elliptic type, the supersonic case to 
one of the hyperbolic type. 
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LINEARISED SUPERSONIC FLOW 



Fig. 16-2 (i). 


The equations of the hyperbolic type (b®j 
not of the elliptic type) have an associated systea 
of curves called characteristics * along which dill 
continuities in the initial values are propagate^ 
To elucidate this in the present case, we shag 
begin by stating, what will appear shortly, 
that the characteristics are the Mach line* 
y - x tan /x 0 = £, y + x tan p 0 = 77 , where £ and 
77 are arbitrary constants. These lines form 
two systems of parallel lines. Along a line of 
the ^-system f is constant, and along a line ol 
the 77 -system 77 is constant. If the velocity at 
any point is ( - V + u, v) we have from (4), 
taking if> as the perturbation potential, 
u = tan p 0 (//(£) -/ 2 '( 77 )), 

»= -//(*) -/.'to). 


Therefore the perturbation components parallel to the Mach lines f, 77 aw 
respectively, 

( 5 ) q f ~ u cos n 0 + v sin y. 0 - - 2 Iff ( 77 ) sin p 0 , 

q v = u cos no - v sin p 0 = 2 /,'(£) sin /x„. 


It follows that q ( is constant along a Mach line 77 = constant, and tha( 
is constant along a Mach line £ = constant. Also, when q ( , q n are given, 
the velocity vector ( u , v) is easily constructed, fig. 16-2 (i). 

Now consider fig. 16-2 (ii) which shows a curve AC, at no point of which 
the tangent is a Mach line, and the parallelogram ABCD, formed by drawing 


the Mach lines through A 
and C. 

We can prove the follow- 
ing fundamental theorem. 

Theorem. If the per- 
turbation velocity (m, v ) is 
given at every point of 
AC, then the perturbation 
velocity at every point in- 
terior to the Mach line par- 
allelogram ABCD is uniquely 
determined. 

Proof. Let P be any 



point inside ABCD. Let the 


Fig. 16-2 (ii). 


* See also 16-32. 
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Mach lines through P intersect AC in Q and R. Since the velocity at Q is 
known, q n is known at Q and therefore at P where it has the same value. 
Similarly q ( is known at P, for it has the same value as at R where it is known. 
Therefore the velocity at P can be constructed. q.e.d. 

Now consider a small arc A A' of the curve AC. If we alter the velocities 
which are given at points of A A' in any arbitrary manner, and draw the Mach 
lines A'B', A'D' through A', this alteration will only affect the calculated 
velocities at points within the shaded strips, and this is true however small AA' 
may be. It follows that a discontinuity arising in the velocity at A is propagated 
along the Mach lines AB, AD which pass through A. The Mach lines are 
therefore the characteristics mentioned above. 

The linearised equation (1) permits this elementary demonstration owing to 
the simplicity of the Mach fines, but the above theorem is true in the general 
case of steady two-dimensional supersonic flow, when the Mach fines are not 
necessarily straight, provided that in the enunciation the parallelogram ABCD 
is replaced by a curvilinear quadrilateral formed by the Mach lines through A 
and C. In all such cases the flow within the quadrilateral is determined solely by 
the velocities on the line AC, and is independent of the state of the flow outside. 

As a particular important conclusion we see that a region of constant state 
(uniform wind) must be separated from a region where the state is different 
(constant or otherwise) by a Mach line, and this line is straight, for along it u 
and v are constant. 

I6‘3. Flow round a corner. Referring to 16-2 (4), consider the 
velocity potential 

( 1 ) 0 = Vx + 9V (y + xtanp 0 ), 

where 9 is a small constant. When 6 = 0,0 gives a uniform wind in the 
negative sense of the x-axis. 

When 9 ^ 0, we get the velocity components 

( 2 ) - V - 9V tan y, 0 , - 67, 
which are the components of a uniform flow at the angle 


V + OV tan/A 0 

to the x-axis, in other words, a uniform wind of speed F (1 + 9 tan p 0 ) parallel 
to OB in fig. 16-3 (i). 

Now the different states of uniform flow depicted must (16-2) be separated 
by a Mach fine, and since 0 is a point of discontinuity for the flow parallel to AO, 
the Mach line must pass through 0 and be in the position of 0D in the diagram. 
Alternatively, the line might conceivably be in the symmetrical position OD' . 
Let us, however, consider the case OD. 


FLOW ROUND A CORNER 


The flow depicted will then be given by the velocity potential 
0 = Yx, when y + x tan p 0 > 0. 

(3) 0 = Vx + 9V (y + x tan p 0 ), when y + x tan p 0 < 0. 



Fig. 16 3 (i). 

This value of 0 satisfies 16-2 (3) everywhere, is continuous at the line OD 
where y + cctan/x 0 = 0, and gives the undisturbed flow in the region AOD, 
It must therefore represent the type of flow depicted in fig. 16'3 (i) round the 
convex comer AOB. 

The components of the incremental velocity in region BOD are, from (2), 

(4) w = - 6V tan p 0 , v = - 6V, 
and therefore the incremental velocity is 

(5) q = 9 V sec p 0 , perpendicular to OD. 

It therefore appears that there is an abrupt increase in velocity on crossing 
OD from the front (or side of the oncoming stream) to the back (or side of the 
deflected stream). 

Also, from 15-3 (5), (6), in crossing OD from the front to the back, the 
pressure and density both decrease, in fact 

(6) P ~ To = ~ p 0 SV 2 tnnp 0 = - c 0 p 0 ?. 

(7) />-/>.= - PJMJ tan p 0 = . 

sin — jIXq 


This decrease of pressure and density is characteristic of expansive flow 
The streamlines are wider apart after passing the bend, indicating expansion. 

This is what the linearised theory has to say. This particular problem is, 
however, capable of exact solution,* which shows that the increase of velocity 
does not occur suddenly at a single Mach line »», (OD) but by a series of 
gradual transitions to a final Mach line m 2 , the streamlines being curved between 
m 1 and m 2 . This type of flow between m 1 and m 2 is known as a Prandtl-Meyer 
expansion .j 

The linearised approximation is sufficiently exact for small deflections. 


* See 16-35. 


f Th. Meyer, Dissertation , Gottingen, 1908. 
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The flow just described is irrotational and homentropic and is therefore 
reversible. If we reverse the direction of flow on all the streamlines the Mach 



line OD will now “ lean forward ” against the oncoming flow. The flow will be 
compressive, that is to say, on crossing the Mach fine from front to back the 
pressure and density will increase suddenly. It is not possible to predict in 
general terms which type of flow will arise unless all the boundaries are given, but 
as far as convex bends occur in the flow round an aerofoil, the flow is always ex- 
pansive. 

Compressive flow, however, occurs naturally when the bend is concave, 
fig. 16-3 (iii). 



Fig. 16-3 (iii). 


Here 9 is negative, so that our equations give increases of pressure and 
density. The streamlines are nearer together behind the Mach line, indicating 
compression. 

1 6-32. Characteristics. Consider a geometrical (not a material) surface S 
conceived to be moving through fluid. Let the point P belonging to the surface 
have the velocity q 5 and let q be the velocity of the fluid particle with which P 
instantaneously coincides. The velocity of the point P of the surface relative 
to the fluid is then q s - q. 

Def. A characteristic is a surface which moves through the fluid in such a 
way that the magnitude of the component of the velocity of each point P of 
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the surface relative to the fluid in the direction of the normal to the surface at 
P is equal to the local speed of sound at P. 

In symbols 

(1) n(q. s - q) = ± c, 

where c is the speed of sound at P, and n is the unit normal to the surface at P. 

Since small disturbances are propagated with the speed of sound (1-5), it 
follows that the wave front of such a small disturbance is a characteristic. In 
the case of two-dimensional steady motion the characteristics will be cylindrical 
surfaces represented by a curve in the plane of the motion and will be at rest. 
Thus in (1) q s = 0 and 


nq = ± c 


q n = ± c. 


where q n is the normal component of the fluid velocity. 

Thus the projection of the fluid velocity vector at P on the normal to a 
characteristic at P is equal to c and if p is the acute angle between the tangent 
to the characteristic and the fluid velocity 

.q\ .Cl 

(3) = 

where M is the Mach number. The angle p is the Mach angle (cf. 16-1). 

It is clear from (3) that given the fluid velocity q at P there are exactly two 
characteristics through P whose tangents are equally inclined to q. 

The normal components of the velocity are both c while the tangential 
components are q cos p = t, and - q cos p = - t. 

Therefore by Bernoulli’s theorem (15-1) 

( 4 ) c 2 = ft 2 (? 2 max - q 2 cos 2 p) = £ 2 (? 2 max - l 2 ), 


y + 1 q\ 


1 6*35. Prandtl-Meyer expansion. To discuss flow round a corner con- 
sider fluid streaming with constant supersonic speed V 1 parallel to a straight 
wall AO which bends away from the stream into a second straight part OB at 
the comer 0. 

In the uniform stream of Mach number M j the Mach angle is given by 
sin p t = lfM l and is therefore known. Thus the flow will begin to turn the 
corner along a straight characteristic or Mach line m 1 in fig. 16-35. Assuming 
for the moment that the final state is uniform flow of speed V 2 parallel to OB, 
the turn will be completed on a second straight Mach line w 2 . It then follows 
that all the Mach lines issuing from 0 are straight and that the velocity at each 
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point of any one of them, say m, is the same. If <f> is the velocity potential, we 

have 

m „ _ H 1 d <t> 


?r= - 


qe= - 



— v, 




Fig. 16-35. 


and q r , q s are independent of r. Moreover since m is a characteristic, q 0 ~c and 
therefore by Bernoulli’s theorem, 15-1 (4) gives 

Since q r , q g are independent of r we must satisfy (1) and (2) by writing 

(3) <i> = rf(8), 

where/(fl) is independent of r. Substitution in (2) then gives 

j^t/W + [/(*)]* = PWx, 

where from 16-32 (5) 

_ 1 r *2 

(4) = 

The above equation has the obvious solution 

/(0) = - ?max sin (kO+e), 
where e is an arbitrary constant, and so 

(5) q r = (kq^ sin 6 + «), q e = c* cos (kd + e). 

Let us measure 6 from the intial Mach line m 1 . Then when 6=0 

</ lriax sin e = V t cos p 1; c* cos e = Iq sin p x , 

so that 

(6) tan e = k cot p x = kJ(M 1 2 - 1). 

To find the position of m 2 we have, on this line, fl=fl 2 =p 1 -l-a-p 2 , where 
a is the angle OB makes with AO i.e. the angle through which the oncoming 
stream has been deflected. Therefore 

(7) F 2 cos p 2 = q mAX sin (kd 2 + e), V 2 sin p 2 = c* cos (k6 2 + e). 
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By division, using the value of 6 2 given above, 

c* 

tan / x 2 = cot + a — /x 2 )}, 

!7max 

an equation which determines p 2 , since p 2 and a are known. Equation (7) then 
gives F 2 and so the Mach number, M 2 , of the deflected stream. 

To determine the pressure we have 


^ = c 2 = q g * = c* 2 cos 2 (kO + e). 


P_ = lP. 

Vo \Po 


and c 0 2 


i(y + i)c* 2 - 


p \ (y-l)/y 2 COS 2 (kO + e) 


Therefore 


The maximum value of 6 which is physically possible is that which makes 
p — 0, and so 

(9) k6 max + e = \tt. 

Thus if 

U°) x + p 1 >8 m&x , 


a > T. (I 71 ~ e ) - Fl> 


the fluid will not be in contact with the wall OB but will be separated from it 
by a vacuum bounded by OB and the hue 9 = d max wdiich is simultaneously 
a characteristic and a streamline. 


16-36. Complete Prandtl-Meyer expansion. 

This corresponds to a situation similar to that in 16-35 but starting with a 
stream along AO w-hose Mach number is unity and arranging that the second 
wall OB does not interfere with the expansion which means that 16-35 (10) is 
satisfied. 

If M 1 — 1, 16-35 (6) show-s that e = 0, and therefore that 

(1) q r — 7max sm kO , (ju — c* cos kO . 

W hen 9 = 0 it follows that q r = 0, q g = c* and so the initial Mach fine m\ 
is perpendicular to AO. 

Thus the intial stream has the velocity F x = c * along AO. 


J6-36] COMPLETE PRANDTL-MEYER EXPANSION 299 

Taking y — 1-4 for air we find 0 max = 220° nearly and so the acute angle 
between OA and in 2 is about 50°. 

Between OB and the final Mach line m. 2 there is a region of cavitation. 


= c* 


Fig. 16-36 

Table* 16-36 show-s corresponding values of M, pjp 0 , T'jT 0 , pjp 0 , qlq m2X , p-, 
X, in degrees, for the complete expansion. 

Here p, T, p are pressure temperature and density. Suffix zero refers to 
stagnation conditions. 

The angle A in the last column is the angle through w T hich the direction of 
motion is deflected from the original direction AO. 

In the notation of fig. 16-36 the deflection of the stream on the Mach line 
m is 

(2) A = 9 - (| - p) = l tan- 1 [kJ(M* - 1)] - tan“V(M 2 - 1), 

and entering the table with M we find A or entering with A we find M. 
Therefore in the partial expansion of fig. 16-35, a=A 2 -A! and 

(3) A 2 = a + A x 

where A 1; A 2 correspond to the initial and final Mach numbers and M 2 . 
Thus from (2) and (3) 

(4) l tail- 1 [kJ(M 2 2 - 1)] - tan ~ X J(M 2 2 - 1) = a + /? 

lC 

W'here 

(5) j8 = l tan- 1 [kJ(M^ - 1)] - tan-y (M, 2 - 1). 

* I am indebted to my friend Professor E. Carafoli for this table, which appears in his High - 
Speed Aerodynamics , Bucharest (195b). 
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TABLE 16-36 


M 

P_ 

Po 

T 

% 

— 

Po 

g 

?mat 

M 

A 

1*00 

■528 

•833 

•634 

•408 

90-00 

0-00 

i -°5 

•498 

•8l9 

•608 

•425 

72-25 

o -49 

I-IO 

•468 

•805 

•582 

•441 

65-38 

J -34 

I 15 

•440 

•791 

•556 

•457 

60-41 

2-38 

1-20 

•412 

•776 

■531 

•473 

56-44 

3'56 

1-25 

•386 

•762 

■507 

•488 

53-13 

4-83 

1 - 3 ° 

•361 

747 

•483 

•503 

50-28 

6-i6 

1-35 

•337 

733 

•460 

■517 

47'79 

7-56 

1*40 

•314 

•718 

•437 

•531 

45-58 

8-99 

1-45 

•293 

•704 

•416 

■544 

43-60 

IO "44 

1-5° 

•272 

•690 

•395 

•557 

41-81 

1 1 -91 

1-55 

•253 

■675 

•375 

•570 

40-l8 

I 3'39 

I ‘60 

•235 

*66l 

•356 

■582 

38-68 

14-86 

1-65 

•218 

•647 

•337 

*594 

37-31 

i6 33 

I-70 

•203 

•634 

•320 

•605 

3603 

17-81 

i '75 

•188 

•620 

•303 

•6l6 

34-85 

I 9*27 

l-8o 

■174 

•6O7 

•287 

•627 

33-75 

20-72 

1-85 

•l6l 

•594 

■271 

•637 

32'72 

22-16 

1-90 

•149 

•581 

•257 

■647 

31-76 

23-59 

1-95 

•138 

•568 

■243 

■657 

30-85 

24-99 

2-00 

•128 

•556 

•230 

•667 

30-00 

26-38 

2*05 

■118 

•543 

■218 

•676 

29-20 

27-75 

2-10 

•109 

•531 

•206 

■685 

28-44 

2910 

2-15 

•101 

•520 

•195 

•693 

27-72 

30-43 

2-20 

■0935 

■508 

•184 

•701 

27-04 

31-73 

2*25 

•0865 

•497 

•174 

* 7°9 

26-39 

33-02 

2*30 

•0800 

•486 

•165 

•717 

25-77 

34-28 

2-35 

■0740 

■475 

•156 

•724 

25-18 

35 53 

2^0 

♦0684 

•405 

' 1 47 

•732 

24-62 

36-75 

2-45 

•0633 

•454 

•139 

•739 

24-09 

37-95 

2*50 

•0585 

■444 

•132 

•745 

23-58 

39-12 

2-55 

•0542 

•435 

•125 

•752 

23-09 

40-28 

2-60 

•0501 

■425 

•118 

•758 

22-62 

41-41 

2-65 

•0464 

•4I6 

•III 

•764 

22-17 

42-52 

2-70 

■0430 

■407 

*I06 

•770 

21-74 

43-62 

2-75 

•0398 

•398 

■0999 

•776 

21-32 

44-69 

2-8o 

•0368 

•389 

•O946 

•781 

20-92 

45'74 

2-85 

-0341 

■381 

•O896 

•787 

20-54 

46-79 

2*90 

•0317 

■373 

•0849 

.792 

20-17 

47-79 

2-95 

•0293 

■365 

•O8O4 

•797 

I9-82 

48-78 

3 '°° 

•0272 

•357 

■0762 

•802 

I 9"47 

49-75 

3-05 

•0252 

•349 

•0722 

•806 

I 9 -I 4 

50-71 

3-10 

•0234 

•342 

•O685 

•811 

18-82 

5 I -65 

3-15 

•0217 

■335 

•O649 

•815 

18-51 

52-57 

3-20 

•0202 

•328 

•06l6 

•820 

1 8-2 1 

53-47 

3-25 

•Ol88 

•321 

•0585 

•824 

I 7-92 

54-35 

3 - 3 ° 

•0175 

■315 

■°555 

•828 

■7-64 

55'22 

3-35 

•0162 

•308 

•0527 

•832 

17-37 

56-07 

3 - 4 ° 

•0151 

•302 

•0501 

■835 

I7-IO 

56-91 

3 A 5 

•OI4I 

•296 

•0476 

•839 

16-85 

57-73 

3 - 5 ° 

•OI3I 

•290 

■0452 

•843 

16-60 

58-53 

3-55 

■0122 

■284 

■0430 

•846 

16-36 

59-32 

3-60 

•OII4 

•278 

•O4O9 

•849 

16-13 

60-09 

3'65 

•0106 

■273 

•0389 

•853 

15-90 

60-85 

3 ' 7 ° 

•OO99O 

•267 

•0370 

•856 

15-68 

6i-6o 

375 

•OO924 

•262 

•0352 

•859 

15-47 

62-33 

3-80 

•OO863 

•257 

•0335 

•862 

1526 

63-04 

3-85 

•OO806 

•252 

■° 3 I 9 

■865 

15-05 

63-75 

3-90 

•00753 

■247 

•0304 

•868 

14-86 

64-44 

3-95 

•OO7O4 

•243 

•0290 

•87O 

1466 

65-12 

4*00 

■00659 

■238 

■0277 

■873 

14-48 

65-78 
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Now is given. Therefore to determine M 2 we first find ft from (5), and then 
enter the Table with a + to obtain M 2 from (4). 

16-37. Inversion of the deflection equation. The equation 16-36 (2) 
which gives the angle A through which the stream is deflected can be inverted, in 
some cases analytically, to give the Mach number M when A is given.* 

To this end write 

(1) J(M 2 - 1) = tan (Py A = £ . 

Then 16-36 (2) becomes 


tan (v + jS) = k tan (^\ 


which is a form suited to finding jS by iteration. If 

1 . n 2 - 1 

( 3 ) - k = n, then 7 = ^^ 

and (2) becomes 

(4) n tan (v + /?) = tan n/3. 

If n is an integer, the right hand side is a rational function of tan and (4) 
leads to an equation in tan jS of degree n + 1. 

The resulting equation can be solved by numerical methods for any value 
of n, and analytically if n = 1, 2, 3. 

If n = 2, then y = 5/3 which corresponds to a monatomic gas, for example 
helium. Since a correlation exists between force coefficients measured in a 
helium tunnel and equivalent data in air this value of y has practical applications. 
The solution is 

l + ftaniA) 2 ' 3 
l-(tan£A) 2 ' 3 

If n= 3, then y=5/4. An example of the apphcation of this case occurs in 
the nozzle section of a rocket motor. 

The equation satisfied by cot /3 is 

(6) cot 4 jS - 2 cot 2 /? - f cot (|A) cot j8 - = 0. 

After some reduction (see Ex. XVI, 18) we get 

where 

tj = [3 cot 2 (|A) - l] 1 ' 3 . 


7) 3 + 1 \ 1,2 ‘ 

.r) + l) . 


'• R. Probstein Journ. of Aeronautical Sri. 24 (1957) 316, 317. 
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16*4- Shock waves. The state of affairs depicted in fig. 16-3 (iii) gives 
the linearised approximation to a stream turning a very obtuse angle. 



Fig. 16-4 (i). 


If the corner is turned by a series of short straight pieces, 0 B v B 1 B i , . . . , 
each vertex would yield, on this theory, a Mach line, and these lines might have 
an envelope E. This would cause a mathematically ambiguous state behind 
the envelope, where ( w , v) would not be uniquely determined. Such a state is 
not physically possible. Experimental observations indicate that this situation 
gives rise to a shock line S, which starts at the cusp of the envelope and runs 
between the two branches. In crossing this line the normal velocity decreases 
suddenly, the density, pressure, temperature and entropy suddenly increase. 

Such shock waves can occur at the leading and trailing edges of an aerofoil 
moving at supersonic speed. They can also occur elsewhere on the aerofoil 
should the local relative speed exceed the critical speed of sound. 

Consider the straight stationary shock wave occurring at an obtuse angle 

7 t — 8 where 9 is small. 

Let suffix 0 refer to con- 
ditions in front of the shock 
line S and suffix 1 to con- 
ditions behind that line, so 
that F 0 is the speed of the 
oncoming, V x that of the 
deflected flow. Let S make 
the angle a with the direc- 
tion of F 0 and let w 0 , w x 
denote the components of F 0 and V x perpendicular to S. If we consider the 
condition in front and behind a small line element dl of S, the oncoming flux of 
matter must be the same as the departing flux (equation of continuity) so that 

( 1 ) 



Po w o = Pl w v 
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Since the pressure thrust acts normally to dl there is no change of the 
momentum flux parallel to S, therefore 

(2) Po w oVo cos a = p 1 w 1 V 1 cos (a - 9). 

The difference in pressure thrusts on dl must be equal to the normal flux of 
momentum through dl. Therefore 

(3) Pi ~ Po — Po«'o 2 — Pi M ’i 2 - 

These are the equations of ordinary mechanics. We obtain a fourth relation 
by applying the principle of conservation of energy including thermal energy. 

If E is the internal energy per unit mass of air the total energy is E + i F 2 
per unit mass. We equate the flux of energy to the rate at which work is done 
by the pressure thrusts. Thus 

Po lv o ~ Pi u 'i ~ Pd^-'i + il'i") — Po u 'n (& o F iT p 2 ), 
and therefore from (1) 

^ + E 0 + ilV = P -d + E x + ilV. 

Po Pi 

Using 15-01 (14), we get 


(4) r yP l - + Wo 2 = 7 YP ' + P7- 

(y - i)po (y - l )pi 

This equation is of the same form as Bernoulli’s equation, 2-32, but in 
fact the states (p 0 , p 0 ) and (p lt p x ) here correspond with different values of the 
entropy, so that (4) cannot be written down from the principles of isentropic 
flow on which Bernoulli’s equation is based. The increase of entropy from 
15-01 (11) is 

(5) Sl ~ S 0 = c v \og^Pl. 

Pop l 

Observing that w 0 = F 0 sin a, u\ = V x sin {u - 9), equations (2) to (4) 
reduce easily to the following set. 

(6) F 0 cos a = V x cos (cr - 9), 

(7) p 0 + p 0 F 0 2 sin 2 <7 = Pi + Pl V 1 2 sin 2 (a - 9), 

(8) , - 7P ° + |F„ 2 sin 2 a = YP \ + l IV sin 2 („ - 9), 

(y i)po (y opi 

the last being got by squaring both sides of (6) and subtracting half the result 
from (4). 

Putting A Po = pi - po, Ap 0 = pi - po, 

we get, after some easy reductions, 


Po tan (cr - 9) 

T7 2 „,’„2 _ ^P« 


from (1) and (6), 


dpo = p 0 V 0 2 sin 2 <7 


Po + Ap 0 


( 10 ) 


from (1) and (3), 
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(ii) t- = v I r~ A /° from (8) and a°)- 

^Po 2 Po ~p A P o 

From these equations Ap 0 , A p 0 and a may be calculated when 6, p 0 , p 0 , F 0 are given. 

When 6 is infinitesimal, (9) gives 

, Ap n tancr 

1 + - ' — 

p 0 tan <r — 6 sec 2 a 

sin cr cos cr 

Comparing this with 16-3 (7), we see that, 
when 6 is small and negative, cr = 
which justifies the use of the Mach line 
instead of the shock line in this case. 

Returning to the general case, we get 
from (11) 

h-ei = r^l ( 1 + h) (Pi_ 

Po Po 2 V PoJ \Po 1 
which determines the Hugoniot curve of 
Pilfo against p 1 /p 0 . When;q/p 0 -A- oo , we get 

— -> = 6 approximately 

Po y ~ 1 

for air. Thus a shock wave can compress air at most to six times its original 
density. The dotted curve is the adiabatic pjp 0 = ( pJpoV ■ When Ap^>-0, 
Ap^-0, (11) goes over into the differential equation dp /dp = -yplp of the 
adiabatic. The two curves therefore touch at their starting point pjp 0 = 1. 
The ratio pjp and therefore the temperature rise more steeply in the Hugoniot 
curve than in the adiabatic. 

Finally, we may note that the conditions in front of the shock line here 
discussed must be supersonic. The conditions behind may be either supersonic 
or subsonic. It is the normal component of velocity which is reduced, the 
component tangential to the shock front is unaltered. Thus the velocity is 
refracted towards the shock front in passing from front to back. If the shock 
front is sufficiently oblique to the oncoming air, the conditions behind may still 
be supersonic. 

1 6-45. The shock polar. In the hodograph plane represent the velocity V ( 
of the oncoming flow by the segment OA of the «-axis. From 0 draw the 
vector OP to represent the velocity V x (components u, v,) of the stream deflected 
by the shock through the angle 6. The locus of P is the shock polar belonging 
to V 0 . 
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With the notations of fig. 16-45 (i) we have 

v 

(1) w = V 0 cos cr , w a = V 0 sin a, Mq - V 0 sm cr - ^ ~ • 


Now from 16-4 (1) and (2) we see that the tangential component w of the 
velocity parallel to the shock front is unaltered and then from 16-4 (4) 


2 y Po . 
y - 1 Po 


2y Pi . 

y - 1 Pi 


Substitute for p 0 , jq in 16-4 (3) and eliminate Po , Pl by means of 16-4 (1). We 
then get Prandtl’s relation 

(2) Mytq = P(? 2 ,„ ax - w 2 ), k 2 =(y - l)/(y + 1) 

Substitution in (2) from (1) then gives 

( 3 ) F 0 2 sin 2 a - tan cr = k 2 (q 2 m ax - cos2 CT ) 
which together with 

F 0 - « 

(4) tan a = — 


determines the locus of P (u, v) i.e. the shock polar. 

Elimination of a between (3) and (4) leads directly to the equation of the 

shock polar namely 

(5) v 2 {k 2 (q 2 max - TV) + TVF 0 - «)} = ( 7 o - «) 2 (T'> “ ^? 2 ma X )- 



Fig. 10-45 (i). 
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The shock polar is, therefore a cubic curve (in fact the Folium of Descartes) 
symmetrical with respect to the w-axis which it meets at the points A, B in 
fig. 16-45 (i), 

(6) u = V 0 , u = P? 2 max /F 0 , v = 0 
so that 

(7) OA . OB=Jcy ma . x = c* 2 = OC* 2 . 

Thus A and B are inverse points with respect to the sonic circle u 2 + v 2 = c* 2 . 
Points on the polar within this circle correspond with a subsonic regime after 
the shock. When 



v is infinite and the real asymptote is therefore u = OM. The points on the 
infinite branch of the Folium, shown dotted in fig. 16-45 (i), have also a physical 
interpretation. In fact if we produce OP to meet the infinite branch at Q, an 
initial velocity represented by OQ will, after the shock, be reduced to the 
velocity represented by OA . 

The shock polar corresponding with given values V 0 and q nmK can be con- 
structed point by point as follows. 

Mark the points A, B, M given by (4) and (8), and on AB, MB as diameters 
draw circles C u C 2 . 

Join any point Q on C 2 to B and let QB intersect C x in R. Then the point 
P where AR meets QN, the perpendicular to AB. is a point on the shock polar. 
The proof is left as an exercise. 

In the shock polar as 9-*- 0, i.e. as P approaches the double point A of the 
polar, the shock becomes weaker and weaker and the conditions of no shock 



Fig. 16*45 (ii). 
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are being approached, so that the direction of the shock line must tend to coincide 
with a Mach line. Therefore the angle between the tangents to the shock polar 
at the double point A must be it - 2p, where p is the Mach angle. 

00 



Fig. 16-45 (iii). 


Fig. 16-45 (iii), due to Busemann, shows a family of shock polars for c* < I 0 
?max . They all enclose the point c*, and lie within the circle to which they 
tend when F 0 -» </ max . On the dotted curves the ratio of the stagnation pres- 
sure behind the shock to that before it has the constant value shown. 

16-46 Critical angle. Consider fig. 16-45 (i). The direction of the shock 
line which deflects the stream through the angle 9 is obtained by drawing a 
normal to AP, where P the point where the fine through O, which makes the 
angle 9 with the oncoming stream, cuts the polar. Also we get, from this 
construction I V OP. Since OP cuts the polar at a second point P' there is a 
second possible shock line perpendicular to AP' \ but experimental results seem 
to indicate that, for compressive flow at a bend, the one corresponding with P 
is that -which actually occurs. 


308 


CRITICAL ANGLE 


[16-46 


The tangent OT from 0 (the point T lies on the circle w 2 + » 2 =c* 2 ) gives 
the critical angle 8* where the two possible shock lines coincide. 

If 8 > 9* the above construction fails and there is a curved shock line in front 
of the corner. 



Fig. 16-46. 


At the point A of the detached shock the incidence of the stream is normal 
to S and therefore the flow behind A becomes subsonic. As we go along the 
shock line S from A the incidence of the stream on S becomes more and more 
oblique so that at some point such as B the flow behind the shock becomes 
once more supersonic. 

Since the entropy behind the shock increases with increase of 8, it follows 
that at supersonic speeds small wave drag demands a sharp leading edge. 

16-6. The flat aerofoil. 



Fig. 16-6 (i). 


The simplest supersonic aerofoil, and the one with the least drag, is the flat 
plate. We shall investigate the results of applying the linearised theory,* and 
we therefore assume small incidence a. For delta wings, see Chapter XVII. 

* For a more general treatment and investigation of the conditions in the wake see M. J. 
Lighthiil, A', and M. 1930 (1944). 
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Referring to fig. 16-6, the air encounters the leading edge at A as a parallel 
stream. We have thus a Prandtl-Meyer expansion at A, Mach line E 1 and a 
compression shock S, ; the flow is then parallel to the plate and undergoes a 
shock along S 2 at B, and an expansion along E 2 ; and finally leaves parallel to 
the original stream. 

For small incidence the linearised theory allows us to replace S 1 and S 2 
by the Mach lines appropriate to the speed V, and the results of 16-3 are 
immediately applicable. 

On the upper surface the pressure is 16-3 (6) p v = Po ~ Po* [ 2 tan P»’ 

and on the lower surface p L = p 0 + Po* 1 2 tan Po- 

Thus, if c is the chord we have a force, upwards, perpendicular to the plate 

(1) F = c(p L - pv) = 2p 0 aF 2 c tan fi 0 . 

The lift is L = F cos a = F, and the drag is D = F sin a = Fa. From these 
we get the coefficients 

(2) Ci = 4a tan /r 0 , C D = 4a 2 tan p. 0 . 

Since the loading is uniformly distributed the centre of pressure coefficient is 

C P = h- 

If we set aside the linearised theory the expansions at A and B are schema- 
tically shown in fig. 16-6 (ii). 


\ 



Fig. 16-6 (ii). 


Lines through A, B parallel to the main stream determine upper regions 
1, 2, 4 and lower regions 1, 3, 5 as shown. The force due to pressure is normal 
to the aerofoil and of magnitude 

(3) F = c(p 3 - P*) = c ri{f 1 ~f)’ 

where c is the chord and suffixes refer to the above named regions. Since the 
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pressures are constant over the aerofoil, the resultant for F acts at the mid-point 
of the chord. The pressure ratios are determined from Table 16-36. 

The lift coefficient is 

,a\ _Fcoscc_ 2 fp 3 p 2 \ 


W C L = - ~ ~ COS a 

lpF 2 c yM 2 \p l pj 

where p is the density, V the speed and M the Mach number of the oncoming 
stream. 

The wave drag coefficient is 

„ F sma 

(o) = =tana.C i 

If the incidence is small we can write a for tan a 


The wave drag here given is due to the air mass crossing shock waves with a 
corresponding increase of entropy. Thus the wave drag and the entropy would 
become infinite if the shock waves were to propagate to infinity. Fig. 16-6 (ii) 
shows, however, that this does not happen, since the shock waves are met by 
expansion waves so that their intensity is finally damped to zero. Thus the 
dissipation of energy is restricted to a finite region ; the increase of entropy is 
finite and so therefore is the drag. 

We note also that along the upper surface the entropy changes on crossing 
the shock wave S 2 at B, whereas on the lower surface the change occurs on 
crossing S x so that the loss of head is different in the two cases. Since physically 
we must have p t = p 5 , it follows that there is in fact a deviation say e of the 
departing stream from the original direction of the oncoming stream. Lighthill 
has shown that this deviation is proportional to a 2 and is therefore negligible in 
any practical working range of incidence. 


16-61. Flat aerofoil with flap. 



Fig. 16-61. 


If the aerofoil has a flap hinged at the distance Ec from the trailing edge,* 
lowered through the angle the forces on aerofoil and flap are, by precisely as 
before, 


F 1 — (1 - E) c . 2 paV“ tan p g , F 2 = Ec . 2 p(a 4- £) V 2 tan p 0 , 
* This case is considered by A. R. Collar, R. and M . 2004 (1943). 
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acting at the mid-points of AH, BH respectively. The lift coefficient is therefore 
Cl = (4 a + 4 E£) tan /x 0 , 

so that lowering the flap increases the lift. Similarly, raising the flap will 
decrease it, but we may observe that in either case there may be a shock wave 
at the hinge. 

The pitching moment is easily calculated about any point from the dis- 
position of the forces shown in fig. 16-61. 

16-7. Flow past a polygonal profile. Consider the slender polygonal 

profile sketched in fig. 16-7, at incidence a. 

Replacing possible shock lines and Prandtl-Meyer expansions by Mach 
lines as in 16-6, the linearised theory gives a system of parallel Mach lines 
m, m v . . . , at each vertex on the upper side and m', m/, . . . , at each vertex 
on the lower side. Between consecutive Mach lines there is uniform flow 
parallel to a side of the polygon, and in each such field of uniform flow there 
exists a pressure in excess, or in defect, of the pressure of the main stream. 
The pressure thrusts on each side of the polygon can then be replaced by a 
normal force at the centre of that side exactly as in 16-6, and the calcula- 
tion of the lift, drag, and moment presents no particular difficulty for a given 
polygon. 



Fig. 16-7. 


16-71. Flow past a general profile. The general profile can of 
course be considered as the limiting case of the polygonal profile of 16-7, 
but it is simpler to deal with it directly. The type of profile which we shall 
consider will be slender, to allow the application of the linearised theory, and 
will have a sharp point at the leading and trailing edges. 

From each point of the surface there will spring a Mach line. We take the 
chord AB as x-axis and the y-axis to be directed through A. Let P (x, y) be a 
point on the upper surface, draw PM perpendicular to AB to meet the lower 
surface at P'(x, y'). The tangent at P meets the x-axis at T. Then the angle 
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PTB is dyjdx and the flow at P is along TP, so that it has been deflected through 
the angle 



Fig. 16-71. 


from the direction of the oncoming wind V. Now consider an element PQ = ds 
of the upper surface. Since all the gradients are small we can write ds — dx. 
If dpi 7 is the incremental pressure p - p a at P the thrust on PQ is dp v dx, 
perpendicular to the tangent at P. The contributions of this thrust to lift, 
drag, and moment about A are therefore respectively 

- dpi ; dx cos 6, - dpv dx sin 9, + x dp v dx. 

The corresponding contributions from the element at P' on the lower surface 
are 

dp L dx cos 9' , dp L dx sin 6', - x dp L dx, 


( 2 ) = 

Since 6, 6' are small we can write cos 6 = 1, sin 9 = 6, and so we get for lift 
drag, and pitching moment, 

(3) L = f (dp i - dpu ) dx, D = f (dp L 8' - dp v 6) dx, 

Jo Jo 

M a = f (dp n - dp L ) x dx, 

1 o 

where c = AB is the chord of the profile. 

Now the incremental velocity q at the Mach line m is perpendicular to that 
line (15-61). Also the flow at P must be along the tangent. Therefore 

tan. <? cos ^° 

V + q sin p 0 


( 4 ) 


or, q = V6 sec p 0 , 
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since 9 and q are small. Therefore * from 16-3 (6), 


(5) dp v = p v ~ Po= ~ c oPo Vd sec Mo = - c oMo ~ Jj) V sec Mo- 


Similarly, 


dpi = Vl ~ Po = CoPoVO' sec p 0 = c oPo (x - V sec /i 0 . 
Therefore 

d PL ~ dp v = C 0 p o ( 2 « - ^ - dC) V SeC ^’ 

f ( dy \ 2 / % , '\ 2 1 

8' dp L - 8dp v = c oPo V sec Mo |_ + {* ~ ~di) J ‘ 


= o= 

J o dx J o dx 


Therefore, from (3), 


L = 2 xcc 0 p 0 V sec p 0 , D = cc 0 p a V sec p 0 [2a 2 + 2A 1 2 + 2.4 2 2 ]. 

(6) M a = - c oPo V sec p 0 f o (*«- d £-%) x dx > 

where 

so that Aj 2 and A 2 2 are never negative. To get the lift and drag coefficients we 
divide by |p 0 F 2 c = ^p 0 cc 0 VM„ = \p 0 c c 0 l cosec p a . 

Thus 

C L = 4a tan p 0 , C D = 4 (a 2 + A 2 + A 2 ) tan p 0 , 

where tan /Iq = \/*J(M 0 2 — 1). Thus it appears that, to the linearised 
approximation, C'i is independent of the form of the profile, and decreases as 
M 0 increases. On the other hand, C D depends on the shape, unless A l == A 2 = 0, 
which is the case of the flat aerofoil, and then C D is least. 

The efficiency C L IC U is a function of the incidence, in fact 


C D a 2 + A 2 + A 2 2 ’ 
which is independent of the Mach number. 

* Note that here c 0 ie the speed of sound in the undisturbed flow, and c is the chord of the 
aerofoil. 
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For a given aerofoil the efficiency is greatest when a = J{A^ + A£) 
Thus for any supersonic aerofoil, which is not a flat plate, there is an optimum 
incidence independent of the Mach number.* 

Before discussing the moment M A , consider 

{7) I {t + %) Xdx = ~ J 0 (2/ + y ' )dx = ~ \ 0 2hdx = ~ 2c * A ’ 

where we have integrated by parts and then put 2 h = y + y' , so that h is the 
ordinate of the camber line (l- 14), and c 2 A is the area enclosed between the 
camber line and the chord. 

With this notation the pitching moment coefficient about the leading edge is 
(8) C m = - 2(a + 2 A) tan p 0 , 

and therefore the centre of pressure coefficient is 


fl 


Thus for all supersonic aerofoils symmetrical with respect to the chord the 
centre of pressure is at the mid-point of the chord, since then A =0. 


EXAMPLES XVI 

1. If a uniform wind is deflected expansively through the angle 0, show that the 
new Mach angle fi is given approximately by 

P - Po = - 0[|(y - 1) + My + 1) tan 2 fi 0 ], 

2. In expansive supersonic flow round a polygonal bend the air stream is 
deflected through the small angle 8 n at the nth corner (n = 1, 2, 3, . . . ,). If p„ is 
the pressure and the local Mach angle after the nth comer is passed, prove that, 
approximately, 

- = 1 - 2y0„ cosec 2(i n , p n = - |0 n [(y + l)sec 2 /x n _j- 2], 

I’n - 1 

(Lighthill.) 

3. In the preceding example, show that, if the bend is continuous, 

^ = - i(y + 1) sec 2 ^ + 1, 
and hence prove, or verify, that 

«“/(/* o)-/W 

where 

= V(^n) tail ” 1 V / (^xr i) tan P - p- (Lighthill.) 

* G. I. Taylor, R. and M. 1467 (1932), states that a symmetrical aerofoil with thickness ratio 
1 20 has a maximum efficiency of 8-8, neglecting skin friction. 
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4 . In Ex. 3, prove that if the bend is continuous 

- = -2 y cosec 2 p, 

p do 

and hence prove, or verify, that 

where 

To gwo) 

( sin 2 /t y/ly- 1 ) 

^ ^ — Vy - cos 2p./ ( 

5 . In Ex. 4, prove that the velocity V at the deflection 6 is given by 

v Ify - cos 2ft 0 \ 


(Lighthill.) 


F„ ^ Vy - cos 2ft } ’ 

where V 0 is the velocity of the undeflected stream. (Lighthill.) 

6. Show that the pressure behind a plane shock front which deflects through 
the angle 8 is, approximately, 

Pi = Po [1 - 2 y0 cosec 2 Fo ]■ 

7 . Show that 16-4 (5) does in fact yield an increase of entropy in the case of a 
shock wave, and that the increase is approximately 


y(M\ 


v 12 W 

where Apjp 0 = 20 cosec 2fi 0 nearly. 

8. Calculate the drag coefficient for a flat aerofoil with the flap lowered (1G-61) 

9 . With the diagram and notations of 16-61 , prove that 

dC L 4 dC L _ 4 E 

da M 2 -l)’ 3f V(M 2 -1)’ 
and that for moments about the point rc of the chord from the leading edge 

„ 4(r - |) , 4 E(r - 1 + jE) t 

m sl(M 2 - 1) 

(Collar.) 

10 . With the diagram and notations of 16-61, prove that the moment about the 
hinge of the force on the flap is 


J(AP - 1)' 


and that 


J(M 2 - 1) 


(Collar.) 


11 . Calculate the lift and drag coefficients for a supersonic profile of six equal 
sides symmetrical about one diagonal, the sides w T hich meet that diagonal each 
making an angle 77-/90 with it. 

12 . Show that in a supersonic aerofoil the lift coefficient is proportional to the 
height, measured perpendicularly to the direction of motion, of the leading edge 
above the trailing edge. 
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13. A biconvex aerofoil consisting of two circular arcs is such that the arcs make 
angles e and £ with the chord at the leading edge. Prove that in supersonic flow 

C D = (4a 2 + §<r 2 + §£ 2 ) tan p 0 , C n = - 2(a + Je - $£) tan ^ 0l 
where £ is the angle at the lower arc. 

Evaluate these when M 0 = 1-7, e = 0-279, £ = 0-120. (Taylor.) 

14. If a biconvex supersonic aerofoil bounded by two circular arcs is placed at 
zero incidence, show that the (p, x) curve where p is the pressure excess and x is 
measured along the chord is antisymmetrical with respect to the centre of the chord. 

15. W ith the other notations of 16-4 let w denote the component of velocity at 
the shock front parallel to the shock line. Prove that 


£_o 2 _ 2 

i “*? max w 

Y ~ 1 Po 


„ 2 Si _ „ 2 

0 ’ y - 1 Pl ~ q max 


16. Use Ex. 15 to obtain Prandtl’s relation 


w 0 w 1 = c* 2 - k 2 w 2 , lc 2 = (y - 1 )/(y + 1). 

17. If, with the notations of 15, p 0 wi 0 = ppx\ = m, prove that 


Pi ~ Po = m i w o ~ w i)< y(Pi + Po) = m (“’o + Mb)- 

18. In 16-37 (6) show that the appropriate value of cot /? is determined from the 
fact that the maximum value of the deflection A, associated with M = oo, is w and 
therefore that the coefficient of cot /? in the equation is always negative since 

cotJA^-i. 


CHAPTER XVII 


SUPERSONIC SWEPTBACK AND DELTA WINGS 

17-0. The principle of two-dimensional linearised supersonic flow was 
treated in Chapter XVI. In this chapter we shall be concerned with a special 
type of linearised supersonic flow known as conical. The theory is illustrated 
mainly in its application to thin aerofoils whose boundary is a plane rectilinear 
polygon. Throughout we shall consider the air to be inviscid and the motion to 
he steady, irrotational, and homentropic. 

17-01. Conical flow. Consider the steady supersonic flow of air round a 
corner depicted in fig. 16-3 (ii). It is characteristic of this particular flow 
pattern that the state of the fluid, that is to say, its velocity, density, tempera- 
ture and pressure, is the same at every point of a half-line or ray drawn from a 
fixed point on the corner into the fluid. Although each such ray is a line of 
constant state, the state may be different on different rays. 

Def. A flow in which there exists a fixed point 0 such that each ray from O 
is a line of constant state, is called a conical flow, vertex O. 

Thus in a conical flow the state may depend upon the direction of the ray 
but not upon the distance along the ray. 

Take O as origin and let P ( x , y, z) be any point on a ray through O. Then 
Q (xt , yt, zt) is equally a point on this ray. Consider any one of the variables 
which define the state, say the pressure p = p(x, y, z). In conical flow, vertex O, 
the pressure is the same at P and Q. Therefore 

p{x, y , z) = p{xt, yt, zt). 

This means that p is a homogeneous function of degree zero in the variables 
x, y, z* Another way of stating this fundamental fact is to say that p depends 
solely on the ratios x : y : z and not on the individual values x, y, z. In other 
words we can say, for example, that p depends only on the pair of ratios yjX, zix 
and write 


This function is clearly unaltered when we replace x, y, z by xt, yt, zt. 

17-02. Rectangular aerofoil. To illustrate the idea of conical flow in 
three-dimensions consider a rectangular flat aerofoil of finite span and negligible 

* A function f(x, y, z) is said to be homogeneous of degree n in the variables x, y, z if 
f(xt, yt, zt) = t n f(x, y, z). 
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thickness placed with its leading edge 00' perpendicular to an oncoming super- 
sonic wind which meets the aerofoil at zero incidence. We can think of this 
aerofoil as having been obtained by cutting off two (infinite) ends from an aero- 
foil of infinite span (two-dimensional aerofoil). 



Fig. 17-02 (i). 

Each point of the leading edge is the vertex of a Mach cone (61-1) and all 
these cones touch an envelope, or Mach wedge, consisting of two planes indicated 
by O'ByBfi, 0'B 2 'B 2 0 in fig. (i). In particular the cone whose vertex is 0 
touches the planes along the generators OB u OB 2 and the cone whose vertex is 
O' touches them along the generators 071/, 0'B 2 . Like the Mach wedge, the 
Mach cones vertices 0 and O' extend downstream without limit. In fig. (i) only 
parts of these cones and the wedge are shown. Take a section by a plane per- 
pendicular to the wind and not so far downstream that the cones of vertices 0 
and 0 intersect. We then obtain a diagram like fig. (ii), wherein the cones are 
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represented by circles centres A and A'. In the region outside the figure, 
B l 'D 2 'B 2 ’B 2 D l B 1 the flow is that of the undisturbed wind. In the inner 
region between the circles and the planes B 1 ’B 1 , B 2 B 2 , the flow is the same as 
that over an aerofoil of infinite span, for no part of this region comes within 
the Mach cones from the wing tips O, O' of fig. (i). The flows in the regions 
interior to these cones, shown as the interiors of the circles in fig. (ii) are 
conical flows with vertices O, O' respectively and it is the object of this chapter 
to discuss such flows. Before doing so, however, let us dispose of the two- 
dimensional part of the total flow. 

17-03. Two-dimensional sweep-back. The problem of the flat aerofoil 
of infinite span at small incidence a in a supersonic wind F perpendicular to the 
leading edge was solved in 16-6. In flowing over the upper surface of the aero- 
foil the velocity component in the direction of the undisturbed flow, will be 
increased to F + u x , where, from 16-3 (4), on the upper surface of the aerofoil 

(1) = aFtan/x 0 , sinp 0 = cJV . 

In the flow over the lower surface the velocity component in the direction of the 
undisturbed flow is V - u x . The resultant lifting pressure, that is to say the 
difference of pressures just above and just below the same point of the aerofoil, 
is, from 16-6, 

(2) 2p 0 u x V = 2p 0 aF 2 tan p 0 = 2p 0 aF 2 (F 2 /c 0 2 - 1)~ I/2 , 

In the above, p 0 , c 0 , /x 0 refer to the density, sonic speed, and Mach angle of 
the undisturbed wind. 

To find the corresponding lifting pressure for a swept-back aerofoil of infinite 
span consider fig. 17-03 
which shows an aerofoil 
of infinite span with the 
leading edge inclined at 
the angle 8, where 8 > /x 0 , 
to the oncoming wind F. 

At a point 0 of the 
leading edge, we dis- 
tinguish two lines, l e the 
leading edge and l v the 
line of the wind vector, 
and two planes OAB, the 
plane of the aerofoil, and 
OCD, the plane which 
contains l e and l v . We draw three more planes, (i) OAD through l v perpendic- 
ular to the plane of the aerofoil, (ii) OBC perpendicular to the leading edge l e , 
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(iii) ABCD perpendicular to the plane OCD, and parallel to the leading edge l . 
By their intersections these planes determine, in fig. 17-03, the angle AOD = J 
the incidence, and the angle BOC = Then 

tan a/tan a x = 00/01) = sin S, 
and therefore since a is small, 

(3) a = a x sin 8. 

The velocity T can be resolved into V sin 8 along OC and V cos 8 parallel to 
the leading edge. If the component F cos 8 were absent, the wind would have 
velocity F sin 8 perpendicular to the leading edge and the incidence would be 
<*i> and from (1) the perturbation velocity of V sin 8 would be 

( 4 ) u l00 = a x F sin 8 tan p 1( sin fi t = c 0 /(V sin 8), 

in the direction OC. If we now restore the component F cos 8 by imposing this 
constant velocity, the dynamical circumstances are unaltered and the perturba- 
tion velocity of F for the swept-back wing is still given by (4) and is still in 
the direction OC. This perturbation velocity has the components 


in the direction of the undisturbed wind and to starboard respectively. 

From the second equations of (1) and (4) we have sin = sin p 0 /sin 8, from 
which it follows easily that tan ^ = cosec 8 (cosec 2 p 0 “ cosec 2 S)~ 1/2 . Com- 
bining this with (3) and (4), we get 

(6) Mioo — a F cosec 8 (cot 2 p 0 - cot 2 S)~ 1/2 

= m„o cosec 8 cot p 0 (cot 2 p 0 - cot 2 S)~ l/2 . 

Now introduce the angle A defined by 

(7) cos A = tan p 0 cot 8 = cot 8/cot p 0 , 
and we then have, from (6), 

(8) Mj a, — Moo cosec 8 cosec A. 

So that, (5) gives 

(9) M o = cosec A, v 0 = - u„ cot 8 cosec A. 

These give the perturbation velocities for a swept-back aerofoil where m m is 
given by (1). The lifting pressure is 

(10) 2 p 0 u 0 V = 2ap 0 F 2 tan p 0 cosec A, 

and thus the lift on any part of the aerofoil may be calculated by multiplication 
of (10) by the area of the part. 


17-1. Linearisation for the flat aerofoil. Take rectangular axes Ox, 
Oy> Oz and suppose there is a supersonic wind ( I", 0, aF) so that its velocity 
potential is — I x — aVz. This wind may be described otherwise as a wind of 
speed F(1 -f a 2 ) 1/2 at incidence tan -1 a to the plane z = 0, fig. 17-1. 
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Let a portion of the plane z = 0 be occupied by a flat aerofoil, to fix our ideas 
say a triangular aerofoil or delta wing, placed with a vertex at the origin O. The 
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presence of this aerofoil will disturb the wind stream and the velocity potential 
will become 

<p = - Fa: - aVz + (j > , 

where <f> is a velocity potential whose negative gradient, - V<£. gives the per- 
turbation velocity ( u , v, w) so that the velocity at any point will be 

(2) (F + u, v, aF + w). 

Since the air cannot flow through the aerofoil we have the boundary condition 
a F + w = 0 or 

(3) w = - aF on the aerofoil. 

Observe that statements (1), (2) and (3) involve no approximation. 

We now introduce the assumption that a and consequently the perturbation 
is small, so that (it, v, w) are small quantities whose squares and products may 
be neglected. Also the speed of the wind stream is F (1 + a 2 ) 1/2 which to this 
order 'of approximation is F and the perturbation velocity potential satisfies 
15-3 (7). In the present case 

M 0 = cosec p 0 = cJV (1 4- a 2 ) 1/2 = c 0 /F 
and therefore M 0 2 - 1 = cot 2 p 0 . We can now write 15-3 (7) in the form 


(4) 


d 2 (j> d 2 4> 
d y- 9z 2 



Equation (4) is the linearised equation satisfied by the perturbation velocity 
potential in the case of a steady supersonic wind stream slightly disturbed by a 
flat aerofoil. The equation has more extended applications, the only essential 
condition being that the disturbance shall be small. For example, the same 
equation is satisfied by the perturbation velocity potential due to an aerofoil of 
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small thickness whose camber surface lies nearly in the plane z — 0 and whose 
slope referred to this plane is everywhere small, see 17-19. Similarly the equa- 
tion may be used to discuss the perturbation due to a cone of infinitesimal angle 
whose generators lie near to the x-axis or to a slender body of revolution whose 
axis of revolution lies near to the x-axis. 

Since u = - <f> x , v = - w = - <f> z , whose suffixes denote partial differen- 
tiation, it follow's that u, v, w themselves all satisfy (4). 

It might be well to remark here that the axes just introduced differ slightly 
from those employed in 15-3, where the wind is in the negative x-direction. The 
perturbation quantities there found are converted to use wfith the present axes 
by changing the sign of V. Thus, wfith the axes of this section, 

(5) p - p 0 = - u Po V, p - p 0 = ~ ‘u Po M 0 t /V 

and are, naturally, still linear functions of u. 

If S denotes any of the quantities <f>, u, v, u\ p, p, it follows that in the 
linearised case S satisfies (4) and therefore 

a 2 s a 2 s_ f2 d*s 

( ) dy 2 + dz 2 cot M ax 2 ’ 

where w-e have written p instead of p 0 , since in the sequel the Mach angle p will 
always be taken to be that of the undisturbed wind stream. 

On the upper surface of the aerofoil u is positive and p - p 0 is therefore 
negative. Therefore, from (5), the lifting pressure is 

(7) 2 puV, 

where p is the density of the undisturbed stream. 

Since the lifting pressure determines the force on the aerofoil (see 17-2), it 
follow's from (7) that our problem is essentially to determine u. 

17-12. Solution of the linearised equation for conical flow. As 

showm in 17-01 the pressure, and the perturbation velocity component u on 
which the pressure depends, are independent of the distance from the vertex 
in the case of conical flow. If the vertex is taken as origin, w-e require there- 
fore those solutions of 

, d 2 S d 2 ,S d 2 S „ 

(1) ~ cot ^ 2 + sf + 

which are homogeneous functions of degree zero in x, y, z. 

We now show that the required solutions can be inferred from the homo- 
geneous solutions of zero degree of Laplace’s equation, 

, 0 . d 2 S d 2 S d 2 S „ 

( ) dX 2 + dy 2 + dz 2 “ °’ 

which reduces to (1) by the substitution, 

(3) X = ix tan p. 


SOLUTION OF THE LINEARISED EQUATION 


In polar coordinates 

X = R x cos w, y = R i cos 9 sin w, 
Laplace’s equation becomes * 


R 1 sin 9 sin to. 


dR, V 1 dR r 


sin o> dot 


and when S is independent of R 1 (the distance from the origin) the first term is 
identically zero. The substitution 

(5) X = log tan {w 
gives dSjdco — cosec to dSjdx and so (4) becomes 

d 2 S d 2 S n 

(6) ^7 + 9 02 - °> 

which, as is easily verified by substitution, has the general real-valued solution 

(7) S = F(x + id) + F(x - W)’ 

where F is an arbitrary, twice differentiable, function. Now r from (5), observing 
that 

tan = sincu/(l + cosco), 


<So=/i 


sin a> cos 9 + i sin o> sin 9 


1 + cos < 




sin oj cos 9 + i sin oj sin 6 y 4- iz 

e x+ie — e i0 t an — — — Y p . 

2 1 + cos co A + /t x 

Thus, x + is a function of (y + iz)l(X + RJ and therefore from (7) the 
general real-valued solution of Laplace’s equation of zero degree is S 0 , where 

< 8 > s ° = fl [xTi i) + & {~xTr) ’ 

and where f 1 denotes an arbitrary function. 

From (8) we can deduce the general solution of zero degree of (1) by using the 
substitution (3). In fact, since R 2 = A 2 + y 2 + "J, the substitution (3) gives 
X + = ix tan p + J (y 2 + z 2 - x 2 tan 2 p) = i(x tan p + R 2 ), 

where 

(9) R 2 = x 2 tan 2 p - y 2 - z 2 

and so 

y + iz = / _ i) y + iz 

X + R 1 V x tan p + R 2 

Therefore, the general real-valued solution of zero degree of (1) is 


y + iz 


S 0 =f 


y + iz 

,x tan p + R, 


y - 22 j > 

,x tan p + R 2 J ’ 


where /is an arbitrary, twice differentiable, function. 


Milne-Thomson, Theoretical Hydrodynamics, 16-1. 
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This solution is appropriate to all points (x, y, z) such that R 2 is positive, 
that is to say, to all points within the Mach cone 

(11) y 2 + z 2 = x 2 tan 2 p. 

If we now introduce Busemann’s complex variable e which is defined by 

y ^2, 

(12) " = ^Tan M +R 2 ’ ~ ( x2 tan 2 P — y 1 — z 2 ) 1/2 , 

the general solution (11) assumes the convenient form 

< 13 ) «.=/(«) +/(«). 

The properties of the variable e will be discussed in the next section. 


17-13. The complex variable e. This variable is defined by 17-12 (12). 
Introduce dimensionless variables r, s, s* which satisfy the relations 


s = r cos 6 — 


x tan fx ’ 


= r sin 9 


x tan y ' 


It then follows that 


1 + (1 - s 2 - s* 2 ) 1 ' 2 1 + (1 - r 2 ) 


r ( cos 9 + i sin 6) „ 

— — RfM 

1 4- n - r 2 W 2 ’ 


1 - (1 - r 2 ) l/2 


1 + (1 - r 2 ) 1 / 2 



Physical plane. c-plane. 

Fig. 1713. 

If we mark the point re' 6 in one Argand diagram, which we shall call the 
physical plane, and the point Re ie in another, the e-plane, we see that these 
points correspond in a mapping in which the points of a ray from the origin 
which makes an angle 6 with the real axis in the physical plane, are mapped on 
the points of a ray from the origin which makes an angle 6 with the real axis 
in the e-plane. This mapping is not conformal. 

It also appears from (3) that in the mapping the origins correspond, for 
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R = 0 when r = 0, and so do the circumferences r = 1 and R = 1 . In the 
case of other corresponding points within these circumferences we have R < r. 
Moreover, R is complex when r > 1 . Thus we regard the correspondence as a 
mapping of the circle r^l in the physical plane on the circle R ^ 1 in the 
e-plane. 

Further, since re i0 takes the same value at all points of a ray which lies 
within the Mach cone of the point (0, 0, 0), it follows that the points in the 
physical plane within the circumference r = 1 give a complete representation so 
far as conical flow is concerned of all points within the Mach cone. 

Thus the state of a conical flow- will be completely know-n if the variables 
which define the state are found as functions of (r, 6) or what amounts to the 
same as functions of e. In this sense the unit circles of fig. 17-13 represent the 
Mach cone of the actual flow. We shall refer to either as the Mach circle. 

An intuitive physical interpretation of s, s* is obtained from the observation 
that (cot y, s, s*) are the cartesian coordinates of a point wdthin the circular 
section of the Mach cone by the plane x = cot y. It is in this sense that we may 
reasonably call the plane of re i0 the physical plane. 

Notation. In diagrams, corresponding points in the physical and e-planes 
will always be marked with the same letter. For flat thin aerofoils which lie in 
the plane z = 0 the section by the plane x = cot y will be a straight line lying 
along the real axis of the physical plane, and the points of section of the leading 
and trailing edges (see 17-16) will be marked L and T with or without suffix. 
In so far as these points lie within the Mach circle in the physical plane we 
shall write (with due regard to sign) s - l at a leading and s — t at a trailing edge . 
The corresponding points in the e-plane w r ill be denoted by e — L, e = T (i.e. 
w-ith capital letters) as for example in fig. 17-6. In fig. 17-62 the leading edges 
will be s — l v s — - l 2 in the physical and e = L v e = - L 2 in the e-plane. 

The following formulae will be found useful. The proofs are left as simple 


exercises. 


(5) 

R 2 2 = x 2 tan 2 p - y 2 - g 2 = x 2 tan 2 /x(l - r 

(6) 

1 - R 2 

^ (1 r ) ” 1 + .R 2 ' 

(7) 

! V( !h“ r2) , = 1 - * = 1 - «■ 

1 + 7(1 - r 2 ) 

(8) 

2 R 

r ~ 1 + R 2 • 

(9) 

r 2R r 2R 

1 - r ~ (1 - Rf’ 1 +r (\ + R) 2 ’ 

(10) 

e + - = - when e is real, 
e s 
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1714. Complex velocity components. In 17-12 (13) the general real 
valued solution of zero degree of the linearised equation was found to be of the 
form /(e) +/(e). Since the perturbation velocity components u, v, w are solu- 
tions of this type, it follows that they are the real parts of functions of the 
complex variable e. Thus we can write 

(1) u + iu* = %l(e), v + iv* = V(e), w + iw* = %0(e), 

where u*, v*, w* are also real. To these latter quantities we attribute no 
physical significance. We note, however, that 

(2) u* - iu = - iU(e), v* - iv = - iV(e), w * - iw = - iWf), 
so that u*, v*, w* are perturbation velocity components of some other conical 
flow. 

The functions H, e D, If 1 , will be called the complex velocity components. 

Just as we may regard a two-dimensional flow problem as solved when the 
complex potential w(z) has been found, so we regard a problem concerning conical 
flow as solved when the complex velocity component %l has been found, for then u 
and therefore the pressure and so the forces are determinable. Moreover, v and 
w can also be found (17-15) and so the whole flow is determinable. 

17-15. Compatibility equations. The complex velocity components % 

Ifl) of 17-14 are not independent, for their real parts u, v, w are velocity com- 
ponents of an irrotational flow. Since u, v, w are homogeneous functions of 
degree zero in x, y, z, the velocity potential from which they are derived must be 
homogeneous of degree unity. Let f(x, y, z) be a homogeneous function of 
degree n. Then, if suffixes denote partial differentiation, a well-known theorem 
of Euler states that 

(!) X fx + yfv + zfz = nf. 

In the case of the perturbation velocity potential /, we have n = 1 and so 
<t> = X 4>x + y<f>v + zf z = - ux - vy - wz. 

Therefore dfl - - udx - vdy - wdz - xdu - y dv - zdw 

But d<f> — <j> x dx + <f> y dy + <f> z dz = — u dx — v dy — w dz. 

Therefore 

(2) xdu + y dv + z dw = 0. 

Since (17-14), «*, v*, w* are also perturbation velocities of some conical flow, 
it follows similarly that 

(3) x du * + y dv* + z dw* = 0. 

Bow, du + i du* = d lf = / 1 de, if a dash denotes differentiation with respect 
to <r. If, therefore, we multiply (3) by i and add to (2), we get 

(4) xtf -I- y% 7 + z%(j' = 0. 
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Partial differentiation of (4) with respect to x gives 

%' +(W +yV" +zW")e x = 0 . 

It follows from this and the two similar equations obtained by differentiating (4) 
with respect to y and z that 

11’ V w 


These are the compatibility equations expressing that H, fj, are compatible 
with irrotational flow. 

We now proceed to eliminate x, y, z. From 17-12 (12) by logarithmic differ- 


entiation 


de dy + i dz tan g.dx + dR 2 

e y + iz x tan p, 

R t dR 2 = x tan 2 p dx - y dy - z dz. 


Therefore 


- 2e tan f i 2 R 2 + 2ye 2 iR 2 + 2 Z€ 

x tan p + R 2 x tan p 4~ R 2 
Using 17-13 (5) to (9), we obtain, after reduction, 

, 6 , 11' V %& 

U 2e tan p - (1 + e 2 ) - i(l - e 2 ) 

as the final form of the compatibility equations. 

The problem of linearised conical flow is essentially that of finding functions 
ULlfl), ^( c )> hO(f) holomorphic within the Mach circle j e | = 1 except at certain 
singularities defined by the boundary conditions (see 17-17). It follows from (6) 
that if one of these functions can be found, the other two can be determined by 
integration. 

On account of the presence of the factor e in the denominator of the first 
member of (6) it follows that '%'/ and Iff)' will have a singularity at e = 0 unless 
fl' (0) = 0. Such a singularity cannot occur on the surface of the aerofoil (except 
possibly at an edge), so that if e = 0 is a point on the aerofoil and not at an edge, 

(7) = 0 when e = 0. 

' ' de 

We now prove an important property of u*. From the compatibility equa- 
tions (6), we have 

- i(l - e 2 ) 

18) dkv + iw*) — — — (du + idu*). 

' ' 2etanp 

Now, on the surface of the aerofoil e is real and w is constant, 17-1 (3). There- 
fore, dw = 0 and equating the real parts of (8), we find that du* = 0 on the aero- 


d(iv + iw* 


(du + i du* 
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foil. Thus m* = constant on the surface of the aerofoil. Without loss of general- 
ity we can take the constant to be zero so that 

(9) u* ~ 0 on the surface of the aerofoil. 

This result has the very useful consequence that 

(10) u = %(«) on the surface of the aerofoil, 

since on that surface e is real. In other words, there is no necessity to separate 
the real part in order to find u. Moreover, the lifting pressure is 2pF'2/(<r). 

17-16. Polygonal aerofoils. As explained in 17-1 we assume the aerofoil 
to occupy a portion of the plane z — 0 and to be exposed to a wind (F, 0, a F). 
Consider a flat polygonal aerofoil. Such an aerofoil can be rotated in the plane 
2 = 0 to take various orientations with respect to the wind stream. Let us con- 
sider one of these orientations and one vertex 0 of the polygon through which 
there necessarily pass two edges. 



<*) (») (iii) 

Fig. 17-16. 


Fig. 17-16 shows three cases. In each figure a fine is drawrn through 0 to 
indicate the direction of F. 

Def. If a fine drawn parallel to the direction of F leaves the aerofoil when 
crossing an edge, that edge is said to be trailing ; if it enters the aerofoil when 
crossing an edge, that edge is said to be leading. An edge drawn from the vertex 
parallel to the direction of F will be called axial. 

Thus, in fig. (ii), OT is a trailing edge ; in figs, (ii) and (iii) OL is a leading 
edge. In fig. (i) both edges OL lt OL 2 are leading. In fig. (iii) OA is an axial 
edge. 

We shall use the letters L, T, A to distinguish leading, trailing and axial 
edges, so that the edge character at 0 will be denoted by LL (two leading edges) 
* n fig- W’ fiy LT (one leading, one trailing edge) in fig. (ii), by LA (one leading, 
one axial edge) in fig. (iii). We shall consider only those cases in which neither 
edge through 0 lies within the upstream part of the Mach cone of 0. 
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The edges at 0, when the aerofoil is presented in a certain orientation to a 
supersonic stream, are further characterised by lying inside or outside the Mach 
cone whose vertex is 0, which will be called the Mach cone of 0, or simply the 
Mach cone. Since the axis of the Mach cone is, to the linear approximation, in 
the direction of F, an axial edge necessarily lies within the Mach cone. In the 
case of edges other than axial the fact that they lie within the Mach cone will be 
indicated by suffix i. Thus, L,T f indicates an aerofoil with one leading and one 
trailing edge at 0 both inside the Mach cone, as in fig. 17-6 (i). Similarly L,A 
has both edges inside the Mach cone as in fig. 17-65. 

Def. An edge through 0 leading, trailing or axial which lies inside the Mach 
cone of 0 is termed a subsonic edge ; if it lies outside the Mach cone, it is termed 
a supersonic edge ; if it lies on the Mach cone, it is termed a sonic edge. 

That an edge lies outside the Mach cone will be indicated by suffix o ; that 
the edge lies on the Mach cone will be indicated by suffix s. Thus L„L 0 , fig. 
17-3 (i), has two leading edges, both supersonic ; L 0 A, fig. 17-5 (i), has one 
supersonic leading edge and one axial and therefore subsonic edge ; L S A, fig. 
17-51, has one sonic leading edge and one axial edge. 

The case of a sonic edge can always be regarded as a limiting case of either a 
supersonic or subsonic edge. This circumstance gives point to the observation 
that the sub- or supersonic character of an edge, for a given orientation of the 
aerofoil depends in general on the Mach number. Consider the LL delta wing 
illustrated in fig. 17-3 (i). When M = 1, the Mach angle is 77/2 and the Mach 
cone a half-space so that both edges are subsonic, form L^. As M increases, 
the Mach angle decreases and we pass through the form L S L, to L 0 L( and with 
further increase of M to the form L 0 L 0 . In discussing various cases it is ad- 
vantageous to use a uniform notation in the diagrams. We shall label leading 
and trailing edges by l and t, and the points where they meet the plane of the 



Fig. 17-16 (ivl. 
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Mach circle by L and T, adding suffixes if necessary. An axial edge will be 
labelled by a and the centre of the Mach circle by A. 

When the leading edge l is supersonic two planes can be drawn through l to 
touch the Mach cone. The points in which these planes touch the Mach circle 
will be denoted by A and A'. 

The ends of the diameter of the Mach circle which lie in the plane of the 

aerofoil are D lt D 2 , the 

acute angle between 

AA and D 1 D 2 will be 

denoted by A with 

suffix where necessary. 

Li Thus, fig. 17-16 (iv) 

show's a case L 0 L 0 . 

There are two leading 

edges l v l 2 and four 

points A lt Ax' and A 2 , 

„ A such that the 

Fig. 17-16 (v). . , , , 

planes through l lt Ax 

and l v Ax touch the Mach cone as do also the planes l 2 , A 2 and l 2 , A 2 . The 



and l lt Ax touch the Mach cone as do also the planes l 2 , A 2 and l 2 , A 2 . The 
Mach circle is shown separately in fig. (v). The angles which the edges make 
with the axis of the Mach cone are denoted by S x and S 2 . Note that 


AL , OA AL , 


tfclll jjL COt 


Similarly, cos A 2 = tan p cot S 2 



Fig. 1716 (vi). 
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Fig. 17-16 (vi) show's a case L 0 T;. Observe that here the ray l which lies 
along the swept-forward supersonic leading edge does not meet the plane of the 
Mach circle, but that the opposite ray meets the plane in the point labelled by 
V in the figure. Observe also that a plane through l which touches the Mach 



Fig. 17-16 (vii). 

cone also passes through OL’ . Fig. (vii) shows the Mach circle. In this dia- 
gram (cf. (1) above), 

(2) cos A — tan p cot AOL' = - tan p cot S 2 . 

There is no point in multiplying further these illustrations, but a strict ad- 
herence to the notations here established will render the succeeding diagrams 
self-explanatory, and obviate the necessity of a detailed explanation in each 
individual case. 

From the physical standpoint, in fig. 17-16 (iv) the region between the 
tangent planes l lt A x ; l lt A{ and the Mach cone is a region of two-dimensional 
flow, so that if ± «i is the appropriate perturbation velocity obtained from 17-03 
the perturbation velocity will be u x on the arc DxA x of the Mach circle in fig. (v) 
and - Ux on the arc Dpi/. Similarly, it will be u 2 on the arc D 2 A 2 and - u 2 on 
the arc D 2 A 2 where ± u 2 is the two-dimensional perturbation velocity in the 
region between the tangent planes through l 2 and the Mach cone. On the arcs 
AxA 2 and A{A 2 w'e shall have u = 0 for these arcs are adjacent to the undis- 
turbed region outside the Mach cone. Similarly, in fig. 17-16 (vi) if ± u 0 is the 
perturbation velocity in the region between the tangent planes through l and 
the Mach cone, in fig. (vii) we shall have u = « 0 on the arc Dpi and u = - u 0 
on the arc Dpi', while u = 0 on the arc A'DxA. 

17-17. Boundary conditions. We now consider conditions which the 
perturbation velocity components (u, v, w) must satisfy in the case of a flat 
polygonal aerofoil at small incidence a in a supersonic stream 7, the aerofoil 
lying as usual in the plane z = 0. We are primarily concerned with the con- 
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ditions immediately outside the Mach cone of the intersection of two edges; on 
the Mach cone, and inside it. To fix our ideas and for simplicity of statement 
we shall suppose that the Mach cone in question is not intersected by the Mach 
cone of any other vertex of the polygon. Figs. 17-16 (vi), (vii) show a typical 
case and to these we shall occasionally refer. 

(A) Outside the Mach cone. Here the condition is one of constant state, 
Considering an aerofoil with a leading edge l outside the Mach cone (as in fig. 17-16 
(vi) ), within the Mach wedge which springs from this edge the perturbation is. 
say, (w 0 , r 0 , w 0 ) above the aerofoil and ( - « 0 , - v B , w 0 ) below it. Outside the 
wedge the perturbation is zero, i.e. (0, 0, 0). The values of ( u 0 , v„, w 0 ) are given 
by the sweep-back theory of 17-03. If there is no wedge, as in planforms L/Tj, 
L,L t , the perturbation is everywhere zero. 

(B) On the surface of the Mach cone. The perturbation velocity is continuous 
and equal to that outside the cone, provided that an edge does not lie on the 
cone. If an edge lies on the Mach cone, the perturbation velocity may be dis- 
continuous at the edge, but is elsewhere zero. In fig. 17-16 (vii) u = u 0 on the 
arc AD 2 , u = - u 0 on the arc A'I) 2 and u = 0 on the arc A'D X A of the Mach 
circle. The conditions on the Mach cone are of fundamental importance in 
determining the flow within it. 

(C) In the plane of the aerofoil, off the wing. Here Bernoulli’s theorem shows 
that we must have u = 0 to ensure continuity of the pressure which is a linear 
function of u (15-3 (7) ). This condition holds both inside and outside the Mach 
cone, see e.g. fig. 17-41 (i). 

The component v can have a discontinuity of sign but not of magnitude. 
Such a discontinuity of sign implies a vortex sheet and will occur behind a 
trailing edge but will not extend beyond the axis of the Mach cone, see figs. 
17-16 (vi), 17-41 (i). 

The component w is continuous. 

(D) On the aerofoil. We consider points inside the Mach cone and not at an 
edge. Here u has opposite signs but the same magnitude just above and just 
below a given point of the aerofoil (condition of lift). 

We have also the important conditions (17-15 (8) ) 

(1) u* — 0, u = C U(e). 

Moreover, u, v, w are all finite and continuous on the surface of the aerofoil, 
and if the point e = 0 is on the aerofoil, we have from 17-15 (7) 

(2) d%l(e)/de = 0, when e = 0. 

This condition is not obligatory unless e = 0 is on the aerofoil. 

The component w satisfies the condition (17-1 (3) ) 

(3) 


W = - aV. 
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(E) Edge conditions. The basic assumption is that at a subsonic edge, lead- 
ing or trailing, the flow is qualitatively the same as in incompressible flow. 
Consider a point of the aerofoil at a small distance d from an edge. Then 

(i) At a subsonic trailing edge the velocity remains finite as d -» 0 (Kutta- 
Joukowski condition). It then follows from (C) above that 

(4) u — 0 at a subsonic trailing edge. 

(ii) At a subsonic leading edge (cf. 7-5) 

(5) u — kd~f 

where k is a constant, and u -> oo in this manner when d -*■ 0. 

To examine the implications of (5) consider fig. 17-52 (i). Let AL X = l v 
Then, if P is a point on the aerofoil near to L x , AP = l x - d and the correspond- 
ing points in the e-plane, fig. 17-52 (ii), are 

1 - J(1 - If) 1 ~ y/[l - (h ~ df] 

1 “ l x ’ 6 l x - d 

Expanding by the binomial theorem, we find that 

e - L x = a 0 cl + a x d z + ... 
and therefore (5) gives, to the lowest order, 

(6) u = C(e - L x )-\ 

where C is a constant, in this case purely imaginary, since e < L x . Thus, using 
(1) we see that near L x , ^/(e) behaves like C(e - L J - * therefore in the neigh- 
bourhood of L x 

(7) V.{e) = { x i) i > 

where/(e) is holomorphic and therefore finite at e = L x . This result exposes the 
nature of the singularity at a subsonic leading edge. 

We also observe that, on the pattern of 7-5, the existence of the singularity 

(6) at a leading edge should lead to a suction force in the plane of the wing at 
this edge. G. N. Ward * obtains a force of magnitude, per unit length, 

(8) npk 2 

V 1 (1 - M 2 sin 2 S) 1 ’ 

where S is the inclination of the edge to the x-axis and k is a constant. 


17-18. Circular boundary value problems. To find a function /(e), 
holomorphic within the Mach circle y, that is | e | ^ 1, whose real part takes 
given values on the circumference. 

Since a point on the circumference can be specified by the angle 9 measured 
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from the real axis, we can suppose that the real part of /(e) is to take the value 
F(6) on the circumference, where F(6) is given. Now write 

"v. (1) a = e ie , 

Z' /\ so <r is a point on the circumference 

/ • yZ \ and 0 — (log a)ji. Then, if we write 

( \ (2) F(6) = F{(loga)ji] = g( a ), 

n I jS tj | i 

2 1 a J Dl function g(cr) is likewise know-n. 

\ J The real part of /(e) is f/(e) + 

\ / and on the circumference 

\ jZ e = a, e = e~ ie = Ijcr. 


Therefore 


( 3 ) M + /(!/*) = 2g(a). 

Multiply this equation by do j [2m (a - e)] and integrate right round y. Then 

(4) f(°) da + _1_ /(1/a) da _ 1 ‘ g(a) da 

2m ( y ) a - e 2 m t (y ) a - e rri ( (y) a - e 

By Cauchy’s formula * the first integral is /(e) and by the residue theorem 
(3-53) the second integral (see below) is/(0). Therefore 


/(e)+/(0) = M 

m J (y) or - 


which solves the problem. 

In many applications g(a) is constant over arcs of the circumference y and 
the calculation of the integral in (5) is then very simple. Suppose for example, 
that g (a) is equal to « 0 from 6 — - A to 0 = A and is zero on the rest of the 
circumference. Writing for brevity, e x = e a , e x = e~ a , 


and therefore 


If g(a)da u 0 f, , 

1 = log (<r - e) , 

m i (y) a - e m L -U; 


f( € ) - - /( 0) + A [log (e x - e) - log (ij 


A\ e observe that that/(0) is a constant whose value can be determined only 
by further information. If, for example, we know that /(e) is real when e is real, 
the fact that /(e) = u 0 when e = 1 (i.e. 0 = 0) determines /( 0) from the equation 

( 7 ) «o = ~/(°) + A [log - 1) - log (e t - 1)], 

77"/ 

which gives / (0) = w 0 X/tt. 

The same simple principle can be used to determine a function/(e) such that 


* Milne-Thomson, Theoretical Hydrodynamics , 5-59. 
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(i )/(e) is holomorphic within a semi-circle of unit radius, (ii) /(e) is real- valued 
on the diameter, (iii) the real part of /(e) takes given values on the semi-circle. 

To solve this problem we use the following artifice. Complete the unit 
circle y. The lower semicircle in fig. 17-18 (ii) is then the reflection of the upper 
in the given diameter D X D V We then 
add to the three conditions above the 
condition (iv) that /(e) shall be deter- 
mined in the whole circle in such a way 
that the functional values at every point 
and its reflection in the diameter D 1 D i ^ 
shall be conjugate complex quantities.* 

This reduces the problem to the one , N 

just solved. / \ 

To take a specific example, suppose •A/I \ 

that in fig. 17-18 (ii) the diameter D X D 2 ' ~ ~ - - - ' 

is the real axis of the e-plane and that on „ 

1 Fig. 17-18 (h). 

the arc D 1 A 1 the real part of /(e) = u v 

on the arc A X A 2 the real part of /(e) = 0, and on the arc A 2 D 2 the real part of 
/(e) = u 2 . Then condition (iv) demands that the real part of /(e) shall be w 2 , 0, u x 
on the respective arcs D 2 A 2 , A 2 'A 1 ', A'D X where A x , A 2 are the reflections of 
A lt A 2 in D x D 2 . In this and other cases, we shall suppose that - n ^ 0 < n so 
that with the notation of the figure w r e can write for the values of a at the respec- 
tive points A v A 2 , A 2 , A x , 


_ pH* — A,) __ 


- iA, - — p i(— n + Aj) __ 

, t 2 — v — 


= o — iAj 


Then (5) gives 

(8) m + 


/ ( 0) = A ["-^ + 1 P’Ji 

m y (l a - e 7rt J fj q 


-Mog^ 

m e, — e 


log — 

m & e 


and we note in passing that e x — e and e — e 2 have been written rather than 
e - and e 2 - e in order that a diagram may readily show the arguments of 
these numbers in conformity with their lying between - n and n r. 

Since by hypothesis /(e) is real when e = 0, we have /( 0) = /( 0) and so, 
putting e = 0 in (8) we get 

2/(0) = — A, + — Aj, 

77 77 

and therefore finally 

(9) /(<0 = - { ~ * lo g - \\ + ^ { * lo g \ J ~ • 

77 [ e l — € J ^ l € € 2 J 

* This is an application of the principle of reflection. See, e.g. Milne-Thomson, Theoretical 
Hydrodynamics , 5*53. 
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It should be verified that this function satisfies all the conditions. There 
are no arbitrary elements. 

Returning to (4) to show that the second integral is/(0) we note that /(e) is 
by hypothesis holomorphic within y and therefore can be developed in an 
infinite series, convergent within y, 

/(e) = a 0 + + a 2 e 2 + ... 

and so 


i + - • 

<J* 


Now, by Cauchy’s residue theorem (3-53), 


(10) -L f = a 0 =/( 0) and ~ [ — = 0, 

2m J M a - e 2m J M a” (a - e) 

if n > 0, by the same theorem. This proves the statement. 

We calculate here an integral which will be used in 17-4 

(U) ^ ~ 27 rt' — — ~ = log (<j 0 - e) + a, 

where a is an arbitrary constant and o- 0 is an arbitrary point of y. 

To prove this, we have 

dJ _ 1 ’ log or da _ 1 / 1 \ 

~9e 2m , (y) (ct - e) 2 2 m J (y) ° g ° \(cr - e)J 

1 log a 1 da 

2m^-a — eJ( y ) 2m J( y )cr(o- - e) ’ 

on integration by parts. The last integral vanishes by the residue theorem. If 
we start at an arbitrary point of o- 0 of y and go round, log a increases by 2m 
while a - e returns to its initial value. Therefore 


= log K - e) + a, 


2ttI La — 


and J — log (ct 0 


on integration. 


17-19. Non-lifting aerofoils. The boundary conditions of 17-17 were 
formulated for flat aerofoils of zero thickness lying in the plane z = 0. 

Consider a more general aerofoil whose upper and lower surfaces have the 
respective equations 

(!) 2 =fu{x, y), z=f L (x,y). 

To keep within the linear theory z must be small and so must dzjdx. 

The equations (1) may be written in the equivalent forms 

(2) 2 — z(Ju + 1 l) + \{fu ~ /l), 

(3) z = \{f n +f L )-\(J n -f L ). 
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We call 

(4) 2 = \{fv +fi.) 

the camber surface (cf. 8-0). This corresponds to a nearly flat aerofoil of zero 
thickness. 

The equation 

( 5 ) z 2 = i (fv - hf 

represents an aerofoil of small thickness f v - f L symmetrical with respect to the 
plane z = 0, for if the point ( x , y, z) lies on (5), so does the point (x, y, - z). 

When such a symmetrical aerofoil is placed at zero incidence in a wind 
which blows in the x-direction no lift is experienced. For this reason, it is 
called a non-lifting aerofoil. The determination of the perturbation velocity 
components for the non-lifting aerofoil (5) allows us by superposition to solve 
the problem for the aerofoil (1). 

As a simple and manageable example consider an aerofoil whose section by 
any plane y = constant is two straight fines inclined to the plane z = 0 at the 
small angle /3 and whose planform is that of a delta wing. The boundary con- 
ditions are (1) w = fV on the upper surface, (2 )w— - fiV on the lower surface, 
(3) w — 0 in the plane z = 0, off the aerofoil. These conditions are sufficient to 
determine and therefore 'll and ^0 from the compatibility equations. 

It is not our intention to investigate the various cases at length. They are 
in fact easily discussed by the methods which follow later. To take one illustra- 
tion, consider the planform L 0 A of fig. 17-5 (i). 

The boundary conditions are shown in fig. 17-19 where w 0 = /ST. 



€-plane. 
Fig. 17-19. 


These are precisely the conditions satisfied by *?/(e) in 17-4, and we take over 
the solution of that section by replacing U by fjj, « 0 by P ^ an< f e 2 by = «"'> 
where cos A = — tan p cot S. This gives 
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(6) W(e) = — {log (e t - e)(€! - e) - log e}. 

7T 

There is a logarithmic singularity at e = 0. 


17-2. Force on a delta wing. The pressure on the part of the wing, if any, 
which lies outside the Mach cone of its vertex can be dealt with by the sweep- 
back theory of 17-03. We shall therefore restrict attention to that part of the 
wing which lies inside the Mach cone. For simplicity of exposition we shall 
suppose that no part of the wing OPQ lies outside the Mach cone of 0. We shall 
further suppose that the acute angle between PQ and the direction of the 
undisturbed w T ind exceeds the Mach angle /x so that neither vertex P or Q lies 
within the Mach cone of the other. 



Fig. 17-2. 


In fig. 17-2, OA = cot p. and is the trace of the physical plane. 

Draw ON = h perpendicular to PQ and let ON make angle y with Ox. Draw the 
rays OM, OM' making angles w,w + dw with Ox and meeting PQ in M and M'. 
Then, if dS is the area of the triangle OMM' and if p(w) is the lifting pressure 
on the ray OM, the lift is 



taken over the triangle OPQ. Now 

(2) dS = \hMM' = \h - 2 <1 [tan (y + cu)] = \h 2 sec 2 (y + w) dw. 
Therefore 

p, 

L = \h 2 p(w) sec 2 (y + w) dw. 

J 


( 2 ) 
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The resultant thrust on the triangle OMM' is p(w) dS at its centroid whose 
distance from 0 is § OM = § h sec (y + w). Thus the pitching moment M y (about 
Oy) and the rolling moment M x (about Ox) are given by 

pi 

(3) My — - \h z p(a>) sec 3 (y + o>) cos to dw , 

J-6 2 

(4) M x = |/i 8 j p{ix>) sec 3 (y + a >) sincu dcu. 

Calculations of drag and yawing moment must take into account the suction 
force, 17-17 (8), at the leading edges. Into this we shall not enter. 

The lift L and the moments M x , M y can be made to depend upon the single 
integral 


We have 


and therefore 


= p(a) tan (y + o>) dw. 


- tan (y + w) = sec 2 (y + w) 


L = \h 2 


Now, let 

(7) Ml = M x cos y - My sin y, M 2 = M x sin y + M v cos y 

denote the rolling moment about ON and the pitching moment about the line 
through 0 perpendicular to ON in the plane of the wing. Then from (3) and (4), 
p, d 2 J 

(8) Mi = \h z j p(w) sec 3 (y + o>) sin (y + w) dw = |A 3 . 

} 5 , gj 

p(w) sec 2 (y + w) dw = - \h z — . 

Thus, with the aid of (7) M x and M y are expressible in terms of dJjdy and 
d 2 J jdy 2 . 

The above formulae are susceptible of various manipulations. In particular 

( 10 ) Mi = \h ~ , M 2 = - \hL, 

the second result being obvious from statical considerations. 

It is often convenient to express the lift and moments in terms of e. In the 
e-plane, on the wing, e is real and u = c //(e). Therefore p(w) = 2pV'/[(e), while 
2 1 

— — € *4" — j s — cot Lt t&n co . 

S € 
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Elimination of s gives 
(11) tan (y + tu) - tany = 
For brevity, write 


tan u> sec 2 y 


2e sec 2 y tan p 


1 - tan a) tan y <r 2 - 2e tan y tan /a + 1 ' 


(12) g = *(e) = 

Then, from (1), (2) and (11), 


— , fi — tan y tan p. 


(13) L = 2pVh 2 sec 2 y tan/* 

Integration by parts gives 

^ ^ 2pFA 2 sec 2 y tan p 


f V-dg. 
J (£»£,) 


-[ ^ 
L,L t ) J (£,£,) 


where <7 is given by (12). The form (14) is appropriate only when %[ is not 
infinite at the limits. 

The lift coefficient is got by dividing the lift by \p F 2 /S, where the area S 
is given by 

(15) S = P 2 [tan(S 1 + y) + tan(S 2 - y)]. 

17-3. Planform L 0 L 0 . Here both edges are leading and both supersonic, 
i.e. outside the Mach cone of their point of intersection. 



Fig. (i) shows the planform and fig. (ii) the e-plane in the standard notation 
of 17-16, 

(1) cos Aj = tan/MCotSj, cosA 2 = tan/icotS 2 . 

(2) e x — e :**>, e 2 = e 

Outside the Mach cone in the region L 2 D 2 A 2 the flow is two-dimensional with 



perturbation velocity component w 2 parallel to Ox and similarly in the region 
LyAiPx the component is u 2 parallel to Ox, where from 17-03, 

(8) = Woo cosec A 2 , m 2 = cosec A 2 , w# tan p. 

In the regions L 2 D 2 /. l 2 ', A 2 D l L l the components are - w 2 , - u x respectively. 

Thus, on the semicircle we have u - % on the arc D 2 A 2 , u = 0 on the 

arc A 2 A 2 , u = u 2 on the arc A 2 D 2 and u* = 0 on the diameter DJ) 2 . 

These data combined with the principle of reflection explained in 17-18 
determine the function %[{() whose real part takes the above values on the 
boundary of the semicircle. This particular boundary value problem has already 
been solved in 17-18 and in fact from 17-18 (9), we have 


-< log^ 


- A t > + 


The complex velocity component % in the lower semicircle is then the same as 
(4) with the sign changed. 

The lift on the part within the Mach cone can be calculated by means of 
17-2 (14), the limits of integration being e = - 1, e = 1. To get the total lift 
we add the lift on the triangular areas outside the Mach cone which is got by 
multiplying them by 2 puj, 2 pu 2 V. Division by %pV 2 S, where 

S = [tan(S x + y) + tan(S 2 - y)] 
gives the lift coefficient 

4a tan /x 

L — (1 - tan 2 fi tan 2 y)* ’ 

Note that this is independent of the angle of the delta wing but depends oil 
the angle of yaw y of the perpendicular ON in fig. 17-2. See Ex. XV II, 5, 6. 
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17-31. Planform L,L S . The case where both leading edges are generators 
of the Mach cone. We are thus led to seek the limit of 17-3 (4) when 
Si -> fx, S 2 -> p. If Si = fx, S 2 =p, we find A x = A, = 0, while u ± and u 2 are 
infinite, see 17-03 (9), so that 17-3 (4) becomes indeterminate. We can, however 
write it in the form 


^ (e) ~ dfnT/ 1 (Al) + ^sSa / 2 (Aa) ’ = aV tan I 1 ’ 

where f l (A, ) = {- i log (e^ - «) + flog(e _lA > - e) - A, } and a similar expression 
f° T A(K)- Using L’Hospital’s theorem (1-9), we find 

lim = lim = l±i, 

a,— > o sin A x /j— Hj cos A x 1 - e 

and similarly for the limit of/ 2 (A 2 )/sinA 2 we get (1 - e)/(l + e). Thus, for plan- 
form L S L S , 

(1) < ?/( e ) — — ~ ij 1 , = aFtan/x. 

7T 1 - n 

\\ e observe that at the sonic edges e = ± 1 ,%[ has a simple pole. Let us cal- 
culate the lift on an isosceles delta wing of this form. For an isosceles wing, 
y = 0 and therefore 17-2 (12) gives g = <=/( € 2 + 1) and so 17*2 (13) gives 

r o T/7 2 4- * 1 + e 2 1 — € 2 

t — *- p v fx tan u, . 

'j-l 7T 1 - * 2 (1 +€2)^ 

= 2 <xpV 2 h 2 tan 2 p. 

From this it appears that in spite of the poles at the leading edges there is finite 
lift. 

In the present case the area is h 2 tan p and so the lift coefficient is 
Cl = Lj\p V 2 S = 4a tan p. 


U‘4. Delta wing of constant I ift distribution. In this type of aerofoil 
the perturbation velocity in the z-direction is assumed to be constant, equal to u 0 
say on the upper surface and to — u 0 on the lower. In so far as part of the aero- 
foil lies outside the Mach cone this part will be flat with sweep-back perturba- 
tion velocity u 0 . In the Mach cone the aerofoil must be slightly cambered in 
the manner appropriate to make u = u 0 on its upper and u = - m 0 on its lower 
surface. The lifting pressure, and so the lift, will then be uniform over the 
aerofoil. 

We illustrate this principle by taking the planform L 0 A. 
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Since ?/(«) 4- %L{i) = 2 u, we have on y (see 17-18), 

/(o') +/( 1M = 2m + — logCT - — log- 

77 77 (7 

„ 2 W 0 i 

= 2m H log a, 

77 

and therefore from 17-18 (5) 

/( e ) + /(, 0) = I f _1 u ° dcr - 1 [*’* u ° da + 2*«o _ J_ f log a da 

•tri J ,, cr - e 771 J _ x a - e 77 2t74 J (v) a - e 

Using 17-18 (11) we get/(e) +/(0) 

'Ll 2 ^ 7 / 

= -■ {2 log ( - 1 - e) - log (<r 2 - e) - log (i 2 - e)} + — log (<r 0 - e) + a, 

7Tl 77 

where a is an arbitrary constant. Since there can he no singularity at e — - 1 
which is on the aerofoil we must take a 0 = - 1 in order to remove the term 
2 log ( - 1 - f ) and then 

Vtl 

/(e) = — - log {(e - e 2 )(e - i 2 )} 4- constant 

77 

and therefore from (1) 

(1) %«) - -° {log [(e - e 2 )(e - i 2 )] - log e}, 

77 

no constant being necessary since u = u 0 when arg e = tt. 

Here 

e 2 = — e -iA a, cos A 2 = tan p. cot S 2 . 

Since there is no pressure interference between aerofoils of constant lift distribu- 
tion the solutions appropriate to them can be superposed by addition. 

17-41. Planform L ( /T 0 . Here both leading and trailing edges are outside 
the Mach cone of their intersection. Thus on the surface of the aerofoil the 



Fig. 17-41 (i). 
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motion is two-dimensional, in other words the lift distribution is constant and 
equal, say, to 2pu 0 V, where u 0 is the ^-component of the perturbation velocity 
on the upper surface. In fig. 17-41 (i) the wing is OLT and OA is the axis. Thus 



Fig. 17-41 (ii). 


the wing OLT can be regarded as the superposition of a wing OLA with lifting 
pressure 2pu 0 V and a wing OTA with lifting pressure - 2 pu 0 V. Thus, from 
17-4 (1), we have for the velocity inside the Mach cone 


(1) Hie) = — ? [log{(« - e 2 )(e - e 2 )} - log{(e - fi)(e - <n)}]> 

77 

where = - e - " 1 , <r 2 = - cos A x = tan p. cot S x , cos A 2 = tan p cot S 2 in 
the notation of figs, (i) and (ii). 

Since (€ - e 2 ) (e - i 2 ) and (e - e x ) (e - U) are real and positive when e is real, 
for they are products of complex conjugates, it follows from (1) that u = 0 on the 
diameter DJ) t as should be the case, 17-17 (C). Let P be a point on the circum- 
ference of the upper semicircle in fig. (ii) and let the arcs A X A 2 and A 1 A 2 sub- 
tend the angles <j>, $ respectively at P. Then, equating the real parts of (1), we 
have u = «„(</> + f )/ir or u 0 (</> - f )/w according as P lies on the arc A,A 2 or not. 
In the former case <f>' = tt - <j> and in the latter <f>’ = 4>. Thus u = u 0 on the arc 
A x A 2 and u = 0 on the remaining arcs of the semicircle. Similarly, on the lower 
semicircle u = - u 0 on the arc A,’A 2 ' and u = 0 on the remaining arcs. These 
statements determine u on the Mach circle and therefore in the regions out- 
side it. 


The physically important property of the solution, however, lies in the 
determination of the side-wash v. From the compatibility equations, 17-15 (6), 
we have 


2 tan p 


dV 

de 


1 + ? d% 
e de 


Substitution from (1) and a simple integration lead to 



( 2 ) V(* 
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- cot n -j cos A 2 log — - COS log 


(e - e,)(e - ej 


If e is a point on D ± D 2 all the logarithms are real except log e, and equating 
real parts 

(3) v = Real part of ~ cot p (cos Aj - cos A,) log e. 

If we regard AD 2 as having an upper surface on which <r = Re'" and a lower sur- 
face on which e = Re ~ we have on the upper surface 


(4) v — - cotpfcosAi - cosA 2 )7t = - M 0 (cotS 1 - eotS 2 ), 


while on the lower surface of AD 2 the value of v is the negative of this. Outside 
the Mach cone in the region 'within the Mach wedge through the trailing edge 
the state is constant and v has the value (4) above AT, and its negative below. 
Thus there is a uniform vortex sheet extending from the trailing edge to the 
axis of the Mach cone. 


If e is a point on AD V e is real and positive and so from (3) v = 0, so that the 
vortex sheet does not extend beyond the axis. 

On the other hand, the axis, at which e = 0, is a logarithmic singularity of v 
which is infinite. The existence of this singularity is a consequence of the 
linearisation of the problem, not a physical necessity. Thus the general con- 
clusion is that behind the trailing edge there is a vortex sheet extending to a 
region near the axis. The vortex lines trail downstream for the trailing edge. 



Fig. 17-5 (i). 
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17-5] 


fig. 17-5 (i). The e-plane is shown in fig. (ii) together with the boundary values 
of u on the unit circle y. Here 


( 1 ) 


eq = e ix , cos A = - tan jx cot S, 



Y 


e-plane. 
Fig. 17-5 (ii) 


the negative sign because in this figure A is acute and S is obtuse. We assume 
that S < 77 - - ji, otherwise 0 would be inside the Mach cones of the points of l. 
We have 

(2) u 0 = cosec A = aV tan p, cosec A 

and w* = 0 on AD 2 . To solve the boundary value problem we begin by writing 

(3) f 2 = e, 

thus mapping the interior of the circle y in the e-plane on the interior of the 
semicircle D 2l A'AD 2u of the unit circle y in the p-plane shown in fig. (iii). 



D2/ 

y- plane. 


Fig. 17-5 (iii). 
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Here Z> 2 „ denotes the point I) 2 regarded as on the upper surface of the aerofoil 
aud D n denotes the point J) 2 regarded as on the lower surface, so that in fig. (ffi) 

AD 2u is the map of the upper and AD 2l is the map of the lower surface on both 
of which u* = 0. 

Thus, in the c-plane, we have, as in the case of planform L 0 L 0 (in the e- 
plane), the semicircle boundary problem of 17-18 which is solved by ascribing 
to u the same values on reflection in the diameter D 2l T) 2u as on the semi-cir- 
cum erence I) 2l DJ} 2u . If a is a point on the circumference y , we have 

^ 2/ (a) + 2/(l/cr) = 2 u, 

leading as in 17-18 to, if v f = e iA , 

(5) %L{v) + 2/(0) = p. - P p -±- . 

Z7nj Vi a - V 27rtJ_^a - v 

Since u = it* = 0 at v — 0, 2/(0) = 0 and therefore (5) gives 

(6) C U(v) = — log + y ) = 

V (vj - ^(Fj - v) ’ 

and this gives the value of u on the aerofoil since there u* = 0. To calculate u in 

e physical plane, put, for points on the upper surface, v = ik, k > 0, then 
trom (6), 

(7) ,, - LzJ 2 ~ 2ik c °s , g^cosjA 

77 1 - k 2 + 2 ik cos |A v l - k 2 ’ 

'''here we have used the fact that v * = e« and therefore v l +v 1 = 2 cos |A 
-^ow on the upper surface of the aerofoil e = Re* = - R t and so 

k 2 = R = l ~ ^ ~ y2 ) 

„ 1 


and therefore, from 17-13 (9), 

( 8 ) 2k . 

1 - k 2 

Thus, the lifting pressure is 
(9) V» F 


2 JR I 2 r 

1 - R ~ Vi _ r ’ 


tan- 1 4 cos £A 




Ib follows tllat tlle ratl ° of the lift coefficient C L on the part within the Mach 
foil L thC llft C ° efficient ° L ‘ on that P art opiating as a two-dimensional aero- 


= ' lM dr = 2 f 1 tan- 1 V 2 - C ^ 

Jo«o ^Jo V 1 - 
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1 - r 


r = 1 - 


2 cos 2 J.A 

2 cos 2 |A 4- tan 2 8 : 


and so integrating by parts 

n r -|r=i Cr=l p® M 

wi ” H-. ■ L'® = 2 ” s! JA J. (l + <-)(2co,. 5 iTi-) - 

nn Cl _ ^ cos 

1 ’ C L , 1 + (J 2) cos 1A ’ 

which gives the lift reduction ratio due to the conical flow. In the case of the 
rectangular aerofoil of fig. 17-02 (i) at each tip we have a flow of the type just 
described. Here 8 = \rr , cos A = 0, A = iv and the reduction ratio is 

17-51. Planform L S A. We can regard this as a limiting case of L 0 A, when 
8 = /x, cos A = - 1, A = 7T. As in 17-31 the insertion of these values in 17-5 (6) 
leads to an indeterminate form so we again have recourse to L’Hospital’s 
theorem (1-9). 



We begin by writing 17-5 (6) in the form 


/(A) = log (v 2 + 2v cos 2 A + 1) - log (v 2 - 2v cos 1A + 1), 


- v sin JA v sin 4A 

f ^ v 2 + 2v cos \\ + 1 v 2 - 2v cos 4A + 1 


where 
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21(4 = 


Thus the required value is 

9/ (v) = lim - = ii m . ~ ~ 2lu °° v _ 

A-v-rr 7 T sin A A-ht 7 T COS A 7r(v 2 + 1) * 

This value is correct, for on the upper surface of the aerofoil, where v = ik, 
k > 0, u is positive. Since v 2 = t, we have 

W 2/(e) = — — , Wqo — ocV tan p, 

77(1 + €) 

when the aerofoil is disposed as in fig. 17-51 (a), for there — e is positive on the 
surface, u is real, and we take the positive value of the square root for the upper 
surface and the negative for the lower. Comparing with 17-31 we see that again 
there is a pole at e = — 1, i.e. on the leading edge. 

If the aerofoil is disposed as in fig. 17-51 ( b ) we change the sign of e thus 
obtaining 

(2) % /(e) = 

with a pole at the leading edge. 

17-52. Planform LJL,. 



Fio. 17-52 (i). 

Fig. 17-52 (i) shows the plan of the aerofoil in which we shall suppose that 
( 1 ) AL 1 = cot p. tan = l. 

Fig. (ii) shows the c-plane in which at L l we put 

... T 1 - J(l " **) 

l • 


( 2 ) 


17 - 52 ] 
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2 _ *- L 
V _ 1 - eL’ 



c-plane. 
Fig. 17-52 (ii). 


the region within the Mach circle y of fig. (ii) is mapped upon the region within 
the semicircle of fig. (iii) the centre of this semicircle being now the map of the 

edge L v 




A r 


yl' ^ __ j Q 

Dz l 

v-plane. 

Fig. 17-52 (iii). 

The point corresponding to A 2 in the v-plane is v x where, 

(4) Vl 2 = (e 2 - L)l( 1 - e 2 L) = e 2i \ cos 2A = 

where e 2 = e**, cos A 2 = - tanp cot S 2 , and since, from 17-13 (8), 1 = 2 Lj (1 + 1% 
we find, after a simple reduction, 

cos A2 — i — tan jix cot 82 cot [x tan 8^ 

(5) cos 2A = Y _ loo& ^ - 1 -L. fan X pot X. 


1 -j- tan 8 X cot 82 



PLANFORM L„L; 


Since l x is a subsonic leading edge, 17-17 (7) gives 


and therefore 


7/m - 

U() ~ ( e - Z)* ’ 




where / 2 (p) is holomorphic at v = 0 and so admits an expansion in series of the 
form 

/a( v ) — a o + a i v + a 2 v ~ + ••• > 

so that 

fi( v ) _ a o , ffl o r, \ 

— — + d\ 4- cioV “1" ••• — — ■ 4* j(v ), 

v v v 

where /(p) is holomorphic in the semicircle. For subsequent convenience, write 

a g - — iCuJtt. 

Then 

(8) %Uv) = — 0 +/(p). 

TTV 

Here C is a constant which will turn out to be real. 

The boundary condition is 

%l{o) + 7/(l/<r) = 2 m, 
which from (8) is equivalent to 

f{°) +/(l/<7) = 0 + - + 2 u. 

7 TOT 7T 

Using the boundary values of fig. (iii) we have once more the semicircle 
boundary value problem of 17-18 which gives 

tt \ , __ 1 f _ iCu 0 do If iCu 0 o do 

J \ v ) +J\y) — I 7 r + 7T~- : 

Am J (y')1TO{o — p ) Zm ( y -) 7 T (o — p ) 

1 f* , ‘ u 0 do 1 f~‘ , i Mg do 
■ni J o - p 7rt J o - v ' 

By the residue theorem the first integral vanishes, the second gives lCw 0 p/7r 
and we have 

m +/<o) = Iog 7 + ">;*■ + 

77 77 (Vi — “ V ) 


and therefore from (8) 

(9) 7/M = ^ (v + l) - log j 1 ’ 1 ■ ' , 

77 \ Vj 77 (^1 “ v )( l ' 1 - V ) 

the constant /(0) turning out to be zero since when p = i, %l(v) = m 0 and the 
two sides of (9) agree. 


PLANFORM L„L; 


To determine the constant C we note, 17-15 (7), that since e = 0 is on the 
aerofoil (fllfde — 0 when e = 0. Now 

d%^d% dv 
de dv de 

and from (3) we see that dvjde # 0 when e — - 0, i.e. when p 2 = - L. Therefore 

dll 

(10) — 0 when p 2 = - L. 

dv 

Differentiate (9), put p 2 = - L, and equate to zero. This gives 

C - 2XM + vj 

(1 - L) 2 + L(v x +h)*' 


Now, from (4), 
Also from 17-13 (9) 


and therefore 


Pj + Pi = 2 cos A. 

2Z/(1 - Lf = 1/(1 - 1), 


2 1 cos A 


21 cos A 


1 - 1 + 21 cos 2 A 1 + Zcos2A‘ 

This completes the solution. To bring it to a usable form we calculate u on 
the upper surface of the aerofoil where p = ik, k > 0, so that (9) gives 

7TM „ / 1 ,\ „ . , 2&cos A 


= c G--‘) 


+ 2 tan - 


1 - k 2 


On the portion AL X of the aerofoil 

e = R = [1 - 7(1 - r 2 )]/r, 

and from (3), 

k 2 = (L - R)l( 1 - LR). 

Therefore 

n t y-i +ff - 2 - d-w+^) 2 _ 

\k K )~k* + L( 1 + /l 2 ) - fi(l + Z 2 ) 


2(1 1)( 1 + f ) 

Z-r 


on the use of 17-13 (8) and (9). Put 


v VHh)Vr 


2 tan -1 x 4- 20 cos A j . 


Here 1 and r are measured in the physical plane, cos A is given by (5) and so (14) 
determines u in terms of the geometry of the aerofoil. 



To determine the lift reduction ratio C L jC La , we have 


(15) ^ 

where from (13) 


■' u 7 2 p r 

— dr = ~ tan -1 
J_l« 0 7rJ_ 1 L 


C cos A" 


'f'lrfr' f = 


cos 2 A 
L - l ' 


To integrate (15) we observe that integration by parts gives 


tan -1 xdr = - + 

i 2 


where from (16) r = (Z / 2 - x 2 )j(x 2 +/ 2 ). The remaining steps are somewhat 
lengthy but straightforward, the final result being 


(17) ^ = (1 + l) 

where A is given by (5). 


(72) cos A 


l cos A J( 2 - 21) 


7(1 - l) + (^2) cos A 1 + Zcos2A 


17*53. Planform L^T,. 



Flo. 17-53 (i). 


The planform is shown in fig. 17*53 (i) where we put 

(1) t = AT = cot fi tan 8 X . 

In the e-plane, T is the point e = - T and 

(2) cos A 2 = - tan fi cot S 2 . 
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c-plane. 
Fig. 17-53 (ii). 


We proceed as in 17*52 by writing 

, « + T 

which maps the circle in the e-plane on a semicircle in the v-plane, cf. fig. 17*52 
(iii). Since we have here a subsonic trailing edge there is no singularity at T 
where u = 0. Thus the method of 17*52 gives at once 

<ni,, + v i)( v + v t ) 

(4) %l(v) = “ — log (“fIHv - h) ’ 


... cos A 2 4* t 

(5) vi = e®, cos 2A = f r . 

v ' 1 + t cos A 2 

On the upper surface of the aerofoil v = ik, k > 0 and e = - R. Proceeding 
exactly as before, we get 

2m,, 2&cosA R - T 

m 'rr- = w 

and we find that 

k 1 / r-t 

(7) - 7[2(1 + t)] >1 - r' 

Putting, cf. 17*52 (13), 


(8) 

*=(<W 1+1 ) Vj. f 

(9) 

— = 2 tan -1 a:, 

M 0 


and the lift reduction ratio is 

C L _ 6(1 - t) 
C L 1 + b 


2 cos 2 A 


110) 
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I7‘6. Planform L,T,-. Here both the leading and trailing edges are 
within the Mach cone of their intersection. It follows that the perturbation 
velocity is zero everywhere on the circumference of the Mach circle. 



t-plane. 

Fig. 17-6 (i). Fig. 17-6 (ii). 


If a = e ie is a point of the circumference of the Mach circle, 

+ll( I/*) = 0 

and so 

(i) ?/(<) = - ?/ Q. 

Now, at the point e = L, subsonic leading edge, %l( e ) behaves like (e - I)-*, 
while at e = T, subsonic trailing edge, u — 0. 

Consider the function 


then 

It follows that 



( 2 ) 


%0) = iB 


Re - T)(\ - r f )1 t 

lL (* - m - u ) J 


satisfies all the conditions if B l is a real constant, for it satisfies (1) and has the 
appropriate behaviour at e — L and e = T. Moreover, the quantity within the 
brackets is positive for real values of e unless T < e < L when it is negative. 
Thus the value of u given by (2) vanishes on DJ and LD„ while u* vanishes 
on TL. Lastly, when e = e' e is on the circumference of the Mach circle 


(g - T )( 1 - Te) _ (e‘ e - T)(e~" - T ) 
(e - L)( 1 - Le) ~ (e‘ e - L){e~ iB - L) 


PLANFORM L.T, 


and both numerator and denominator are the products of conjugate complex 
numbers so that the expression is real and positive. Therefore ?,/(e) is purely 
imaginary on the Mach circle and u = 0. 

Thus the solution is complete except for the determination of the constant 
(see 17-61). 

To express the perturbation velocity component u in terms of the physical 
plane variable s, let AT = t and AL = l in fig. (i) so that 
(3) t = cot fj. tan S 2 , l = cot p. tan 8 t . 


(4) T — - 

while (2) can be written 


JO- - n 

t 


JO- l 2 ) 

l 


fT\i 

Uo) = iB, \l) 


Now on the aerofoil, from 17-13 (10), 

12 T l = Z 

6 + e s' 1 + T t’ 


— 

1 

/ 

If* 

€ 

H 

T 

+ m ) 


€ 

\ 

TJ 


1 

( T 

1\ 

€ 

+ 

\L 

+ 7 

- 

e 

\ 

LJ_ 


T 1 2 
l+ l~V 


and therefore on the aerofoil 

<«> “ = ± s [r^]‘- 


i n - j (i - {«) - 
'Hi - ja - m- 


on - j{i - iv ' 

In (6) the sign which makes u positive is to be taken on the upper or suction 
surface of the aerofoil. 

The method of 17-2 can now be applied to find the lift and moments for any 
portion of the aerofoil. These results will all involve the constant B. The 
determination of B necessarily involves the use of elliptic integrals. The 
details are given in 17-61. 

17-61. Determination of the constant B. The determination is based 
on the fact that the real part of the complex velocity component w vanishes on 
the Mach circle where there is no perturbation and that the real part is - <xF 
on the surface of the aerofoil. 

From the compatibility equations 17-15 (6), 

ctW 1 ■ . / 1 \dV, 


- ^ cot /LI I € — 
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We begin with the identity 

(2) 4(e - £)(1 - Le) = (1 - Lf( 1 + e) 2 - (1 + L) 2 (l - e) 2 . 

Now write 


L . 1 + T 

1* b = \^T- 


Then 17-6 (2) gives 




Now take as squared modulus of elhptic fimctions (14-7), 

( 5) » = £ „ llitl . 

O' (l - <)(1 + 0 

The substitution 

(6) i? = a ns £, 
then gives 

(7) rf - b 2 — o 2 (ns 2 1, - m) = a 2 ds 2 £, rf - a 2 = a 2 cs 2 £, 
so that 

(8) %=*B, dcf, = 


1 - L 


From (3) we have 


1 / 1\ _ - 27? _ - 2a ns £ 

2 \ e/ u 2 - 1 a 2 ns 2 £ - 1 


2 V e/ 7] 2 - 1 a 2 ns 2 £ - 1 1 

while (fU/dt, = iB 2 rn l sc £ nc £, where ra x = 1 - m is the complementary 
squared modulus. Combining these results with (1), we get 

dW „ t D sn 2 £ 

-JT = cot n B 2 — — — 

(1 - sn 2 4 ) (a 2 - sn 2 4) 

/o\ 2am 1 T . . 1 sn 2 4 

(9) = r^ cot '- 8 'L- " { + i - (m . • 

Integration will lead to elliptic integrals of the second and third kinds.* To 
bring the second term on the right to the standard form, we put 

(10) msn 2 )9 = 1/a 2 , sn 2 /3 = 1/6 2 . 

The standard form and notation for the elliptic integral of the third kind is then 

(11) IJ(£ 8) - 

’ Jo 1 - m sn 2 p sn 2 £ 


* The reader may consult Whittaker and Watson, Modern Analysis, 4th edition, Cambridge 
(1927), Chapter 22, for the details which cannot be included in this summary sketch of the method. 
See also Milne-Thomson in Handbook of Mathematical Functions National Bureau of Standards, 
1964. 
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Observing that at D lt w = 0, e 
from 0 to £, 


1, ij = 00 > £ = 0, we get on integrating (9) 


(12) 


where £(£) is the elliptic integral of the second kind. 
Now, on the aerofoil, 

a ns £ = t] = + ^ , T < e < L, 


so that b <r) < a. Also * when rj = a, £ = A' and when rj = b, sn £ = w 1 , 
£ = K + iK’. Thus on the surface of the aerofoil £ varies from K to K + iK'. 
If in (12) we put £ = A' + i£, where 0 < £ < K', and equate the real parts, 
we get 

TT 2a cot a BS ~ m x sn /? 

(IS) * 7 = -(irrVL® + sjd^“®J- 

where £ is the complete elliptic integral of the second kind and Z{$) is the 
Jacobian zeta function. All the quantities involved in (13) are known in terms 
of the geometry of the aerofoil by the preceding equations. In particular, m is 
given by (5) and wq = 1 — wi . Thus the constant B% and therefore B^ from (8) 
and so B from 17-6 (7) can be found from tables. t Making the reductions we get 


(14) B = 


O.V tan fj. 


[(1 + i)(l - t)]* : 


D = E + 


m 1 sn 
cn |S dn j8 


KZtf). 


17-62. Planform L,L,. Both leading edges are within the Mach cone of 
their intersection. 



* For K and K', see 14-7. . „ . 

t Milne-Thomson, Jacobian elliptic function tables, Dover Publications, New York (1960). 


0 PLANFORM Lihi 

Since u = 0 on the Mach cone we have as before 

(1) %€)=-?/(-), 


and the same reasoning as in 17-6 shows that the required solution is of the form 
(9) V/U) - ,'R + B 2 )(l + F 2 e)l i ,-p Re - D(1 - -Ref] 4 

(.) cm - •«, L(, _ iiHI _ V) J + * S =L,7+ i,)(i + z„)J ■ 

where B x and B 2 are real constants, for (2) satisfies (1), has the appropriate 
singularities at the leading edges e = L x , e = - L 2 , makes u = 0 on the Mach 
circle and on D 2 L 2 , L X D X , and gives u* = 0 when - L 2 < £ < L v 

Since e = 0 is now a point on the aerofoil, we must have dlljdt = 0 when 
e = 0 from 17-15 (7). This gives at once 

/q\ -®1 &2 p 

w T x = ~^~l 2 = 61 say ’ 

and (2) and (3) solve the problem in terms of the real constant C x . 

To express u on the aerofoil in terms of the variable s of the physical plane, 
let, in fig. (i), l x = AL X , l 2 = AL 2 , so that 

(4) ft = cot p tan 8 1 , l 2 = cot p tan S 2 . 


(5) L x = - ^ hH, L 2 = — V(1 ~ 

n 1 2 

and therefore on the model of 17-6, we find that 

161 u = 4. nil. ( h + S V i / (h~ S V 1 




(7) C = Cft^L^ftft)] 4 , 

and where on the upper surface the sign is to be taken which makes u positive. 

The method of 17-2 can now be applied to find lift and moment in terms of 
C. The constant C is evaluated in the next section. 


17-63. Determination of the constant C. The procedure here is on 
the same lines as in 17-61. We write 

in 1+6 1 + L x 1 — L, 

(!) r > = rrZ’ a = i — r> 6 = i — A 

1 e 1 1+X 2 

With the aid of identities of the type 17-61 (2), and the substitution 

, 9 v r b 2 (1 - ft)( 1 - l 2 ) 

(A) v^ansL m = — = ^ . 

« 2 a +hHi +i 2 )’ 


( 2 ) 


DETERMINATION OF THE CONSTANT C 


we reduce 17-62 (2) and (3) to 


% = iB 3 {(a* - 1) dc C - (1 - 6 2 ) cd ft, 


(4) B 3 = £Cft(l - 7ft) (1 + B 2 ). 

The compatibility equation 17-61 (1) then gives, after some reduction, 

= 2 am x cot p B 3 {nc 2 £ - nd 2 ft. 
dl, 

Integrate this from 0 to ft observing that w = 0 at D x where £ = 0. Then 

ci ( ) 

(5) — — IT = - 2 E(l) + r»j£ + sc £ dn £ + m sd £ cn ft 

2a cot p B 3 

Now, on the aerofoil £ = K + i£, 0 < £ < K while the real part of c [j0 is 
- aV. Therefore, equating the real parts of (5), we get 

(6) aV = 2acotpB 3 (2E - m x K). 

This determines B 3 in terms of the geometry of the aerofoil and therefore C x 
from (4), and so C from 17-62 (7). We get 


aV tan p 


F 1(1 + l x )( 1 + ft)] 4 


, F = 2E - m x K. 


17-64. A limit case of planform L;L;. If, in fig. 17-62 (i), we let S x 
and S 2 tend to p the limiting case so obtained is that considered in 17-31. In the 
present case, 17-62 (2), (3) give when L x — L 2 = 1, 

9 / m . r r (i + e) 2 n* ... r - (1 - 6fl 4 

U(F) - 2 C\|__ (1 _ e)2 J l(7 iL (1 + 6 )S J 


(1 + e ) 2 


Now, from 17-63 (4), (6), 


4 tan p aV 


1 ~ 2(1 + L 2 f (2 E - n h K ) ' 

When L 2 = 1, m = 0, m x = 1, E = K = hr and therefore 

aV tan p 


in agreement with 17-31. 
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17-65. Planform L,A. This may be regarded as a limit case of L,T ( when 
T -> 0 or L.L; when L 2 0. Taking the former, we have from 17-6 (2) when 
T = 0. 



Fig. 17-65. 




' ' “ 1 - £)( i _ U)1 

and from 17-61 (8) and (9) 

d lij _ 2am 1 cot /i D sn 2 £ 

dC ~ 1 - L 1 (1 - sn 2 £)(a 2 - sn 2 £) ’ 

Now, when T = 0, 17-61 (3) and (5) give 

m a i 1 (1 - Lf 1 - l 

m 6 = 1 - “ = * = im? = m 

and therefore from (2) 

u\ lam cot fj. n „ 

( 4 ) = - j -- 7j (nc- £ - nd 2 £). 

If we integrate this and equate the real parts at a point of the aerofoil, we get, 
as in 17-63, 

/ S \ R _ «F(1 - L) tanp, my _ IL ocV tan /x 

1 la(2E - myK) m ~ ( 1 + L ) ' (2£ - wqN) 

from (3), where 

(6) = [1 - «/(l - and l = cot /x tan S. 

At a point of the aerofoil e + 1/e = 2 js and (1) gives 

This can also be obtained as the limit of 17-6 (6) when t -> 0. 
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If we take instead the limit case of L.L, when L 2 -»• 0, we have from 
17-62 (3), B 2 = 0. Thus 17-62 (2) coincides with (1) above and therefore the 
same result is obtained. 

In the case where the leading edge becomes a generator of the Mach cone 
L -> 1 and (1) gives 



Now, when L — 1, m = 0, wq = 1, E = K — w/2 and so By = 2aF tan fi/n 
which agrees with the result found in 17-51. 


17-7. Interference of conical flows. So far we have considered only 
the flow within the Mach cone of a single vertex. When a point lies within 
the Mach cones of two or more vertices the flows interfere. Consider, for 
example, a flat rectangular aerofoil at small incidence a with its leading edge OO' 
at right angles to the oncoming 

wind as in fig. 17-02 (i). If 1 i i 1 I 

the chord of the aerofoil is °_I T, , T T 

sufficiently great each axial ^ ^ (i) 

edge will intersect the Mach , x ^ "vg-' (ti) 

cone of 0 or O'. P-- '' p 

This case is illustrated in A ' .. " " v H a 

K v 

fig. 17-7 where the axial edges x •" pyj , ** x x 

OM, O'M' are temporarily (y) 

assumed to continue indefin- ^ "'C'' x ( vi ) 

itely downstream and to in- M v M 

tersect the generators of the Fig. 17-7. 

Mach cones of 0 and O’ at A 

and A' ; the generators of the Mach cones of 0, O', A, A', which lie in the plane 
of the aerofoil, are shown by dotted lines. By their intersections these generators 
determine on the aerofoil four regions, marked (i) to (iv) in the diagram, namely 
the triangles OBO', OBA, O’ BA' and the parallelogram A'CAB. We denote by 
Uy, w 2 , « 3 , Uy the x-component of the perturbation velocity at a general point 
within these respective regions. In region (i) the motion is two-dimensional 
and if we restrict attention to the upper surface of the aerofoil, Uy has the 
constant value <xV tan fx. In region (ii), u 2 can be obtained from 17-5 (6) and 
similarly w 3 in region (iii). At a point within region (iv) w 4 will be obtained by 
combining u 2 and u 3 in a manner to be determined. Since w 2 = Uy + (m 2 - Uy) 
we can regard the effect of the Mach cone of 0 at a point in region (ii) to be a 
perturbation (u 2 — iq), superposed by addition, of the constant two-dimensional 
component tq. Similarly, the Mach cone of O' causes in region (iii) a perturba- 
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tion « 3 - «! of u v The perturbation of u lt which both Mach cones cause at a 
point of region (iv) is therefore the sum of these, so that 

U x — U x = (« 2 — U x ) + (w 3 — U 2 ) 

and 

( 1 ) U x = U 2 + U 3 - Mj. 

To verify this, observe that u x , u 2 , u 3 satisfy the Unearised equation 17-1 (6) and 
so therefore does u t . Also, w t is continuous on AB where w 3 = u lt so that u x — u v 
Similarly, w 4 = « 3 on A'B. At B u l — u 2 = u 3 and therefore w 4 = u x . 
Similarly, for the w-component we arrive at the equation 

(2) w 4 = w 2 + w 3 - w x 

and since w x = w 3 = w a = - aV on the surface of the aerofoil, w t = - aV and 
all the boundary conditions are satisfied in region (iv). 

Now, consider a point within the Mach cone of A. Here u has to satisfy 
certain boundary conditions within the region (v) between AC and AM and the 
condition u = 0 in the region (vi) between AM and AN. We cannot satisfy all 
these conditions by a finite linear combination of the type (1). Such regions 
can be treated by superposition of continuous fields of conical flow, that is by 
integrating conical flow solutions. Into this we cannot enter, but the inference 
remains that the superposition by addition of a finite number of conical flows 
cannot describe the flow on the aerofoil outside the regions (i) to (iv). Thus, for 
the method of (1) to be applicable no part of the trailing edge of the aerofoil can 
lie downstream of AC, A'C, in other words the trailing edge must lie within the 
area O'A'CAO. Subject to this limitation the trailing edge may be straight or 
curved provided only that its direction or tangent at no point makes an acute 
angle less than fx with the direction of the undisturbed wind. In all such cases 
the lift can be found by integration of u lt u 2 , u 3 , w 4 over the appropriate areas. 

As a simple illustration, consider the rectangular aerofoil OO'P'P where P 
lies between 0 and A and PP' is parallel to 00'. Let S denote the total area 
and let S lt S 2 , S 3 , <S' 4 be areas of regions (i), (ii), (iii), (iv) respectively which lie on 
the aerofoil. If we denote mean values by a bar, the lift L is given by 
) = A pi , 4" S 2 U 2 “f S 3 u 3 + S x u x . 

Now, from 17-5 (11), when 8 = w 2 = u 3 = \u x and therefore 

L = p Vu 1 (2S 1 + A 2 + S 3 ) — pVu x (S + Sj — S x ). 

This result holds for all parallel positions of PP' between 00' and AA'. 

EXAMPLES XVII 

1. Perform the reduction which leads to the compatibility equations, 17-15 (6) 

2. Show that the velocity potential 

4> = *[s 2 - cot 2 p.(y 2 + z 2 )]if(0 + xf{e), 
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where /(e) is an arbitrary function, is a general homogeneous solution of degree unity 
of 17-1 (4). (Poritsky.) 

3. Determine, in terms of A, the value ofj{0) in 17-18 (7). 

4. With the notations of 17-2, prove that 

3 3 

M x = \h sec y =-(L cos 2 y), M y = - \h cosec y~-(L sin 2 y). 

Oy Oy 

5. In the case of planform L 0 L 0> in the notations of 17-2 and 17-3, show that, on 
integration by parts, 


■n* 

j «=-i 


e) dg = « 1 A 1 + u 2 A 2 + it 1 B 1 + u 2 B 2 , 


1 1 

1 - ft cos Aj - ^ ’ 

D2U _ sinA i 


1 + /? cos A 2 + /5 ’ 


B t (l - £ 2 )i = ‘ 1 5 2 (1 - /s*)t = ■ T - S - 

1V ^ cosAj-^ 2 cosA 2 + /3 

6. In Ex. 5, show that the terms u 1 A 1 , u 2 A 2 when multiplied by pVh 2 sec 2 y tan 
cancel the lift on the triangular parts of the delta wing which lie outside the Mach 
cone. 

7. Calculate the perturbation velocity component w inside and outside the 
Mach cone in the case of planform L 0 T 0 . 

8. Find the perturbation velocity components for planform L„T, regarded as a 
limit case of L 0 T 0 . 

9. Solve the case of planform L„T, regarded as a limit of L„T ( and show that 
the result agrees with that of Ex. 8. 

10. Perform the integration which leads to 17-5 (11). 

11. Explain why the solution for planform L S L S at incidence a cannot be ob- 
tained by adding the solutions for two planforms L S A which are mirror images in 
the axis. Verify by comparing the actual solutions. 

12. Perform the integrations which lead to the lift reduction ratio for planform 


13. Work out in detail the solution for planform L 0 T,-. 

14. The wind direction is along the bisector of the angle 28 of a delta wing, where 
8 < p.. Obtain the formulae 

u = a VC tan 2 8 (tan 2 8 - s 2 tan 2 /r) _ l, 
v — — a PCs tan /x (tan 2 8 - s 2 tan 2 

where in the notation of 17-6, C(2E - m x K) = 1 + »d, and explain to what portions 
of the surface of the wing they apply. 

15. Show that the lift coefficient for the part of the delta wing of Ex. 14 in the 
form of an isosceles triangle of height h is ‘2-rmC tan 8. 

16. The wind direction is that of the bisector of the angle 28 of a delta wing, 
where 8 > p.. Prove that on the upper surface of the wing, inside the Mach cone, 

2a F tan u . , sin A . , » 

om-i , cos A = tan p. cot 8. 


^(1 - s 2 cos 2 A) 
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17. In the delta wing of the previous example, show that on the wing 

- 2 aV cot A , 

V = COS -1 X, 

7T 

where x 2 = (1 - s 2 )/ (1 - s 2 cos 2 A), and explain to what portions of the surface of the 
wing this result applies. Examine the value of v on the remaining parts of the wing. 

18. Show that the lift on the part of the delta wing of Ex. 16 cut ofi by a line 
perpendicular to the wind in the plane of the wing and at distance h from the vertex 

2ccpV 2 h 2 tan 2 p sec A. 

Find the induced drag and the lift and induced drag coefficients. 

19. A symmetrical flat delta wing is defined as having for planform an isosceles 
triangle and for vertex the intersection of the equal sides. If 28 is the angle between 
the equal sides, prove, with the notations of fig. 17-2, that 

8 = J(8j + S 2 ), y = i(S 2 - 8J. 

Explain why the direct application of the cone field theory of this chapter 
necessitates the assumption that the angle of yaw y shall not exceed \n - p. 

20. A symmetrical delta wing whose vertical angle is 28 is yawed through the 
angle y, and has both leading edges within the Mach cone. Prove that the lift 
coefficient is 

TraC cos y sec p sec 8 [cos 2y - cos 2p cos 28 - 2 A]*, 

where .4 2 = sin (p + 8 + y) sin (p + 8 - y) sin (p - 8 + y) sin (p - 8 - y), and G 
has the value defined in Ex. 14. (Roper.) 

21. A symmetrical delta wing has one leading edge on the Mach cone and one 
leading edge within it. Prove that the lift coefficient is 

4a cos y [tan (p - y) tan p]I, 

where y is the angle of yaw. (Roper.) 

22. For a symmetrical delta wing of planform L„L„ yawed through the angle v, 
prove that the lift coefficient is 

4a sin p cos y [sec(p + y) sec(p - y)]i. 

Discuss the limiting case of this result when one edge lies on the Mach cone. 

23. A symmetrical delta wing of planform 1 1 is yawed through the angle y. 

Prove that the lift coefficient is ’ 

a(./32) cos y sin p [sin 8 cosec (p + 8 + y) sec (p - y)]l, 

where 28 is the angle of the wdng. 

Obtain the result for planform L„L,- as a limiting case. (Roper.) 

24. Show that %l(e) = Vp 2 log e gives the complex velocity component for flow 
past a cone of infinitesimal angle 2£ placed with its axis along the undisturbed wind 
direction. Examine the components ^(c), ^(e). 

25. Calculate the lift coefficient for the aerofoil OO'A'CA of fig. 17-7. 

26. A delta wing of planform L.A is symmetrical with respect to the plane 2 = 0, 
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consisting of two flat triangular plates each inclined at the small angle /9 to the plane 
2 = 0. Prove that, at zero incidence, 


q/, . pv tan p 2 L , 

mr * 108 



and find the components and G W- 

27. Obtain the solution for a delta wing of planform L.Ip symmetrical with 
respect to the plane z = 0, at zero incidence by superposition of two wings of plan- 
form IpA, the wings consisting of triangular plates each inclined at the angle /3 to 
the plane 2 = 0. 

28. Show that in the case of planform L 0 L 0 the flow within the Mach cone of the 
air above the aerofoil is completely independent of the flow below it. Use this 
principle to deduce the flow past a thin flat aerofoil L 0 L 0 at incidence a from the 
solution for the symmetrical aerofoil consisting of two planes inclined at the angle 
2a and placed at zero incidence. 
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CHAPTER XVIII 
SIMPLE FLIGHT PROBLEMS 

1 8-0. Hitherto we have been concerned with the main lifting system of an 
aircraft, the wings. We now consider the complete machine. 



Fig. 18-0 shows in outline a monoplane aircraft with the control surfaces 
shaded. 

When the control surfaces are in their neutral positions the aircraft, like the 
aerofoil, has a median plane of symmetry, and when properly loaded the 
centre of gravity G lies in this plane. 

There is in the diagram a fixed fin F in the plane of symmetry. 

For simplicity of description, suppose the aircraft to be in straight horizontal 
flight, with all the controls in their neutral positions. 

The lift is given by the wings and tail, T (we ignore the effect of the body, 
which should be allowed for), and the propeller thrust overcomes the drag, if 
we suppose this thrust to be horizontal. 

The disposition of the axes of reference is shown in the diagram, the lateral 
axis, GY, being perpendicular to the plane of symmetry and positive to star- 
board. 

The symmetry will not be disturbed if the elevators E are moved. Raising 
the elevators will decrease the lift on the tail (see 8-37), and will cause a pitching 
moment, positive when the nose tends to be lifted. 

Moving the rudder R to starboard will cause a yawing moment tending to 
deflect the nose to starboard, the positive sense. 


The ailerons, A, move in opposite senses, one up, one down, by a single 
motion of the control column. If we depress the port aileron and therefore 
simultaneously raise the starboard one, the lift on the port wing will increase 
and that on the starboard wing will decrease so that a rolling moment will be 
caused tending to dip the starboard wing, and this sense will be positive. 

This movement will also cause a yawing moment, for the drag on the two 
wings will likewise be altered. To minimise this the ailerons are generally 
geared to move differentially so that one moves through a greater angle than 
the other. 

Motion of ailerons or rudder will disturb the symmetry of the machine. 
A single-engined aircraft also has dynamical asymmetry (tendency to list). 

For the present we shall consider some flight situations in which the controls 
are supposed always to be operated so as to maintain the motions we require. 

18-1. Linear flight. When the velocity V of the aircraft is in a fixed 
straight line the flight is said to be linear. 

When V is in the plane of symmetry the flight is said to be symmetric. 

There are three types of linear symmetric flight : gliding, horizontal, and 
climbing. 



Gliding. Horizontal. Climbing. 


Fig. 18-1. 

Of these the only flight possible without use of the engines is gliding. 

These flights can, of course, be steady (V constant) or accelerated. 

In the case of steady flight the resultant force on the aircraft must be 
zero. 

The forces are : (1) propeller thrust (under control of the pilot), (2) weight 
(not under control of the pilot), (3) aerodynamic force (in some measure under 
the control of the pilot by use of ailerons, rudder, and elevators). 

18-2. Stalling. We have seen that the lift coefficient C L is a function of 
the absolute incidence a, and the considerations of T71 show that it is also a 
function of the Reynolds’ number R = VI/ v. For a given aircraft we could 
therefore draw a surface which is the locus of the point ( C L , a, R) which is the 
characteristic lift surface for that aircraft. Since the aircraft is given, l is given, 
and for a given state of the air v is given, so that in this case C L is a function of 
incidence a and of the forward speed V. From this point of view the character- 
istic surface may then be regarded as the locus of the point (C L , a, V). Now 
consider three points of this surface (C Ll , a v Vf), (C L2 , a 2 , V 2 ), (C Ls , a 3 , F 3 ), 
where we suppose V 1 < V 2 < V 3 and < a 2 < a 3 . 
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Fig. 18-2 (i) shows the (C L , a.) graphs corresponding with the values V lt F 2 , F s 
of V, the straight portions being practically in the same line for all. This 
diagram may be thought of as showing sections of the characteristic surface by 



planes V = F„ F = V 2 , V = V 3 . In all our previous work we have considered 
C L to be directly proportional to a, i.e. we nave restricted ourselves to the linear 
part of the graph about which pure theory can make statements. Graphs 
of the type shown in fig. (i) must necessarily be obtained from experimental 
measurements, and the graph shows that, with increasing incidence, C L rises to 
a maximum value C L niax and then decreases. 

It is generally, but not always, the case that C imax for a given F increases as 
F increases. If we draw the sections of the characteristic surface by the planes 



“ = * 1 , « = **,* = we get (C L , F) graphs of the type shown in fig. 18-2 (ii), 
where the heavy line shows the graph of C Xmax as a function of F. 

The stalled state is that in which the airflow on the suction side of the aerofoil 
is turbulent. It is found that, just before the stalled state sets in, the lift 
coefficient attains its maximum value, and the corresponding speed is called 


18 - 2 ] 

the stalling speed V s . Thus the staffing speed corresponding with a given C ,. r — 
can be read from the heavy graph of fig. (ii). 

Stalling speed is a function of incidence. Let us draw the sections of the 
characteristic surface by the planes C L = C Ll , C L = C L2 , C L = C Lz , fig. 18-2 
(iii), giving (a, F) curves. 



Here the heavy curve shows the stalling speed as a function of the stalling 
incidence a s . Any point (a, F) above this curve corresponds with stalled flight, 
any point below it with normal flight. In the sequel we shall be concerned only 
with normal flight. 

It should be observed that the foregoing discussion only applies to speeds V 
such that the airflow speed over the aerofoil nowhere approaches the speed of 
sound, i.e. we neglect variation of the Mach number. 

The graphs of the above type are in all cases deduced from experiments, 
generally in wind tunnels in conditions corresponding with linear flight at 
constant speed. When the aircraft flies in a curved path the graphs will differ 
slightly from the above, but investigations made by Wieselsberger show that 
the changes are of the order of the square of the ratio of the span to the radius 
of curvature of the path and may therefore, in general, be neglected. 

Moreover, since the danger of stalling is generally greatest when the aircraft 
is about to land and is therefore flying near to the staffing incidence and at a 
low speed, it is for most calculations sufficient to substitute one of the C L graphs 
shown in fig. (i) for the whole group, namely the one which corresponds with 
the landing speed. 

If, in the foregoing, we substitute R for F throughout, the conclusions may 
be held to apply to a family of geometrically similar aircraft. For such a 
family there will be one characteristic lift surface. 

The results of this section apply, without modification, if a is the geometrical 

incidence. 
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18-3. Gliding. When an aircraft glides steadily with the engine off, the 
resultant aerodynamic force A balances the weight (including buoyancy) W, 
i.e. A + W = 0. 



Fig. 18-3. 

Thus, if L is the lift (on the whole aircraft) and D is the drag (on the whole 
aircraft), 

L = W cos y, I) — W sin y, 

where y is the angle which the direction of motion makes with the horizontal, 
called the gliding angle. It follows that 



This equation determines y in terms of C D and C L . It should be observed 
that C L and C D are here the lift and drag coefficients for the whole aircraft. 
They could not be inferred solely from the corresponding coefficients for the 
wings alone. They are, of course, functions of the incidence a and the speed V 
(or more properly of the Reynolds’ number). It follows that, with the limita- 
tions described in 18-2, the gliding angle is a function of the incidence, and 
therefore the gliding speed is a function of the gliding angle. 

The attitude * of the machine is the angle which a line fixed in the machine 
makes with the horizontal. If we measure incidence a and attitude 6 from the 
same line we have 9 = a - y. Observe that 6 and a can be negative, as in 
fig. 18-3 ; y is necessarily positive. 

Note also that the direction of the glide does not, in general, coincide with 
any fixed direction in the machine, in other words the attitude is a function of 
the incidence. 

The extreme attitude is that assumed wffien the machine is diving vertically, 
the terminal velocity dive. In this case the lift vanishes, the incidence is that of 
zero lift, and if the dive is undertaken from a sufficiently great height, the 
weight just balances the drag, the speed being then the terminal speed, which 

* Cf. Lewia Carroll, Through the Looking Glass, Ch. VII. 
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may be five or six times the stalling speed (18-2). The attitude will then be 
about - 90°. 

18-31. Straight horizontal flight. Here the engine is required. There 

are now three forces ; engine thrust T, weight, and aerodynamic force. 



Fig. 18-31 (i). 

By proper choice of chord the incidence may be taken equal to the attitude, 
and 

L =W - T sin 0, D = T cos 6. 

In practice 6 is small, so that T = D, L = W, and 

m C L = — = w 

L ~\ P v*s yv*s \ P v 2 ’ 

where w = W/S is called the wing loading, i.e. the average load per unit area of 
wing plan. When w, p (i.e. height), and V are given, is determined, and 
therefore incidence from the (Ci, a) graph. At the stalling speed F s , (1) becomes 

(2) C’ £max = prr 

To determine the stalling speed, we find where the graph of C L V 2 = 2 w/p 
cuts the (C £max , V) graph (18-2). 



Fig. 18-31 (ii). 
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We see that F s increases with height (i.e. with decrease of p). From (1) 
and (2) 

(3) C L (l P V*) = C LmiX (%pV s 2 ) = w. 

The air-speed indicator measures ipV 2 but is graduated to read V. It is, 
therefore, correct only for the particular value of p for which it is graduated, 
but, if we neglect variations of C L max , it follows from (3) that the aircraft will 
stall always at the same indicated airspeed when in straight horizontal flight, 
whatever the height. 

Note. For convenience of explanation fig. (i) and similar diagrams elsewhere 
are drawn in the “ nose-up ” attitude so that 8 and a are positive. In fast 
horizontal flight the “ nose-down ” attitude is usual. For this 6 is negative. 
The same remark applies to gliding attitudes. 


18-32. Sudden increase of incidence. Suppose the aircraft to be 
flying steadily and horizontally, so that if Cjf is the lift coefficient, 
C L ' . irpV 2 S = W. A sudden increase of incidence will increase the lift to 
C L . \pV 2 S and the aircraft will acquire an upward acceleration / given by 

(C L - C L ')yV*S = jf, 

so that it will begin to describe a curved path of radius of curvature r given by 
f = V 2 /r, where 

- 1 
gp Ci - C L ' 


In this analysis we ignore the change in drag. If the speed is high, C L ' is small 
and C L cannot exceed C L max for speed F. Thus the absolute minimum value of 
r is given by 


( 1 ) 


^min 


2w 

gpC L max 



where F s is the appropriate stalling speed. Since C Lm ax is accompanied by a 
rather large drag, the theoretical value (1) cannot be attained. 


18-33. Straight side-slip. Consider an aircraft flying steadily and 
horizontally to be rolled through an angle <f> from the vertical and held in this 
position by the controls. The lift will no longer balance the weight. If in 
fig. 18-33 the aircraft is supposed to be flying towards the reader so that the 
starboard wing is dipped, the machine will accelerate in the direction of the 
resultant of L and W, and will continue to accelerate until a steady state is 
reached owing to the wind blowing across the body and producing a side force 
in the direction of the span. The direction of motion is now inclined to the 
plane of symmetry at angle ft, say, measured positively when the direction of 
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motion is to starboard. The aircraft is now moving crab-wise in a straight 
path and is said to be side-slipping. If F is the speed, the component F sin f3 
perpendicular to the plane of symmetry is called the velocity of side-slip, or 
simply side-slip. 



Fia. 18-33. 


Side-slip will neither diminish the drag nor increase the lift as compared 
with symmetric flight at the same speed. If D' and L' are the drag and lift in 
the steady side-slip induced by the above manoeuvre then L' < L, and D' > D. 
Thus the gliding angle y will be given by 


tan y = j- r > ^ = tan y, 


or y' > y. The effect of side-slip is therefore to increase the gliding angle 
without reducing the speed. This fact is of use to pilots in landing. 


18-4. Banked turn. This is steady motion in a horizontal circle with 
the plane of symmetry inclined to the vertical. The direction of motion is 
longitudinal and there is no side-force. 

If <j> is the angle of bank and r the radius of 
the turn, we have 

. . W F 2 
L cos <f> = W, L smtp — — ■ — > 

, F 2 
tan 4> = — 
gr 

If we ignore differences due to the difference in 
speed at the outer and inner wing tips, it follows 
from L = IF sec <£ that C L = w sec <f>i(\pV 2 ), and 
therefore, as in 18-31, the stalling speed V f is 
determined by the intersection of the curve C L V 2 = 2w sec f/p with the 
(C £max , F) graph ; see fig. 18-31 (ii). From the relation 

C Lmm (\pVs'^ = w sec <f>. 



Fio. 18-4. 
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it appears that banking increases the stalling speed, and if we treat as 

effectively constant, the increase is in the ratio ^/sec <j> : 1. This explains the 
danger of banking at too low a speed. 

1 8*5. Lanchester’s phugoids. A phugoid* is the path of a particle 
which moves under gravity in a vertical plane and which is acted upon by a 
force L normal to the path and proportional to F 2 , the square of the speed. 

Since no work is done by the force L, it follows that §F 2 — gz, the total 
energy of the particle (per unit mass), is constant, 2 being the depth of the 

particle below a fixed hori- 

— -j . — zontal ime when the speed 

L w * a F. We can choose the 

\ z / position of this line so that 
\ V the constant energy is zero, 

^ and then we shall have 

(1) F 2 = 2 gz. 

• w 

Fig lg . 5 If 6 is the inclination of 

the path to the horizontal, 


Fig 18-5 (i) u luK mcmiawou 01 

the path to the horizontal, 

we have, by resolving along the normal, 

IF F 2 

(2) L - IF cos 9 = - v — , 

9 R 

where R is the radius of curvature. 

If we could imagine an aircraft to fly at constant incidence, and so arrange 
that the propeller thrust exactly balances the drag, the centre of gravity of the 
aircraft would describe a phugoid, for then L = \pV 2 S . C L and C L is constant 
for constant incidence (if we neglect the effect of curvature of the path on C L ; 
see 18-2). 

Now suppose that V, is the speed at which the aircraft would fly in steady 
straight horizontal flight at the same incidence as in the phugoid. Then 
IF = . Ci, so that (2) will give 


- cos 6 


Putting Fj 2 = 2gz i we get 


2 a 2z 

cos 0 = — . 

z, R 


Now if ds is an element of the arc of the path in fig. 18-5 (i) we see that 


sin it = — - , 
ds 


* Greek <j>€vyco , take flight. 
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and therefore (3) can be written in the equivalent form 

d . 1 z* 

dz {ZC ° Se) = 2z- 

If we integrate this equation, we add an arbitrary constant which we shall 
denote by CJz lt and we then get, after division by Jz, 


( 5 ) 

and using (4), 

( 6 ) 


Zj _ , _ < ± 


+ C I-, 

z 

1*1 

V 2 3 ' 


Let us examine the consequences of taking the positive square root in 
(5) and (6). It is then easy to show that cos 6 > 1 if C > 2/3, so that no 
phugoid is possible. If C — 2/3, (5) gives cos 9 = 1, so that 9 = 0 and R — 00 . 
We then get the horizontal straight-line phugoid, at depth z r below the datum 
line. 



Fig. 18-5 (ii). 

If c = 0, (6) gives R = 3z, and the phugoid reduces to a set of semicircles 
of radius 3 z v The cusps are on the datum line and the paths correspond with 
unsuccessful attempts at “ looping the loop ”. 


Fig. 18-5 (iii). 

For 0 < C < 2/3, we get trochoidal-like paths. 


Datum 



Fig. 18-5 (iv). 


If C < 0, the paths are looped. 

If z, and the initial values of 2 and 9 are prescribed, (6) shows that for a 
given value of C there are two possible radii of curvature owing to the am- 
biguity of sign of the square root. Thus, for example, an aircraft describing a 
trochoidal-like path as in fig. 18-5 (iii) might, owing to a sudden gust, find 
itself describing a loop as in fig. 18-5 (iv). 
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18*51. The phugoid oscillation. Let an aircraft describing the straight- 
line phugoid, corresponding with C = 2/3, z = z v cos 9=1, have its path 
slightly disturbed, for example, by a temporary gust. It may then begin to 
describe a sinuous path of small slope (as in fig. 18*5 (iii)) having the straight 
line as mean. This motion is called the phugoid osdllatiwi. Since the vertical 
upward acceleration is — d 2 zjdt 2 , and since cos 9 = 1 to the first order, we 


have, for the vertical motion 

L - W = - 


W dh 
9 dt 2 ’ 


and therefore, from 18-5, 


d 2 z gz 
dt 2 + z 


This is simple harmonic motion whose period is 2-nJjzJg), showing that the 
disturbed motion is stable. In terms of the speed V 1 the period is nJ2 VJga 
If F x is measured in knots (6080 ft./hr.) we get for the period 0-234 F, sec. 
Thus for a speed of 200 knots the period is about 47 sec. 


EXAMPLES XVIII 

1. If the (Ci, a) graph is given by 

n r • ax 

C L = b sin y , 

find the maximum lift coefficient and the staffing angle. Draw the graph carefully 
for b = 2, a — 2tt. 

2. Assuming the values of C L , C D given in Ex. I, 21 to apply to a complete 
aircraft, draw graphs to show the gliding angle, and the attitude angle in gliding, as 
functions of the incidence. 

3. Calculate the minimum initial radius of curvature of the path when an air- 
craft whose stalling speed is 70 mi./hr. in straight flight has the incidence suddenly 
increased. 

4 . Show that, if an aircraft executes a flat turn, i.e. moves in a horizontal circle 
with the plane of symmetry vertical, the aircraft must side-slip. 

5. For small angles of bank <j>, show that the angle of side-slip is given by 
fl = - 2-5 C L <f>, assuming the coefficient of side-force is C Y — - 0-4/3. 

Prove also that in a flat turn 

5 w cos /S 

P ? 

gpr 

where r is the radius of the turn and w is the wing loading. 

6. Show that the minimum radius of a true banked turn, for a given angle of 
bank <f>, is 

2w cosec <{> 

gp C L max 

7. Plot cos 8 as a function of z/zj from 18-5 (5), taking different Values of C, and 
positive square roots. Show how to infer the general form of the phugoids as C varies. 

8. Let x be the horizontal displacement in a phugoid motion. Express 
dzjdx = tan 6 as a function of z and hence show how a phugoid may be plotted 
point by point with the aid of numerical integration 
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MOMENTS 

19*0. Pitching moment. Referring to fig. 18*0, the moment M of the 
aerodynamic forces about the lateral axis G Y is called pitching moment. 

Pitching moment does not induce yaw or roll. It is the only symmetric 
moment and it is controlled by the use of the elevators. 

Pitching moment is positive when it tends to raise the nose (sense z to x). 
The coefficient of pitching moment is 

C 

m i P V*Sc’ 

where c is the mean chord and S is the plan area. 

The angular velocity of pitching is denoted by q and is positive in the sense 

z to x. 

19*1. Static stability. Imagine an aircraft to be free to turn about 
a fixed horizontal axis coinciding with the lateral axis through its centre of 
gravity G. 



Fig. 19 1. 


If a given horizontal wind stream F impinges on the aircraft, there will be 
equilibrium at a certain incidence a, the pitching moment about G will be zero, 
and the lift L will act vertically through G. 

If the incidence a is changed by da, a pitching moment dM will be generated 

about G. 

The equilibrium is said to be statically stable if dM and da have opposite 
signs, i.e. if the pitching moment tends to restore the original incidence. The 
condition for static stability is therefore dMjda <0. 

The quantity dMjda is therefore a measure of the static stability. Since 
dMjda is proportional to dCJda, this latter quantity is also a measure of the 
static stability. 

If dMIda > 0, the equilibrium is said to be statically unstable ; a change of 
incidence will tend to increase. 
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If dM/d a. = 0, the equilibrium is said to be statically neutral ; a change of 
incidence will tend neither to increase nor to decrease. 

Observe that it is the pitching moment with respect to the centre of gravity 
which is here in question, and when the aircraft is in free flight, it is the sign of 
dM/da which determines the nature, stable or unstable, of the static stability. 
Thus, if in fig. 19-1 the centre of gravity is moved forward to G lt we shall have a 
new pitching moment about G 1 such that 

M 1 = M - L . GGi cos a = M - L . GG lt 
ignoring the drag and treating a as a small angle. Therefore 


( 1 ) 


dM j _ dM 3 L 

doc ~ doc <rfa ' 1 doc ' 


to that moving the centre of gravity forward decreases the former measure 
dM/doc of the static stability, and therefore increases the static stability of the 
aircraft. Similarly, moving the centre of gravity aft decreases the static 
stability. In the foregoing it is assumed that the aircraft is below the stalling 
incidence so that 3L/3a is positive. 


19-1 1. Metacentric ratio. In 19-1 (1) dividing by \pV 2 Sc and writing 
Xj for 6r6r| we get 

(dC^\ 

\ da. ) j doc c doc 

where the suffix 1 refers to G v Now in normal flight dC L /doc is constant, since 
the ( C L , oc) graph is straight. Therefore we have dC L = a doc and 

(dGA = dC^_x 1 
{ ’ \dC L J 1 dC L c ' 

Now let G 0 , distant x 0 from G, be the centre of gravity position which gives 
neutral equilibrium, i.e. such that (dC m /dC L ) 0 = 0. It follows from (1) that 


and therefore 


( 2 ) 


dC L 



(dCJ\ = _ (X\ - Xg) 

\dC L ) 1 c 


H, say. 


The dimensionless number H is called * the metacentric ratio ; it is the 
ratio of the distance between the actual centre of gravity G x and the position G t 
of the centre of gravity when the static stability is neutral, to the mean chord. 

When H is positive {dC m /dC L ) 1 is negative, so that there is static stability; 
when H is negative there is static instability, and these cases correspond 
respectively with G 1 being forward or aft of G 0 . 


* The alternative name static margin is also used. It is the aerodynamic analogue of the 
metacentric height in naval architecture. In a ship the metacentre is the centre of gravity 
position for flotation in neutral equilibrium. 
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19-12. Neutral centre of gravity positions. Consider a monoplane 

flying at incidence a. Let 0 be the leading edge of the mean chord of the wings, 
O' the leading edge of the mean chord of the tail. We shall take as chord of 
the tail the line through O' parallel to OA the mean chord of the wings. For 



Fig. 19-12. 


temporary convenience we specify the aerodynamic force on the wings by X, Y 
perpendicular and parallel to the chord acting at 0 and the moment M w about 
0. The corresponding system for the tail at O' is X’, Y 1 , M T . Let G be the 
centre of gravity and draw GK perpendicular to OA. The moment M of all the 
air forces about G is then 

(1) M = M w .+ OK.X + GK .Y + M T - (l - OK) X' - (/ - GK) Y', 

where l, the tail lever arm,,* is the distance which 0 is ahead of O' measured 
parallel to OA, and/is the height of 0 above O' measured perpendicularly to OA. 

If L, D are the lift and drag on the wings, and L', D' the lift and drag on 
the tail, we have by resolution, observing that a is a small angle, 

(2) X = L + ocD, Y = D - ocL, X' = L' + ocD', Y' = D' - ocL’. 

Since, in general, l is large compared with OK and / - GK is small, we neglect 
OK . X’ and the last term of (1). 

We now introduce the dimensionless number 

IS' 

K ~ cS’ 

where S, S' are the plan areas of the wings and tail and c is the mean chord of 
the wings. The number k, which is the ratio of two volumes, is known as the 
tail volume ratio. Dividing (1) by i pV 2 Sc we get 

(4) C m = C mW + xC x + yCy + -J- CmT - K @X > 

where c’ is the chord of the tail and 



* This term is also applied to the distance of G from the centre of pressure of the tail. 
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Since c' is small compared with l we may conveniently neglect the penultimate 
term of (4). Differentiate (4) with respect to a. Then 

dc m _ 3C X jCy_ ec y (dc m \ 

dec X doc + y dec K doc + [doc ) W 

The position of G (x 0 , y a ) for statically neutral equilibrium occurs when 
dC m /doc = 0, so that 



Now from (2) we have X — L, X' = L' nearly and therefore dC^/doc, dC^/doc 
are the slopes of lift coefficient-incidence graphs which will be taken to have 
the same value a. Also 


IdCrA 

(dC m \ 

1 ^ 

\ doc ) 

\dC L j 

if da 


if we assume the two-dimensional result found in 8-34, that the moment about 
the quarter point is independent of the incidence so that C mW — constant - IC L . 
Lastly, from (2), we have 

Cy C J) — OcC L = C j) g + Cj). — OcCl. 

Let - oc 0 be the value of a for which the lift vanishes. Then the absolute 
incidence is 

a + a 0 = oc e + e, 


where <x e is the effective incidence and e is the angle of downwash. Also, from 
11-24, C I)j = eC L , and C L = a a e , so that 


Cy — C Da + CC 0 Gl — 


and therefore 


dCy dCy 
da ~ 0 dC L 


a ( a 0 ) = «(“o ~ 2a, ). 


Thus (6) becomes 


(7) x g + y 0 (cc 0 - 2cc„) - k - l = 0. 

Therefore the locus oi neutral positions of G is a line such as NN' in fig. 
19-12, inclined to the perpendicular to the direction of motion at the small 
angle 2a„ — a 0 — a = a e — e. 

When G is forward of this line there is static stability. The line NN' cuts 
the chord OA at G' where OG' — c(k + i), a point whose position depends, to 
the order of approximation here used, only on the tail volume ratio k. The 
practical conclusion is that there is static stability when G is forward of the 
point G' . 
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We may also observe that (1), being linear in x and y, would still lead to a 
relation of the form (7), had the terms which we have neglected been retained. 


19-2. Asymmetric moments. These are rolling and yawing moments. 
They are asymmetric in the sense that they tend to deviate the plane of sym- 
metry of the aircraft. We refer to fig. 18-0. 

Rolling moment, L, or L R when confusion with lift may arise, is the moment 
of the aerodynamic forces about the longitudinal axis GX. It is controlled by 
the use of the ailerons and is positive when it tends to depress the starboard 
wing tip (sense y to 2 ). 

The coefficient of rolling moment is 


C,= 


Lk 

yvm' 


Yawing moment, N , is the moment of the aerodynamic forces about the 
normal axis GZ. It is controlled by the use of the rudder, and is positive when 
it tends to deviate the nose to starboard (sense x to y). 

The coefficient of yawing moment is 


C 


n 


N 

\pV 2 Sb‘ 


Note the use of b the span, instead of c the chord, in the definition of C, and C n 
The angular velocity of rolling is denoted by p, positive in the sense y to 
z, and the angular velocity of yawing is denoted by r, positive in the sense 
x to y. 


19-3. The strip hypothesis. Consider an aircraft rolling with angular 
velocity p. A point distance y from the plane of symmetry on the starboard 
wing will have a velocity yp parallel to the normal axis. Thus the strip or 
section of the starboard wing between the planes y and y + dy will move 
through the air with a velocity compounded of V the forward velocity of the 
aircraft as a whole and the velocity yp. Similarly, a strip of the port wing at 
the same distance y will have a velocity compounded of V and - yp. Thus 
each such strip has a different resultant velocity. Similar considerations apply 
to a yawing aircraft. 

The strip hypothesis asserts that we may calculate the aerodynamic force on 
each strip as if it were an isolated aerofoil moving with the resultant velocity 
which it has on account of its local position on the aircraft. 

The strip hypothesis is manifestly a first approximation to a state of affairs 
in which the trailing vortices from each strip possibly interfere with the others, 
but this first approximation is confirmed by experiment to give results which 
are in excellent agreement with the facts as observed, even at incidences above 
the stall. 
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1 9*4. Moments due to rolling. We consider strips at distance y 
from the plane of symmetry. 



Fig. 19-4. 

The resultant velocity of the starboard strip S makes an angle /3 with the 
direction of forward motion of the aircraft where 

/3=tan/3 = ^. 

Thus, by the strip hypothesis, the incidence is a + /?, where a is the incidence 
when p = 0. We are here treating py as small compared with 7 so that the 
resultant forward speed J{V 2 + p 2 y 2 ) can be replaced by 7. If Off, C D ' are the 
lift and drag coefficients at incidence a, at incidence a + they will be, by 
Taylor’s theorem, 

p > , a dC i p t , a 

Cl + Cd+ p^t- 

The components of the lift dL' and drag dD', resolved perpendicularly to and 
against the direction of motion, will be dL' + fidD' , dD’ - fidL'. The cor- 
responding coefficients for the port strip will be got by writing - for fS in the 
above and the forces will have components dL" - fidD" , dD" + /3dL ", 

The two strips will therefore contribute to the rolling and yawing moments 
(using wind axes). 

(1) dL R = - y(dL' ~ dL") - ffy(dD' + dD"). 

(2) dN = y(dD' - dD") - ffy{dL' + dL"). 

Now dL’ = ipVVdy (c L r + p , 

dD' = ipWdy + P d ~~) , 

where c' is the chord of the strip. Also dL" , dD" are obtained from the above 
by changing the sign of f3. Thus substituting and integrating over half the 
span, since we have taken an element from each wing, we get 

rt/2 / pri r\ 

Lr = — pVp c' \ C D ' ~ ) y 2 dy. 


( 3 ) 
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rt /2 

pVp c' 
Jo 


These are the rolling moment and yawing moment due to rolling. 

If we draw the graph of c'(C D ' + dC L '/da) against y, the area under the 
graph for the whole span (- \b, \b) will be S(C D + dC L jd a), where S is the 
plan area of the aerofoil and C D , C L are the coefficients for the aerofoil as a 
whole. The integral on the right of (3) will be the second moment of half this 
area with respect to y and may therefore be written in the form 

\s(c D + dCdd*) 

where J 1 is dimensionless and J x bj 2 represents the radius of gyration of the area 
considered. Thus dividing by jtpV 2 Sb we have 


J 2 27 ’ 


Here pb/( 27) is equal to the ratio of the wing tip speed due to rolling to the 
forward speed. 

Similarly from (4) we get 

( 6 ) 

where </ 2 6/2 is the radius of gyration of the area under the [c'(C L ' - dC D 'jda), y ] 
curve on the semi-span. 

In discussing dynamic stability the important quantities are dL R jdp and 
dNjdp, for these give the changes in L K and N due to changes in p. They 
are best obtained from derivative coefficients of rolling and yawing due to 
rolling with the notations 

c — ££i ij*( c + d M 

L !j> m T-'-D + I ’ 


C„„ = 




Thus, for example, the increment in rolling moment due to a small angular 
velocity of roll a> will be 

dL R = ipV 2 SbC !p ojb/2r. 


19-5. Moments due to yawing. Unlike rolling, yawing does not alter 
the incidence of the strips, so that if dL’, dD' refer to the starboard strip at 
distance y, we have as in 19-4 (1), (2) 

dL n = - y(dL’ - dL"), dN = y(dD’ - dD"). 

If r is the angular velocity of yaw, 

dIJ = C L ' c' dy .bp (7 - ryf, dD' = Cff c' dy . \p{V - ryf , 
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and dL" , dD" are got by changing the sign of r. Integrating over half the 
span, since we have taken an element from each wing, we get 

M/2 M/2 

L r = 2 pVr c'C L 'f dy, N = - 2 pVr I c'C D ’y 2 dy. 

Jo Jo 

As in 19-4, we draw the curves ( c'C L ', y ), the lift grading curve, and ( c'C D y), 
the drag grading curve, on the span. Their areas will be SCi and SC d respec- 
tively, and if their radii of gyration are J 3 6/ 2, J 4 6/2, we shall get 

Ci = C l .J 3 K~, C n =-C D .J t *.^ 

for the coefficients of rolling and yawing moment due to yawing. We note that 
6r/2F is the ratio of the wing tip speed due to yaw to the forward speed. The 
derivative coefficients will be obtained by partial differentiation with respect to 
br/2V in the forms 

C lr = J 3 a C L , C nr = - J 4 2 C D . 

19-6. Rolling moment due to side-slip. Consider an aircraft whose 
wings are inclined upwards, at the small angle y, to the plane through the 


P S 



Fig 19-6. 


mean chord perpendicular to the plane of symmetry. This angle y is known 
as the dihedral angle. Let F be the speed of the aircraft, v the velocity com- 
ponent perpendicular to the plane of symmetry, i.e. the side-slip. We shall 
suppose v/V to be so small that velocity component in the plane of symmetry 
is F. The side-slip velocity v can be resolved on the starboard wing S into a 
component v cos y = v along the wing, and a component v sin y = vy per- 
pendicular to the wing. The component along the wing gives rise to a cross- 
wind which we shall not consider further, while the component vy has the effect 
of altering the incidence of the strip of wing at distance y along the wing. In 
fact the starboard strip has its incidence increased by = vy/V, while the 
port strip has its incidence decreased by the same amount (see fig. 19-4, reading 
vy for yp in that figure). 

The investigation of 19 - 4 holds with this difference that )3 is now constant 
instead of being a function of y. Thus from 19-4 (3) we get for the rolling 
moment 


M/2 

pVP Jo 


n - , dC L 

<u + “aT 
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where 6J/2 is the ^-coordinate of the centroid of the graph of c'(C B ' + dCjf/da) 
against y over the semi-span (0, 6/2). Thus the coefficient of rolling moment 


due to side-slip v is 


C, = - \J (c D + 



vy 

V' 


In normal flight this is negative. The tendency of this rolling moment is 
therefore to raise the wing towards which the aircraft is side-slipping and so to 
promote lateral stability. This stabilising effect is absent if y = 0, i.e. when 
there is no dihedral angle. 

The derivative coefficient of rolling moment due to side-slip is 



19-7. Change of axes. The asymmetric moments have been calculated 
for simplicity of exposition with respect to wind axes. They can, of course, be 
calculated directly by the foregoing principles with respect to chord axes, or 
we can deduce the results for chord axes by the following method. 



Fio. 19-7. 


Let dashes denote the moment coefficients, etc. with respect to wind axes ; 
suppose we want to calculate C ; , for example. If a is the incidence, we get by 
simple resolution C t = C/ cos a - C n 'sina. To calculate, say, C lp , we first 
note that angular velocity p about OX is equivalent to angular velocities 
p' = p cos a about OX' and r' — - p sin a about OZ’ . Then 

„ dC, 2 VdC, n ,_2 VdC/ 
lp d(bp/2V) b dp ’ ,v b dp' ’ 
dC t _ d(Ci cos a. - C„' sin a) 
dp dp 


2F dC{ 
b dp' ’ 


dC{ dp'_ dC , ' dr' 
dp' dp dr’ dp. 


dC djp_ 
dp' dp 


dC n ' dr' 
dr' dp 


us C lv = C lv ' cos 2 a - (C,/ + C np ) sin a cos a + C nr ’ sin 2 a. 

If a is small, the usual case, this simplifies to 

Cip = CJ - a (<V + CJ). 



388 


EXAMPLES XIX 


EXAMPLES XIX 

1. Show that the increase in pitching moment about the centre of gravity due 
to an increase da in incidence is 

- iH P V 2 Scada, 

where H is the metacentric ratio. 

2. If the pitching moment about the centre of gravity is Jca + k 0 , where k and 
k 0 are constants, find how the metacentric ratio depends on k. 

3. Draw a graph to show how the neutral equilibrium position (on the mean 
chord) of the centre of gravity, measured from the leading edge, depends on the tail 
volume ratio k. 

Explain the interpretation of this graph for negative values of k. 

4. If the coefficients of rolling and yawing moment were defined with respect 
to chord instead of span (as for the pitching moment), show that the usual values 
would have to be multiplied by the aspect ratio. 

5. Discuss the relation between the strip hypothesis and loading law. 

6. Use the data for Clarke YH (Ex. I, 21) to show that in normal flight 
dCn/da may reasonably be neglected in calculating C n and C nP due to rolling, in 
normal flight. 

Deduce the corresponding simplified results, indicating how </ 2 is related to the 
load grading curve. 

7. Show that the derivative coefficient of yawing moment due to side-slip is 
given by 

- - M c ‘ - 

where J refers to the line of action of the resultant drag on a wing. 

Discuss the order of magnitude of C nv in normal flight. 

8. If dashes refer to wind axes, prove the following formulae for coefficients 
referred to chord axes, a being small. 

C ; r — Cir + (@iv ~ C nr ') a, 

G np *t" (C^p — C nr ) a, 

C'n r ~ Cnr + l^lr + G np ')a. 

9. Referring to 19-4, show that, if p is so large that the approximation (3 = tan /8 
is not permissible, then for the starboard strip 

dL' = %pV 2 sec 2 fie' dy [Cl cos ft + Cp'sin/3], 
and that pdy = V sec 2 ft dj 3, where Cl, Cp' correspond with the incidence a + ft. 

Obtain a similar expression for the port strip and hence obtain an integral to 
give C t . 

10. If dashes refer to wind axes and the wind axis Ox' makes the angle a with 
the chord axis Ox, prove that in normal flight 

C i v C i v , C nv C nv + a C i v , 

approximately. 


CHAPTER XX 
STABILITY 

20-0. An aircraft in steady motion is always liable to disturbance, as for 
example, when a sudden gust is encountered, or if the pilot alters the controls. 
In the present chapter we propose to examine how an aircraft will respond to 
such a disturbance, which will be supposed small. We shall, in particular, 
obtain the equations of motion due to a disturbance of steady straight flight, 
gliding, horizontal, or climbing. The equations will then be further particular- 
ised by considering horizontal flight. By restricting the discussion to dis- 
turbances in the plane of symmetry, we reach the problem of longitudinal 
stability. The method, which is of general application, should thus be sufficiently 
exemplified. 

20-01. Equations of motion. If G is the centre of gravity of a rigid body, 
all the forces acting on the body can be replaced by a single force acting at G 
together with a couple. 

The forces acting on an aircraft are (1) the air force due to pressure, (2) the 
propeller thrust, (3) the weight. Let us take rectangular axes Gx, Gy, Gz 
(fig. 18-0) passing through G and fixed in the aircraft (chord axes). Referred to 
these axes the resultant of (1) and (2) -will be a force 

(1) F = iZ + jF + kZ, 
and the weight will be a force 

mg = \mg 1 + jtng 2 + kmg 3 , 

where m is the mass of the aircraft, g the (vector) acceleration due to gravity 
and i, j, k are unit vectors along the axes of reference. 

The force F will be called the aerodynamic force although it includes the 
propeller thrust and the buoyancy due to hydrostatic pressure. This slight 
departure from our previous use of the term will cause no subsequent difficulty, 
for we shall be concerned only with variations in F. 

With the centre of gravity G as base-point, let the velocity of G, the angular 
velocity of the aircraft, and the angular momentum * about G be 

(2) v = i u' + jo' + kw'. 

(3) £2 = ip' + j ([' + k r'. 

(4) h = i h x + j h 2 + k// 3 . 


Or, moment of momentum. The terms are interchangeable. 
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Then the equations of rate of change * of linear and angular momentum 
are 

(5) ^ (my) = my + £2 A mv = F + mg. 

rfh . 

( 6 ) ^=h + £2 A h = L, 

where the couple, referred to above, is 

(7) L = \L + }M + kA r . 

Written in full the equations (5) and (6) are equivalent to the six equations 


(8) 

m(u' - v'r' + w'q') 

= X + mg v 

0) 

m(v' - w'p' + mV') 

= Y + mg 2 , 

(10) 

m(w' - u'q' + v'p') 

= Z + mg 3 , 

(11) 

K ~ h 2 r’ + h 3 q' 

= L, 

(12) 

h 2 - h 3 p' + hpr' 

= M, 

(13) 

4 - hi' + Kv' 

= N. 


Also if A, B, C, D, E, F are the moments and products of inertia 
(A = Em(y 2 + z 2 ), D = Emyz, etc.), 

then 

(14) = Ap' - Fq' - Er', h 2 = - Fp' + Bq' - Dr', 

h 3 = - Ep' - Dq' + Cr'. 

For the justification of the above statements the reader is referred to works on 
Dynamics. 

In what follows we shall use the vector formulation, which is simpler, but 
the same equations can, of course, be obtained with the use of equations (8) to 
(13) instead of (5) and (6.) 

20-1. Straight flight. Consider an aircraft in steady straight flight, at 
incidence a, with velocity V in the plane of symmetry, so that v = V, £2 = 0. 
We seek the equations of motion when the steady state is slightly disturbed 
by giving the aircraft a small additional velocity and a small angular velocity. 
In the steady state there is no rotation and 

F + mg = 0. 

Let the motion be slightly disturbed, at time t = 0, so that at time t the 
velocity is V x + U, where the components of along the axes are the constants 
V cos a, T T sin a, 0 and the angular velocity is to, where 
(1) u = iu + ]v + kte, to = \p + \q + kr. 

* The terms SI A mv and S2 A h arise as the result of the application of the usual rule for writing 
down the rate of change of a vector (21-14) when the axes are rotating. Time rate of change 
with respect to axes fixed in the aircraft is indicated by the dot, while djdt indicates differentiation 
with respect to axes fixed in space. 
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The effect of the angular velocity is that in a short time dt the aircraft will 
undergo a small rotation dy — to dt. If therefore we write for the rotation 
at time t* 

(2) y = \p + \e + k y, 
we shall have 

(3) w = X = i/8 + j0 + ky. 



It will be assumed throughout that y, to, u are small quantities of the first 
order and we shall therefore neglect products of these quantities. Another 
result of the rotation will be that the aircraft will acquire angular momentum h 
which is also small. 

On account of the disturbance the force F will become F + dF, and owing 
to the rotation of the axes the weight will be described by the vector m(g + rig) 
instead of by mg. Since g, the acceleration due to gravity, is fixed in magnitude 
and in direction in space, the change of g in time t will be zero, in other words 
(see 21-14), 

( 4 ) «'g+XAg = °- 

The equations of motion (see 20-01 (5), (6)) will now be 

m(V i + u) + io A m(V 1 + u) = F + dF -f m(g + dg), 
h + to A h = (iL, 
where tfL is the moment of the forces about G. 

Now F + mg = 0, V, = 0 and to A u, to A h are negligible, therefore using 
(4) we get 

(5) mu + m(x A V! + x A g) = rfF - 

(6) h = r/L. 


* The rotation \ will be assumed small. A small rotation can be represented to the first order 
by a unique vector. A finite rotation cannot be so represented, for the final result of given finite 
rotations in roll, pitch, and yaw depends upon the order in which they take place. 
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These are the general equations of straight flight slightly disturbed from 
the steady state. They apply to horizontal, gliding or climbing flight. 

As to h, we have from 20-01 (14), 

K = Aj3 - Fd - Ey, h 2 = - Ffi + B6 - By, k 3 = - Eft - DO + Cy. 
When the ailerons and rudder are in their neutral positions, Gy is a principal 
dynamical axis and D = F = 0. Thus 

(7) h = i (Afl - Ey) + j B9 + k (Cy - E/3). 

20-11. Simplifying assumption. It appears from 20-01 (5), (6) that 
F and L depend not only on v, SI but on their time rates of change, and therefore 
d F and dL will, in general, depend on v + dv, Si + dSi, and the corresponding 
changed time rates. In the case of 20-1 we have v = V, dv = u, SI = 0, 
p = u>, and therefore d F and dL will depend on u, to and their time rates. 

We shall assume that d F and dL depend solely on u, to and not on their 
time rates, with the single exception that the pitching moment component 
of dL will be taken to depend also on w, the rate of change of the downwash 
velocity w. 

The reason for this exception is that the tail plane is, in general, traversing 
the downwash created by the wings at an earlier time and may therefore be 
expected to be influenced by w. 

With this assumption we shall have 

dF = i dX + \dY + k dZ, dL = i dL + j dM + k dN, 

where, for example, 



the zero suffix indicating that after the differentiation the steady values of the 
velocity are to be inserted, namely u' = Y, v' = w' = 0, p' = q' = r' — 0. 
Also dv — u = iu + \v + k w, dSi = to = \p + \q + kr, 

and therefore du' = u, dp' = p, etc. 

If we write (dX/du') 0 = X u , and so on, we get 

dX — uX n + vX v ■ f- wX w + pX p + qX a + tX t , 
and two similar expressions for dY and dZ. In like manner we have analogous 
expressions for dL, dM, dN. Writing dM in full to show the term in w, we have 
dM = uM u + vM v + wM w + wMj, + pM p + qM q + rM r . 

Thus it appears that dF consists of 18 terms and dL of 19 on account of 
the extra term ivM.; c . Of the 37 derivatives X u , . . . , L u , . . . , thus arising, 
18 are zero. 
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Proof. No symmetric disturbance can cause an asymmetric reaction, e.g. 
pitching will not induce yaw or roll. Thus 

^ u> ^ ffli dj u , L w , L q , A u , N w , A q 

are all zero. 

Again the symmetric reaction due to an asymmetric disturbance must by 
symmetry be independent of the sign of the disturbance, e.g. if an angular 
velocity of roll could cause a pitching moment pM P , this pitching moment 
would necessarily have the same sign if p were replaced by - p. Since M v 
is independent of p it must therefore vanish. Thus 

X P , X T , X v ; Z p , Z r , Z v ; M P , M r , M v 

are all zero. 

Therefore using 20-1 (3) we have 

(1) dF = i(uX u + wX w + 9X q ) + j (vY v + (3Y P + yi r ) 

+ k {uZ u + v'Zj v; + 6Zq). 

(2) dL = \(fL p + yL r -f i'A r ) 4- j (0M q + uM u + wM w + wMf) 

+ k(j3N p + yN r + vN v ). 

We can also take account of small moments exerted by the controls by 
adding to dL the vector i L 0 + \M 0 + kW 0 . Application of L 0 and A r 0 would 
of course introduce products of inertia D and F which have been taken to be 
zero, but as these will necessarily be small and multiplied in the equations of 
motion by small factors we shall neglect them. 

The derivatives in (1) and (2) fall into five classes : force velocity derivatives 
X u , X K , Y „, Z u , Z w ; force rotary derivatives X P , Y Q , Y r , Z Q ; moment velocity 
derivatives L v , M u , M w , N v ; moment rotary derivatives L P , L r , M q , N P , N r ; 
moment acceleration derivatives M q: , the only representative. 

20-12. The equations of disturbed horizontal flight. At this stage 
we shall suppose that V is horizontal so that initially Gz makes an angle a with 
the vertical, fig. 20-1. Had the flight contemplated been other than horizontal 
this angle would have had some different initial value. Referring to 20-1 (5), (6), 
and evaluating the vector products (21-13) X a^i an< ^ XaS> w h ere * 
g = - \g sin a + kg cos a, V x = iFcos a + kF sin a 
we get the following six equations of motion : 

(1) mu - uX u - wX w + (mV sin a - X q ) 9 + mg 9 cos ot = 0, 

(2) - uZ u + mw - wZ w - (mV cos a + Z Q ) 9 + mg 9 sin a = 0, 

(3) - uM u — wM q. - wM w + B6 - 9M q = M 0 , 

* When the steady flight is not horizontal the above expression for g is replaced by 
g = - \g sin © + kg cos ©, 

where © is the attitude angle (18-3), i.e. the angle between Ox and the horizontal, positive when 
Ox is above the horizontal. 
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which contain the variables u, w, 9 and form the symmetric group, and 

(4) mb - vY v - (mV sin a + Yf) fi - (mg cos a) fi 

+ (mV cos a - Y r )y - (mg sin oc)y = 0, 

(5) - vL v + Afi - L„fi - Ey - L r y = L 0 , 

(6) - vN v - Efi - Nj + Cy — N r y = N 0 , 

which contain the variables v, fi, y, and form the asymmetric group. 

Equations (1), (2), (4) are derived from 20-1 (5) and (3), (5), (6) are derived 
from 20-1 (6). 

The above six equations are ordinary linear differential equations with 
constant coefficients. When the derivatives X u , L v , etc., are known they can be 
solved by various standard methods and the response of the aircraft to a given 
disturbance can be calculated. The equations, however, are best expressed in a 
particular system of units which we shall proceed to consider. 

20-2. The parameter (i. We define the relative aircraft density by the 
dimensionless * number 

to mass of the aircraft 

^ — plS air density x typical length x plan area 

Here the typical length l may be conveniently taken either as the chord c or the 
tail lever arm in discussing the symmetric equations, and as the span b when 
discussing the asymmetric equations. Observing that IS is a measure of volume, 
we see that p is the ratio of the average aircraft density, taking IS as the volume, 
to the air density. Since air density decreases as height increases, p increases 
with height. 

It is also convenient to introduce a dimensionless parameter k defined by 
kpV 2 S = mg. In straight horizontal flight k — \C L . 

If the flight path is inclined to the horizontal at the angle 0 we have 
k = \C L sec 0. 

20*21. Units. The quantities appearing in the equations of motion 
derived in 20*12 are all measured in absolute units, that is to say, if the units 
of mass, length and time are given, the unit of velocity is the unit of length 
divided by the unit of time, the unit of acceleration is the unit of length 
divided by the square of the unit of time, the unit of force is the unit of mass 
multiplied by the unit of acceleration, etc. The equations of motion will 
preserve the same form whether the ft. -lb. -sec., c.g.s., or any other system of 
absolute units is used. For the equations of motion of the aircraft it is con- 
venient to use the following system : 


* See 1-7. 
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Unit of mass m, the mass of the aircraft. 

Unit of length l, the typical length. 

IT . , . TO pi 

Unit of time r = - ----- = . 

pv S V 

Observe that r is the time required to travel the distance pi. 

In terms of these units we can draw up a list of derived units for the 
quantities which occur in our equations. 


Quantity 


Velocity 


U nit 
l V 


Quantity 


Moment 


Unit 

ml 2 __ P V 2 Sl 


Angular velocity 


mix; u.icn vumuiiy — , 

T /Ltt 

, , . I V 2 

Acceleration — = 

r“ pH 

1 V 2 

Angular acceleration — = 

r- p l l l 

Moment of inertia ml 2 


ml _ pV 2 S 


Force velocity derivative 


Force rotary derivative 


Moment velocity derivative 


Moment rotary derivative 


= pVS 


— = pV SI 

T 

^ = P VSl 


T 2 p | Moment acceleration derivative ml = pSl 2 p 

The equations of motion, when expressed with the above system of units, 
are said to be in non-dimensional form * 

With this system of units we have 

(1) V = — — p, 

T 

since l = 1, r = 1. Also from 20*2 

* = ai _ 9_ 

p V 2 P 2 ’ 

from (1) so that g = kp, and in horizontal flight 

( 2 ) 9 = \pC L . 

20*3. Expression in non-dimensional form. Consider equation 20*12 

( 1 )* 

(1) mil - uX u - wX m + (mV sin a - X a )9 + mgd cos a = 0. 

As we stated in 20-21 this equation will take exactly the same form in the 
units to, l, r of 20*21. The mass to is therefore to be replaced by unity and 


! Glauert, R. and M. 1093 (1927). 
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from 20-21 (1) and (2) we may replace V by p and g by \pC L . Since in practice 
the derivatives are usually negative, it is convenient to write - x u for A u , 
- x Q for X Q and so on.' Equation (1) then becomes 

(2) u + ux u + wx w + (p sin a + x Q )d + \fiGjfi cos a = 0, 

which is the so-called non-dimensional form of (1). 

Now consider equation 20-12 (3). 

(3) - uM u - wM k - wM w + B8 - 0M q = M 0 . 

With the new system of units, we first divide every term by B and then 
write - m u for MJB, - for MJB, - m g for MJB, m 0 for MJB. 

The above equation then becomes 

(4) um u + wm^ + ivm w + 8 + 8m Q = m 0 . 

Observe that in the non-dimensional equations u = du/dr, etc. We can 
always revert to the original units by using the table of 20-21. If, for example, 
we find u = 6 from the non-dimensional equations, the corresponding com- 
ponent in ft. /sec. is 6 F/p, where V ft./sec. is the forward speed. 

The whole set of non-dimensional equations is as follows : 

The symmetric group , which contains only the symmetric variables u, w, 8, 

u + ux u + wx w 4- (p sin a + x„)d + \C L p0 cos a = 0, 
uz u + w + wz w - (yu. cos a - zjd + \C L p8 sin a = 0, 
um u + + wm w + 6 + 6m q = m 0 . 

The asymmetric group, which contains only the asymmetric variables /?, y, v 
v + vy v - (p sin a. - y v )fi - \C L p \ 3 cos a + (p cos a + y r )y - \C L g.y sina = 0. 

E 

vl v + p + lj,p - — y + l T y = l 0 , 

- q ft + + y + n r y ~ n 0 . 

Notes, (i) The term “ non-dimensional ” should not mislead. Change of 
units cannot alter the physical character of the equations. The equations still 
depend on the mass m, the speed V, and the length l, but only through the 
dimensionless number p. 

(ii) In the above equations the only terms which depend on height explicitly 
are those which contain /x. 

(iii) Since incidence is usually small, we may then write cos a = 1, sin a = a. 

(iv) All the derivatives n T must be known before numerical 

calculations can be performed. Theoretical values are available for some, 
others must be obtained from experiment. We shall assume their values to be 
known. 
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(v) Some writers * put »i,;,//x and pl 0 , pm 0 , p« 0 for what are here written 

as wj., /(,, 71q. 

(vi) When the attitude angle is 0 we replace in the above equations 
\C L cos a by \G h and iC L sin a. by iC L tan 0. 

(vii) In forming the coefficients l v , l r we divide by A instead of II. 
Similarly, for the coefficients n v , n v , n r we divide by C. 

(viii) Coefficients have not been introduced for the ratios E/A, EjC, which 
are anyway pure numbers. 

20-4. Dynamical stability. The problem of the stability of an aircraft 
is essentially that of finding how the machine will respond to a disturbance 
which is initially small. 

(1) If a small disturbance remains small, or dies away after it is applied, 
the aircraft is inherently stable. 

(2) A small disturbance may go on increasing. This indicates inherent 
instability. 

(3) If the initial disturbance, while increasing, increases so slowly that the 
pilot has time to adopt countermeasures before a dangerous increase has arisen, 
inherent instability may be tolerated, especially in fighter aircraft, for a certain 
degree of instability is found to make the aircraft more immediately responsive 
to the controls. Inherent instability cannot be tolerated in an aircraft which is 
designed for long passages, for the continual vigilance might cause too great a 
strain on the pilot. 

Our first problem is therefore to ascertain whether an aircraft is inherently 
stable. 

Our second problem, in the case of an aircraft not inherently stable, is to 
discuss the rate of growth of an initial disturbance. 

It may be observed that a statically unstable aircraft may still be dynami- 
cally stable. 

The discussion of stability is simply a discussion of the solutions of the 
differential equations. We shall illustrate the method, which is the same for 
both symmetric and asymmetric groups, by considering the symmetric group, 
i.e. we shall discuss longitudinal or pitching stability. 

20-5. Longitudinal stability. We take the non-dimensional form of 
the equations of the symmetric group given in 20-3, and to investigate the 
inherent stability we take m 0 = 0. If we put u = A 1 e u , w = B 1 el 1 , 8 = C 1 
where A v B lt C 1 are arbitrary constants, and substitute in the equations, we get 

(1) (A + x u ) Ay + x w B 1 + [(/X sin a + x q ) A + \C L /x cos a] C x = 0, 
z u A x + (A + z w )B 1 + [(- p cos a + 2 3 )A + ^C Ll j.sma]0 1 = 0, 
m u A L + (A mt, + m w )B 1 + (A 2 + A m q )G 1 — 0. 

* See B. M. Jones in Aerodynamic Theory, edited by W. F. Durand, Berlin (1935), Vol. V. 
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Eliminating A lt B u Cj we get the determinantal equation 

A + x u x w (/Li sin a + x Q ) A + §C X /i cos a 

(2) z u A + z w ( - fi cos a + zj A + \C L /jl sin a = 0, 

m u Xm^ + m w A 2 + Am, 

which on reduction is an equation of the fourth degree in A, say, 

(3) A 4 + BX 3 + 6'A 2 + DX + E = 0. 

This equation has four roots, and since the coefficients are real, complex 
roots will occur in conjugate pairs. A real root A will give rise to a term, in the 
solution, of the type /c,e A( , and a pair of complex roots g. ± iv will give rise to 
a term of the type k 2 e e* cos ( vt + e). 

As t tends to infinity k 1 eX‘ tends to infinity or zero according as A is positive 
or negative. In the former case the term represents a divergence, and in the 
latter a subsidence. 

A term like K 2 cos (vt + e) oscillates with an amplitude which tends either 
to infinity, increasing oscillation, or to zero, damped oscillation, according as /x 
is positive or negative. 

It follows therefore that for stability all the roots of (3) must, if real, be 
negative or, if complex, have a negative real part. 

This conclusion continues to hold if two or more of the roots of (3) are 
coincident, in which case terms of the type t e M , etc., may appear in the solution. 

Thus it appears that there will certainly be inherent stability if the roots of 
(3) are such that their real parts are all negative. 

The necessary and sufficient condition that the real parts of the roots of (3) 
shall all be negative is that the terms of the set 

(5) B, C, D, E, BCD - D 2 - EB 2 

shall all be positive, as will be proved in 20-51. 

The number R = BCD - I) 2 - EB 2 is called Routh’s discriminant. 

20-51. Routh’s discriminant. It was stated in 20-5 that the real parts 
of the roots of the quartic equation 

(1) /(A) = A 4 + BX 3 + CA 2 + DX + E = 0 

are negative, if, and only if, each term of the set 20-5 (5) is positive. 

Proof * The necessary and sufficient condition that a quadratic equation 
A 2 + aA + b = 0 shall have the real parts of its roots negative is a > 0, b > 0. 

Any quartic such as (1) can be factorised in the form 

(A 2 + aX + 6) (A 2 + cA + d) = 0, 

* I am indebted to Professor B. M. Brown for this elegant proof. 
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where a, b, c, d are all real. This follows from the fact that complex roots can 
only occur in conjugate pairs and any such pair satisfies a quadratic equation 
with real coefficients. 

If the roots of (1) are to have negative real parts, a, b, c, d are each > 0. 
These conditions are necessary and sufficient. 

Equating coefficients, we have 

(2) B = a + c. 

(3) C = b + d + ac. 

(4) D = ad + be. 

(5) E = bd. 

It follows that it is necessary for B, C, D, E to be all positive. 

The critical case arises when, say, a — 0, so that (1) has two purely imaginary 
conjugate roots. In this case B — c, C = b + d, D = be, E = bd. Eliminating 
b, c, d, we obtain the discriminant 

R = BCD - B 2 E - D 2 = 0. 

In the general case, substituting for B, C, D, E, we obtain 

R = (a + c)(b + d + ac)(ad + be) - (ad + be) 2 - bd (a + c) 2 
= ac BD + (ab + cd) (ad + be) - bd(a + c) 2 , 

(6) R = ac [(b - d) 2 + BD], 
so that if a, b, c, d > 0, then R > 0. 

We now have as necessary conditions B, C, D, E, R> 0. We can show that 
they are sufficient, for if B, D > 0 we see from (6) that ac > 0. Since ac > 0, 
it follows from (2) that if B > 0, then a, c > 0. If D, E > 0, and a, c > 0, it 
follows from (4) and (5) that b, d> 0. Q.e.d. 

20-52. Method of Gates. An elegant graphical method of solving the 
problem of dynamical stability has been given by Gates,* who introduces two 
non-dimensional co-ordinates 

_ ~ h Y = a S ' 
k B ’ 2 k B S ' 

Here he is the distance of the centre of gravity of the aircraft aft of the 
focus of the wings, k B ml 2 is the moment of inertia about the lateral axis, l is 
the tail-lever arm, S' is the plan area of the tail-plane, S is the plan area of the 
wings, and a' is the slope of the (C L , a) graph for the tail-plane. These quanti- 
ties have been chosen as the most easily adjustable in the designing stage. 
Routh’s discriminant R and the coefficient E of the quartic are then expressed 
in terms of X, Y , and the curves R — 0, E = 0 are plotted for different 


* R. and M. 1118 (1928). 
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values of C L and fixed fi, or for different values of p for fixed C L . Fig. 20-52 
shows the relevant part of such curves for C L = 1 , /i = 5, for a gliding aircraft. 
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Fig. 20-52. 


If the point (X, Y) is on the shaded side of these curves we have R > 0 and 
E > 0 so that there is stability, as is visible from the fact that B, C, D are then 
also positive. 

20-6. Laplace transform. The solution of the set of three simultaneous 
differential equations of disturbed motion with given initial values of the 
variables, while straightforward, can be very laborious. In particular, for the 
symmetric group we might be interested only in one variable, namely 6. We 
shall explain an operational method based on the Laplace transform which 
enables the solution for any particular variable to be written down in terms 
of initial conditions without evaluating any arbitrary constants, or separating 
the solution into the sum of a complementary function and a particular 
integral. 

Definition. The Laplace transform of a given function of t, say f(t), is 
denoted by (/(<))* where 


(/(<))* = f e- p f ( 0 *• 

Jo 


The Laplace transform is thus a function of p, not of t, and we shall mainly be 
concerned with inferring f(t) when (/(«))* is given. So long as l 0 , m 0 , n 0 are 
constants the only type of solution which can arise from the differential equations 
is of the form t n e at , where n may be zero, and a may be complex. We have 

r® 1 

(1) (e al )* = e (a ~ 3l) ‘ dt = . 

Jo P - a 

Differentiate partially n times with respect to a. Then 

nl 


(2) 
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This last result includes all we want. In particular, we can put a = A + ip ; 
or n = 0 ; or a = 0. In this way we deduce from (2) a table of Laplace 
transforms as follows. 


(cos fit ) 1 


(sin pi)’ 


p - a 


p- ~ fi‘ 


p l 4- fi 2 


(e*‘ cos [it)* 


(e Af sin pt)* 


(te* 1 cos fit)* 


(te* 1 sin fit)* 


(p - a) n+1 
p - A 

(P - A) 2 + ji l 

H 

( p - A) 2 + (i 2 

(P - A) 2 - fi* 
[(p - A) 2 + fi 2 ] 2 

Mp - A) 

[(p - A) 2 + 


This table contains all the transforms likely to be required. The table can 
be used either to find the transform of a given function or to find the function 
whose transform is given. The reversibility of the table is here assumed, but a 
rigorous proof is possible. 

20-61. Method of solution. Consider, for example, the equations of 
the symmetric group given in 20-3. W e multiply each equation by e~ vt and 
integrate from 0 to oo . Now if u 0 is the value of u when t = 0, and if 

poo 

(u)* = I e~ pt u dt. we have ue~ vl dt = - w 0 4- p{u)*. 

J 0 Jo 

Again, if d 0 , 6 0 are the values of 9 and 6 when t = 0, we get, by successive 
partial integrations, 


f 9e~ vt dt = - 9 0 - pd 0 + p 2 (6)*. 
Jo 


Thus the equations of the symmetric group yield 

(u)*{p + *„) + (w)*x w + (9)*(pfi sin cc + px Q + \fiC L cos a) 

= u 0 + (fi sin a + x a ) 8 0 , 

(w)* z u + (w) * (p + z lr ) + {9)* (- pp cos cc + pz a + ifi C L sin a) 

= «’ 0 - (fi cos a - z Q ) 9 0 , 

( u)*m u + (w) * (jm; v + m w ) + ( 6)*(p 2 + pm t ) 

= w 0 + 9 0 + 9 0 (P+ m <t ) + m JP- 

Thus, we have three linear simultaneous equations from which (9)*, ( u )*, 
(w)* may be determined, or any one of them separately. Thus using the 
determinantal method of solution we get 
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(0^ 

p + x u x w u 0 + (p sin a + x Q ) 8 0 

z„ P + Zw w o ~ ip cos a - z <i) 80 

m u pmi, + m w m^w 0 + 8 0 + {p + m q ) B 0 + 


1 


P + x u 


p(p sin a + x Q ) + \pC L cos a 


p + z w 

p( — p cos a + z„) + \pC L sin a 

m u 

pm * + m w 

p 2 + pm a 


This gives (9)* as the ratio of two polynomials in p and we proceed to express 
(i 6 )* as the sum of partial fractions. We then infer 9 as a function of t from the 
table of Laplace transforms given in 20-6. 

The values of u 0 and w 0 are not without interest for they represent the 
velocities imparted to the aircraft when it encounters a horizontal or vertical 
gust of wind. 


20-62. Sudden application of elevators. The aircraft is flying steadily 
on a straight horizontal course when a small movement of the elevators is made, 
causing a small couple whose non-dimensional measure is m 0 . In this case we 
have u 0 = w 0 — 9 g = 9 0 = 0, and we get from 18-61 a result of the form 

m o(P 2 4“ P%u "t" p%w "b ^w^u) 

~ pip* + Bp 3 + Cp 2 + Dp + E) 

where the polynomial in the denominator is exactly the same as that in 20-5. 

To discuss a simple numerical case, let us suppose that the values of the 
derivative coefficients are such that the above expression reduces to 


/a\* _ m 0 (p 2 + 6-24p + 2-04) 

~ PiP* + 12p 3 + 52p 2 + 92 p + 51)' 

Expressing this in partial fractions by any of the usual algebraic methods, 
we get 

.* _ [04 -16 _ -64 -44(p + 4) 

m 0 p p + 1 p + 3 (p + 4) 2 + 1 

Then from the table of transforms in 18-6 we get 

9 = m 0 [-04 + -16e _i - -64e _3i + -44e~ 4( cos t], 

where, of course, t is “ non-dimensional ” time r. Thus it appears, that in this 
case, 9 settles down, as t increases, to the steady value -04m 0 , and there is 
therefore stability for this manoeuvre. 
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The above numbers were chosen to afford simple algebra and arithmetic. 
In the practical application it will be necessary to solve the quartic equation 
which is obtained by equating the denominator to zero. Any real roots can be 
approximated by graphical methods or by Horner’s method. To obtain 
complex roots the somewhat laborious but practicable method of Ferrari, 
which is explained in books on Algebra, can be used (see Ex. XX, 6). 

20-63. Approximate solution of the quartic. In discussing longi- 
tudinal stability the quartic in A 20-51 (1) is usually such that D and E are 
small compared with B and C. This circumstance leads to a method whereby 
the quartic may be resolved into two quadratics by a method of successive 
approximations. To see this, suppose the quartic to be replaceable by 

(1) (A 2 + b\ 4- c) (A 2 + yA + 8) = 0, 

where b and c are large compared with y and 8. Comparing the above product 
with 20-51 (1) we get at once 

(2) b + y = B, c + by + B = C, bB + cy — D, cS — E. 

On the assumption that y, 8 are small we get the first approximation, 

2? D BE 

(3) 8] = B , Cj — C, 8j yi q • 

Inserting these values in (2) we get the second approximation, 

* . E D b 2 

(4) 8 2 = B - y u c 2 = C - hjyj — Sj, S 2 — — , y 2 — o 2 , 

c 2 o 2 

and the process may be continued as often as is needed to attain any required 
accuracy. 

In practice the first approximation is usually sufficient so that the quartic 
is replaced by the two quadratics 

CD - BE E . 

(5) A 2 + £A + C = 0, A 2 + ^ A + ^ = 0. 

Thus in the typical case cited by Gates (see p. 399, footnote), the quartic, 

(6) A 4 + 5 A 3 + 7A 2 + JA + i = 0, 

is replaced by the two quadratics got from (5), which on multiplication will be 
found to be equivalent to considering the quartic 

A 4 + 5-05A 3 + 7-28A 2 + £A + i = 0 

instead of (6). 

With regard to (5) the first quadratic corresponds with a short period 
oscillation which is usually heavily damped and therefore stable. The second 
quadratic gives the long period or phugoid oscillation (18-51) and, if we replace 
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this quadratic by the approximation A 2 + E/C = 0, it appears that the period * 
of the phugoid oscillation is 2ttJ(C/E) nearly, and this will be a damped oscil- 
lation if CD - BE is positive, a criterion which is tantamount to neglecting 
the term D 2 in Routh’s discriminant. 

In the case of the quartic which arises from consideration of lateral stability 
the above circumstance of relative magnitude of the coefficients is absent. 
However, in this case it will be found that the quartic has a real root nearly 
equal to - l p , and such a real root can always be approximated by graphical 
or other methods. 

Moreover, the existence of one real root implies that there is a second real 
root, for imaginary roots occur in conjugate pairs, which can also be found. 
Removal of these real roots by long division will then reduce the quartic to a 
quadratic. 

EXAMPLES XX 

1. If m — 12,000 lb., S = 500 ft. 2 , I = 8 ft., find the value of p at sea-level, 
and draw a graph to show how p, varies up to 20,000 ft. 

Express numerically the units of 20-21 at sea-level in terms of the above data. 

2. Show that the unit of time r is given approximately by 

r = 0-45^/^~ sec., 

where w is the wing loading, and a is the relative air density p/p 0 , where p 0 refers to 
sea-level. 

3. Derive in detail the whole set of 6 non-dimensional equations of disturbed 
straight flight. 

Write out these equations in full when the aircraft is climbing on a path at 
inclination 0 to the horizontal. 

4. Find the non-dimensional equations of a steady glide at gliding angle y when 
slightly disturbed. 

5. Calculate Routh’s discriminant for the equation 

100A 4 + 505A 3 + 728A 2 + 50A + 20 = 0. 

6. Prove the identity 

A 4 + BX 3 + CA 2 + DX + E 

= (A 2 + iBX + e f - {(IB 3 + 29 - C) A 2 + (Be - D)X + 6 2 - E} 
and show that the term in curled brackets is a perfect square if 6 is a root of the 
cubic equation 

(Bd - Df - (B 2 + 86 - 4C)((9 2 - E) = 0. 

[Ferrari’s method consists of determining 9 and thus factorising the quartic as 
the difference of two squares.] 

7. Show that the quartic 

A 4 + 14-67A 3 + 62-16A 2 + 8-65A + 2-15 = 0, 
has the roots -7-27 ±2-7 It', -0-07 ± 0-171. 
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8. In the preceding example show that the periods of oscillations are 37-0 and 
2-32 units. 

Convert these to seconds if rn = 2000 lb., V = 150 ft./sec., S = 400 ft. 2 , taking 
standard air at 5,000 ft. altitude. 

Find the time taken by these oscillations to reduce the amplitude to half its 
initial value. 

9. Solve the quartic 20-63 (6) by using the first approximation. Proceed to 
the second approximation and hence estimate the percentage error in the modulus 
of the roots given by the first approximation. 

10. Assuming that z u = C L and m;„ = 0 and neglecting x u , x w , prove that the 
period of the phugoid oscillation is nearly 

rrVJ'2 I nm w + z w m„ 
g 'V fim w - n?n u zJC L 

What assumption is necessary to deduce the result of 18-51 ? 

11. Discuss the longitudinal stability associated with the equation 

A 4 + 4-53A 3 + 5-09A 2 + 0-407A + 0-122 = 0, 
and determine the periods of the phugoid oscillation. 

12. Use a typical diagram of Gates’s method to show that longitudinal stability 
is largely determined by E > 0. 

Write out in full the condition E > 0. 

13. Find the quartic for A arising from the consideration of lateral stability. 

Show that in this equation the relative aircraft density appears only as a factor 

of l v and n v . Deduce that an increase of load or an increase of height are equiva- 
lent to an increase in these coefficients. 

14. Show that the lateral stability quartic 

A 4 + 12-6A 3 + 11-5A 2 + 10-7A + 0-76 = 0 
implies inherent stability. 

Solve the equation, showing that two roots are real, and find the period of the 
motion arising from the complex roots. 


* Remember that the unit of time is r (20*21). 
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21*1. Scalars and vectors. Pure numbers and physical quantities 
which do not require direction in space for their complete specification are 
called scalar quantities, or simply scalars. Volume, density, mass and energy 
are familiar examples. Air pressure is also a scalar. The thrust on an in- 
finitesimal plane area due to air pressure is, however, not a scalar, for to describe 
the thrust completely, the direction in which it acts must also be known. 

A vector quantity, or simply a vector, is a quantity which needs for its com- 
plete specification both magnitude and direction, and which obeys the parallelo- 
gram law of composition (addition), and certain laws of multiplication which 
will be formulated later. Examples of vectors are readily furnished by velocity, 
linear momentum and force. Angular velocity and angular momentum are 
also vectors, as is proved in books on Mechanics. 

A vector can be represented completely by a straight line drawn in the 
direction of the vector and of appropriate magnitude to some chosen scale. 
The sense of the vector in this straight line can be indicated by an arrow. 

In some cases a vector must be considered as localised in a line. For in- 
stance, in finding the position of the centre of pressure of an aerofoil the actual 
line of action of the aerodynamic force is required. 

We represent a vector by a single letter in clarendon (heavy) type, and its 
magnitude by the corresponding letter in italic type. Thus if q is the velocity 
vector, its magnitude is q, the airspeed. Similarly, angular velocity (or surface 
vorticity) to has the magnitude a>. In manuscript work, a vector can be 
indicated by underlining it with a wavy line. The vector whose end points 
are P and Q can be conveniently indicated by using an arrow, thus : 

PQ, QP, 

according as the sense is from P to Q or from Q to P. Such vectors have 
opposite signs 

PQ= - QP. 

A unit vector is a vector whose magnitude is unity. Any vector can be 
represented by a numerical (scalar) multiple of a unit vector parallel to it. 
Thus if a x is a unit vector parallel to the vector a, we have a = aa v 

If with each point of space there corresponds a scalar we have a scalar field. 
or example, the air pressures in the air round an aerofoil constitute a scalar 
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field; so do the values of the velocity potential in the same region. Similarly, 
if with each point there corresponds a vector, that is to say a scalar and a 
direction, so that a vector is, as it were, tied to each point of space, then a 
vector field is defined. Air velocity in the air round an aerofoil is an obvious 
example. 


21-11. Resolution of vectors. Consider three mutually perpendicular 


axes of reference (cartesian axes) OX, OY, OZ. If P is any point, we call OP 
the position vector of P (with respect 


to 0). Complete the rectangular 
parallelepiped shown in fig. 21-11. 
Then with the notation of that 
figure 

6m + oh = ol + oh = ow, 


ON + OW = OP, 


OP = OL + OM + ON, 


where we have applied the par- 
allelogram law of addition, and 
have assumed that the order in 
which the additions are performed 
is irrelevant. We have thus re- 



Fig. 21-11. 


solved the vector OP into the sum of three vectors along the axes. Now 
let i be a unit vector along OX, j a unit vector along OY, and k a unit vector 

along OZ. Then OL = OL . i, OM = OM . j, ON = ON . k, so that 


OP = OL ,i + OM . j + ON . k. 

Here OL, OM, ON are called the resolved parts, or components, of the vector 
OP along the axes. They are in fact the coordinates (x, y, z) of P, so that if 
we write r = OP, we can express the state of affairs in the form 

(1) r = ix + \y + k z. 

More generally let OP represent some other vector such as q, the fluid 
velocity. Then, if (u, v, w ) are the components of q, we have 

( 2 ) q = \u + )v + k w. 

In a similar way any vector can be expressed in terms of its cartesian 
components and the cartesian unit vectors i, J, k. We shall use these unit 
vectors conventionally without further reference to their definition. 



408 RESOLUTION OF VECTORS [21-11 

It is often convenient to denote the components of any vector, say, a by 
a x , a y , a z so that 

a = i a x + j«j, + ka„. 

Now let Q be the point ( x + dx, y + dy, z + dz). Then we can write 


OQ = r + dr = \(x + dx) + )(y f dy) + k(z 4- dz), 

so that 

(3) dr = i dx + j dy + k dz. 

If we imagine an air particle to move from P to Q in the time dt we can 
write for its velocity 

. dr .dx , dy , dz 

(4) i'a''a + 'g + k s- 


2M2. The scalar product of two vectors. Let a, b, be two vectors 
of magnitudes a, b, represented by the lines OA, OB issuing from the point 0. 



Fig. 21-12. 


Let 6 be the angle between the vectors, i.e. 
the angle AOB measured positively in the 
sense of rotation from a to b. 

The scalar product of the vectors a, b is 
denoted by ab and defined by the equation 

(1) ab = ab cos 9. 

The scalar product of two vectors is 
thus a scalar and is measured by the pro- 


duct OA . OM, "where M is the projection of B on OA. 


It is clear from the definition that 


ba — ba cos ( — 9) = ab cos 9 = ab, 

so that the order of the tw r o factors is irrelevant. 

Observe that if 9 is obtuse the scalar product is negative. 

If 9 is a right angle, that is, if the vectors are perpendicular, their scalar 
product is zero, for cos 9 = 0. 

As an example, suppose ia s p is the surface vorticity at a point P of 
a vortex sheet S, and n is the unit normal vector to the sheet at P. Then 
w/ and n are perpendicular, therefore w/n = 0. 

Again, if ab = 0, we have ab cos 9 = 0 so that either cos 6 = 0 or ab = 0. 
The second alternative means that one at least of the vectors is of zero magni- 
tude. If neither vector is zero, ab = 0 implies that a and b are perpendicular. 

As particular applications of the definition (1) we have, for tiie scalar 
products of the unit vectors i, j, k, the following important consequences : 

(2) ii = i 2 = 1 = j 2 = k 2 , 

ij = jk = ki = 0 . 
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Thus if a = i a x + j a y + k a z , b = \b x + j b v + k b z , we have * 

(3) ab = «A + a y b y + a z b z , 

on developing the product and using (2). 

Taking the velocity vector q = \u -I- jv + k w and the infinitesimal 
position vector dr = i dx + j dy + k dz of 19-11, "we have from (3) 

q dr = udx + v dy + w dz, 

and if we integrate by moving r round a closed curve C we have (cf. 3-2, 9-21) 
q dr = (w dx + vdy + w dz) = circ C. 

•'(C) •'(C) 

21-13. The vector product of two vectors. Let a, b be two vectors 
of magnitudes a, b inclined (as in 21-12) at the angle 6 measured positively from 
a to b. We define the vector product a A b as the vector whose magnitude is 
ab sin 6, and whose direction is perpendicular both to a and b, and whose sense 
is such that rotation from a to b is related to the sense of a A b by the right- 
handed screw rule, fig. 21-13 (i). 



Fig. 21-13 (i). Fig. 21-13 (ii). 

It follows from the definition that this vector multiplication is not com- 
mutative, for since ba sin ( - 9) = - ab sin 9, we have 

(1) b A a = - (a A b) = - a A b, 

see fig. 21-13 (ii). 

When two vectors are parallel their vector product is zero, for then 9 = 0 or tt. 

Conversely, a A b = 0 implies that either a = 0 or b = 0 or that a is 
parallel to b. Note that two vectors are parallel, irrespectively of sense, if 
their representative lines are parallel. Thus the opposite vectors V and - V 
are parallel. 

* We shall assume that scalar (and also vector) multiplication is distributive, i.e. 
a(b + c) = ab + ac. See Ex. XXI, 26. 27. 
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We can now form the vector products of the unit vectors i, j, k, in fact 

'a' = j a J* = k a k = 0. 

( 2 ) i A j = k = - J A i. j A k = i=-k A j, k A i = j= -i A k. 

Thus for the vectors a, b of 21-12 we have * 
a A b = (ia x +\a y + V.a z ) A (i6a; + j& u + ki.) 

=a x \ A (ift* + j b v + k b z ) + o„j A (i b x + j b y + k& 2 ) + a ; k A (i6^ + j b y + k& 2 ), 

(3) = i (a v b z - a z b y ) + j (a A - «A) + k (a x b v - a y b x ), 

from (2). The determinantal form of this result is convenient, namely, 

i j k 

(4) a A b= a x a y a z 

b x by b z 

The last two rows are in the order of the terms of the product. For b A a these 
rows would therefore be interchanged, which changes the sign but not the 
absolute magnitude of the product (cf. (1) above). 

Consider the vectors x of 20-1 (2) and g of 20-12. For these 


. „ = i0o cos a + jo ( - y sin a - (3 cos a) 

P 6 y - ' + kdg sin a. 

- g sin a 0 g cos a 

The vector product has a direct application to angular velocity, small 
rotations, and moments. 



Fig. 21-13 fiii). Fig. 21-13 (iv). 


Thus, if in fig. (iii) P is a point of a rigid body which is moving about 
the fixed point 0 with angular velocity to, and if PN is perpendicular to 
the axis of rotation, the velocity of P is, into the paper and of magnitude, 
w . PN = to . OP sin 9. Thus the velocity of P is to A r, where r is the 
position vector of P as shown. 


See footnote on p. 342. 
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Similarly, in time dt the body undergoes a small rotation to dt, and P there- 
fore undergoes a displacement of translation (to dt) A r. 

Again, the vector moment with respect to 0 of a force F acting at P, fig. (iv), 
is r A F. The torque about any line through 0 is the component of this vector 
along that line. 

Referring to fig. (i), we note that ab sin 6 measures the area of the parallelo- 
gram of which a, b are two adjacent sides. The vector product a A b can 
therefore be regarded as a directed measure of area. It is a vector whose 
magnitude measures the area and whose direction is normal to the area. 


21-14. Equations of motion of an aircraft. We now derive the 
equations 20-01 (5), (6). Referring to 20-01, the linear momentum of the 
aircraft is mv, the moment of momentum referred to axes fixed in the aircraft 
at G, the centre of gravity, is h and the machine is rotat- I < 

ing with angular velocity SI. W e consider the changes in mv J 
and. h during a small time dt. In this time G undergoes a 
translation v dt and the frame of reference a rotation Si. dt. I 

We consider separately the effects of the translation and I 

rotation, which, being infinitesimal, are additive. Lastly, we I^Vg' 
consider the rates of change when the axes remain at rest. q v ' l ’ 

To consider the effect of the translation we ignore the Fig. 21-14 (a), 

rotation. Since mv is merely moved parallel to itself it undergoes no change. 

The moment of momentum h at time t is h with respect to G. At time 
t + dt when G has moved to G’ the momentum of momentum, still with respect 
to G, is increased by the moment about G of the linear momentum mv at G', 


i.e. by GG\mV = v dt A mv = 0, since v and V are parallel. Thus no change 

arises from the translation. 



To find the effect of the rotation, we ignore 
the translation, G remains fixed and the frame 
undergoes a rotation S2 dt. 

To an observer moving with the frame, mv 
and h appear to be unchanged. 

Let GA , GB represent mv, h at time t. At time 
t + dt they will be represented by GA', GB' where 


Fig. 21-14 (6). 


AA' = Sldt A GA, 


SI dt A GB 


and therefore with regard to the original position of the frame the rates of 
change, got by dividing by dt are Si A mv, £2 A h respectively. _ . 

Lastly, the axes remaining at rest, mv and h increase at the rates mV, h, 
where we use a dot to indicate time rate of change with respect to axes fixed 
in the aircraft. 
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Thus the total rates of change are respectively 

mv + fl A mv, h + ^ A h, 

whence equations 20-01 (5) and (6) follow from Newton’s laws of motion. 

2\-2. Triple products. Let a. b, c be three vectors. Then a A b is a 
vector and can be combined with c by scalar multiplication to form the triple 
scalar product (a A b) C. 

The triple scalar product is a scalar which measures the volume of the 
parallelepiped with concurrent edges a, b, c, so that 

(a A b)c = b(c A a) = c(a A b), 
preserving the cyclic order a, b. c. On the other hand, 

(a A b)c = - (b A a)c. 

The proof is left to the reader. Note also that (a A b) c = a (b A c). 

The triple vector product is the vector product of (a A b) and c, i.e., 

( a A b ) A c - 

Similarly, with those vectors we can form other triple vector products such 

asa A (b A c), (c A a) A b. 

Theorem. a A (b A c) = - (ab) c + (ca) b. 

Proof. Using 21-13 (3) we have 

a a ( b a c ) = (•«* + i a v + ka 2 ) A {i {b y c 2 - hx y ) + j (b z c x - b x c z ) 

, + k {b x Cy — byCj.)} 

= I P x + )P y + k P z , where 
P x = a y (b x c y - b v c x ) - a.(b,c x - b x c z ) 

= - c x (a x b x + a v b y + a z b z ) + b x (a x c x + a y c v + a z c z ) 

= - (ab)c* + (ca) b x , 

and two similar results, whence the theorem follows. q.e.d. 

As a useful mnemonic, observe that the order of the vectors in the negative 
term is the same as the order on the left with the brackets in a different position. 
Thus an alternative result is 

( a a b) A c = - a (be) + b(ac), 
but note that (a A b) A c and a A (b A c) are different vectors. 

Similarly, (b A c) A a = - b(ca) + c(ab), (c A a) A b= - c(ab) + a (be). 
Thus by addition (cf. 10-61), 

< a A b ) A c + ( b A c )A a + ( c A a ) A b = 0. 

Again, q A (n A q) = - (qn)q + (qq)n = n ? 2 

as in 10-6, n and q are perpendicular. 
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21-3. Vector differentiation ; the operator nabla. In 1-41 we 

proved that the thrust due to air pressure on an infinitesimal volume of air 
dr is - dr dp/ds in the direction of a line element ds (fig. 1-41). It follows 
that the thrusts in the directions of the axes are 

dp dp dp 

-dr — , -dr — , -dr — , 

dx dy dz 

and therefore the total thrust is a vector d~V with the above components, i.e., 

.7 _ (■. d P , : d P , d P\ _ ft 9 ; 9 l. d \ „ 


*(■£♦*& 


= - dr lx 


. 9 , , d\ 

1 dy + k a 2 ) P ■ 


We now define the operator nabla* written Y> by 

„ .3 . d d 

(1) v=: 'ai + ] Yy + k dz- 

We see that V is a vector differentiation operator analogous to a scalar 
differentiation operator such as djdx. Thus dT — - dr V p- 
There is another way of regarding the above result. 

Consider the infinitesimal volume of air in fig. 21-3. We j 

can suppose its surface to be divided into elementary 

patches of area such as dS. Let n be the outward unit / dsx%\ 

normal vector to dS. Then the thrust due to pressure on ( rlr . fj 

dS is the vector - pn dS, minus since the thrust is in the 

opposite sense to n. 

r 1 Fig 2 1 ■ 3 

The total thrust on the whole volume is the vector sum 

of the thrusts on the elements of area such as dS and therefore, approximately, 


dT = E{ - pn dS) 


pn dS, 


where we have written an integral over the whole surface S of the volume 
instead of the sum. The equation thus written is, of course, approximate in the 
usual sense of the infinitesimal calculus, in that it is exact only to the lowest 
order of infinitesimals retained. Thus we have, to this order, 

(2) - dr V p = - np dS, approximately. 

hs) 

From this result we obtain an alternative definition, 


Vp = lim ~ f n p dS, 
v — >o y J(s) 


■where V has been written instead of dr and the integral is taken over the 
surface of the volume V. By V -> 0 we mean that the longest dimension of 


* So named by Sir William Rowan Hamilton, the discoverer of quaternions, from a fancied 
resemblance to a harp. 
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the volume V tends to zero. For example the volume V can always be enclosed 
in some sphere of diameter l and we then let Z~> 0. 

On this basis we can found a more general definition, namely, that if X is 
any quantity, scalar or vector, 

(4) V A = lim -jz I" nXdS. 

F-> 0 1 J(S) 

To show that this is consistent with (1), let l, m, n be the direction cosines of 
n so that n = if + jm + k n. Then (4) becomes 

V x = lim y. f (i IX + jmX + k nX) dS. 
r-+o y J(S) 

Suppose the volume V to be split up into slender cylinders whose generators 

are parallel to the x-axis, and consider the term j" liX dS for one cylinder of 

length Sx and cross-section a>. Then for this cylinder V = w Sx, and IdS = ±w 
on the ends, so that 


lim l f li x dS = lim -i- w [i (X + SX) - iZ] = i 

F— >-0 y J O) OX OX 

Treating the terms j ml, k nX similarly, we get 

,5) VX =( i 5 + 4 +k S X 

As particular applications of (5) we can form several combinations. If <f> is 
the velocity potential, we have 

(6) q= - V ^= -grad^= 


Again, for the velocity q = \u + jv + k w, we get 

_ .. du dv dw 

( 7) vq = d,v q = - + - + 15 . 


If, further, the motion is irrotational so that q is given by (6), we have 

(8) V q = - — - — - — — - VV 

K 1 V H dx 2 dy 2 dz 2 V 9 ’ 

„„ d 2 a 2 a 2 


where V 2 = 4 + tt— 

dx 2 dy 1 dz 2 

is Laplace’s operator. 

Again, we have the vorticity vector 


S = V A q = curl q = i 


dy dz 


f du 

dw\ 

Jz ~ 

dx ) 

/dv 

du\ 

\dx 

dy) 
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Combining (9) with (7), where £ is to be written for q, we get (9-3) 


a / dw dv\ a j 
(10)V?-d-? = S ( ¥ - H )+^( 


a / du dw' 
dy \dz dx 


3 /dv du\ 
dz\dx.~!ry) =Q ’ 


since d 2 wjdx dy = dhc/dy dx, etc. 

If dr = i dx + j dy + k dz we have the scalar product 

d d d 

(11) (dr V) = dx^x + d Vj y + = d. 

Applied to the pressure p and the velocity q this gives 

(12) dp = (dr V)p = dx + dy ^ + dz ~ = dr (V p)- 


i rfq = i (dr V)q 


, du , du du 

dx — + dy — + dz ■ 
dx dy dz 


If both sides of (11) are divided by dt we get 


(q V) = «- 


a a 


a scalar operator which gives the rate of change following the fluid in steady 
motion, see 21-31 (1). 

21*31. The acceleration of an air particle. Consider the particle 
whose position vector is r at time t. Then its velocity depends on both r and t 
so that we have q = /(r, t). At time t + 8t the particle will have moved to 
the position r -I- Sr and its velocity will have become q + Sq. Therefore 

Sq = /( r + Sr, t + St) - /( r, t) 

= f(r + Sr, t + St) - /( r, t + St) + /( r, t + St) - f(r, t) 

= (Sr V)/( r , t + St) + S t^~- 

Dividing by St and observing that q = dr/dt, by proceeding to the limit, 
we find the acceleration 

<» + 


(q V)q 


Using 21-3 (9), (10) we find after some reduction, which is left to the reader, 


dq _ 9q 


+ IV? 2 - q A S- 


21*4. Gauss’s theorem. Let the closed surface S enclose the volume 
F and let X be a scalar or vector function of position. Then if dr is an element 
of the volume V, and if dS is an element of the surface S, 


(VX) dr 


J (• 


n XdS, 
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where n is the unit normal vector to dS drawn into the interior of the volume 
enclosed by S. This is Gauss’s theorem. 

Proof. By drawing three systems of parallel planes the volume V will be 
divided into elements of volume. If St is such an element we shall have, from 
21-3 (4), 

(V^)Sr=-f nXdS, 

J(6t) 

approximately, the integral being taken over the surface of the element Sr. 
The negative sign arises from the fact that in 21-3 the unit normal was drawn 
outwards. Here it is drawn inwards. 

By summation for all such elements of volume 
we get 

f (V X)dr = lim E (V X) Sr = - £ f nX dS. 

J (F) 5r— >0 

Now at a point on the common boundary of 
two abutting elements the inward normals to each element are of opposite sign. 
Thus the surface integrals over boundaries which are shared by two elements 
of volume cancel, and we are left with the surface integral over S. q.e.d. 

By giving various values to X we obtain diverse particular forms of Gauss’s 
theorem. Thus the values p, q, A q give 



In view of 1-41, (1) states that the resultant thrust due to pressure on the 
air particles in the volume V is equal to the resultant thrust on the boundary. 

As to (3) we have shown, 21-3 (10) that V £ = 0, so that (3) states that the 
surface integral of the normal component of the vorticity taken over a closed 
surface is zero, see 9-31. 

Gauss’s theorem permits of a particularly striking statement in terms of the 
following notation. The change of position vector of a point P is denoted by 
dP, V is denoted by d/dP and for n dS we use the inwardly directed vector 
area dS. Then the theorem may be written 

f ?o XdV ~ f dSX ’ 

J (F) or J(s> 

where dV is the element of volume previously called dr. 



Fig. 21-4. 
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21-5. The equation of continuity. If we consider a particle of air of 
infinitesimal volume dr and density p at time t the mass of this particle does not 
change as it moves about, and therefore 

(1) i ipdT)=:0 - 

This is one form of the equation of continuity or conservation of mass. If the 
volume expands, p decreases, and vice versa, in such a way that (1) is always 
satisfied. 

Another point of view is the following. 

Consider a fixed closed surface S imagined 
drawn in the fluid (air). If n is the unit in- 
ward normal to the element dS the rate at 
which mass flows into the surface through 
the boundary is 

(2) | pqn dS. 

The mass of the air within the volume V enclosed by S is 

(3) f p dr. 

J (F) 

Assuming that no air is created or annihilated within S (no sources or sinks), 
the mass can only increase by flow through the boundary. Equating (2) to the 
time rate of increase of (3) we get 

- [ P dr= f pqn dS = - [ V(pq)^ 

01 J(I') J<5) J(V) 

by Gauss’s theorem. Thus 

J(| + V(pq))rf T = °. 

Since the surface S can be replaced by any arbitrary closed surface drawn 
within it, we must have, at every point, 

(4) j t + V(pq) = 0 , 

which is another form of the equation of continuity. If the motion is steady, 
dpjdt — 0 and therefore 

(5) V(pq) = 0. 

If the air is in addition regarded as incompressible, we have 

(6) V q = 0, 
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and. if the motion is irrotational so that q = - V we get Laplace’s equation 
(3-311) 

Observe that (5) can be written in the form 

fVq + (qV)p mo- 

using 21-3 (14), in the case of irrotational motion this becomes 

n\ „ V7 2 JL , .. d P , d P , d P _ o 


- p V 2 ' 


dp dp 

+ ufifi + vfi 1 

ox ay 


21-6. The equation of motion. Consider the air which at time t 
occupies the region interior to a, fixed closed surface S (fig. 21-5) which lies 
entirely in the fluid (air). By Newton’s second law of motion the total force 
acting on this mass of air is equal to the rate of change of linear momentum. 
The force is due to 

(i) the normal pressure thrusts on the boundary, 

(ii) the external force (such as gravity), say F per unit mass. Thus 

f pn dS + f JFp dr = y [ qp dr. 

J(S) J(F) atj( V) 

Now ' 

and the last integral vanishes by 21-5 (1). Also, by Gauss’s theorem, 


Therefore 


pn dS = - I V p dr. 
hs) J(V) 

J <n (Fp- Vp~P^)dr = 0. 


Since the volume of integration is entirely arbitrary, the integrand must vanish 
at every point, and therefore 

dq 1 

* = F ~p^’ 

the equation deduced by another method in 9-2. 

21-7. Stokes’s theorem. Let C be a given closed curve and S a 
surface * which has C for boundary (like a bowl and its rim). Let n be the 
unit vector normal to the element of area dS of S drawn in that sense which is 
related to the senses of circulation round C and dS by the right-handed screw 
rule. Then if Z is any vector or scalar function of position 


f KV) 


* Such a surface can be conveniently described as a diaphragm closing C. 
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Proof. If by drawing lines across S as in fig. 3-2 ( d ) we divide S into a 
network of fine meshes, it is clear that the right-hand integral is equal to the 
sum of the similar integrals round the individual meshes, for every line which is 
common to two meshes is described twice in opposite senses, so that its con- 
tributions cancel out and we are left with the integral round C. 

R' 


R i/r, 

Fig. 21-7 (i). Fig. 21-7 (ii). 

It will therefore be sufficient to prove the theorem for a single mesh. 
Without loss of generality this single mesh may be taken in the form of a 
parallelogram whose sides are the infinitesimal vectors dr v dr 2 . Denote the 
value of X at the point P by Z P . Then integrating round the mesh, cf. 3-2, 

\drX = dr fiX R - X R .) + drfiX Q . - X Q ), 

where Q, Q', R, R' are the mid-points of the sides. 

If P is the centre of the parallelogram, 21-3 (11) shows that 

X R - = X P + £(dr 2 \7)Z P , Xr — X P - ^(dr 2 \?)X P , 
with similar results for X Q and Z Q <. Thus round the mesh 

\drX = [- dr 1 (dr 2 V) + drfidr 1 y)]X P = [(dr 1 A dr 2 ) A \/]X P , 

by the triple vector product. But from 21-13, dr 1A dr 2 = ndS P , for it is the 
directed area of the parallelogram dS P . Thus 

Jdr Z = (n A X)XdS 

for a single mesh. By summation for all the meshes the theorem follows. 

Q.E.D. 

As in the case of Gauss’s theorem several special forms of this theorem arise 
by attributing particular forms to Z. The form in which we are interested 
arises when X = q, so that 

circ C = f q dr = [ (n A V) q dS = [ n(V A q)d<S = f n£ dS, 
hc> hs) hs) hs) 

which states that the circulation in any circuit is equal to the integral of the 
normal component of the vorticity over any diaphragm which closes the circuit. 
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With the notation given at the end of 21-4 we can write the general form of 
Stokes’s theorem in the following way : 

where dP is the change of position vector of the point P. 

EXAMPLES XX I 

1. If r = a + bt, where a, b are given vectors, prove that as t varies the 
extremity of r describes a straight line. 

2. Prove that a (b A c) = * 

0 x 

C x 

3. If a, n are given vectors, prove that 

(r - a) n = 0 

is the equation of a plane. 

4. Prove that the triple scalar product (a A b)c can be regarded as measuring 
the volume of a certain parallelepiped. 

5. Prove the cyclic rule for the triple scalar product, that the product is 
unaltered if the cyclic order of the vectors is preserved, e.g. 

(a A b)c = a(b A c) = (c A b)a = c(b A a). 

6. Prove that (i) (a A b)(c A d) = (ac)(bd) - (ad) (be) 

(ii) a[b(c A d)] - b[a(c A d)] + c[d(a A b)] - d[c(a A b)] = 0. 

7. Prove the centric rule for the triple vector product, that the sign changes 
only with change of the centre vector, e.g. 

a *( b * C ) = ( C A b >A a = - a A( C A b )- 

8. Prove that grad <f> — n dtf>/dn, where the differentiation is along the normal 
n to the surface <j> = constant. 

9. Prove that (i) V (pq) = p V q + q(V p), 

(ii) V A (pq) = p? - q A V p. 

10. Prove that (i) V (? A q) - q (V A 0 - £ 2 , 

(ii) (q V) q = - q A ? + i V ? 2 . 

11. Prove curl (grad <f > ) = 0, and that 

V 2 q = V ( V q) - V A (V A q). 

12. Prove that the velocity components 

- 2 xyz (x* - y*) Z y 

(z 2 + y 2 ) 2 ’ (x 2 + y 2 ) 2 ’ x 2 + y 2 

satisfy the equation of continuity for incompressible air, and examine whether the 
motion is irrotational. 

13. Prove that V (pq) = p V q + q(Vp), and hence write out the equation 
of continuity, in cartesian coordinates, for steady motion. 
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J ps 

14. Prove that ~ ~ + q(Vp), and that the equation of continuity may be 

. dp 

written ~ + p V q = 0. 

15. Prove that a vortex ring always consists of the same fluid particles. 

16. In irrotational motion of incompressible air, prove that 

V _L i o ^ 

— + 2? + ifl ~ 

p Ot 

has the same value everywhere at a given instant. 

17. Prove that the rate of change of momentum of the air which passes through 
a closed surface S is 

9 f , f , , 


\ f pq dr + f pq(nq)d<S, 
tJ(V) J(S) 


where n is the outward unit normal. 

18. Prove that p ~ ( (\q 2 + Q) = - q V p, if Q is independent of t. 

19. Obtain the equation of motion in the form 

jg - q A ? = - \vp - V(i 2 + !? 2 ). 

20. For incompressible air in steady motion, prove that 


9a?= + + 

and deduce Bernoulli’s theorem. 

V 

If the motion is irrotational, prove that - + iq 2 + Q = C, where C has the 
same value everywhere. P 

21. Prove that for incompressible air 


22. Show that 


- f n A q dS. 

JOS > 


23. Obtain the following forms of Gauss’s theorem 


f V 2 qdr= -f (n V)qdS, 
J(F> JOS) 


24. Prove Green’s theorem that 


f (V^6 V<A)dr = - f ^ V 2 <Adr - f </>[ 

J(F) J(I’) J (.S') I 


and deduce that 


= - f i/r V 2 c/> dr - f 

J<F) J(.S) < 


f V <£ . V <£ dr = - [ <f> V 2 ^ dr — f <j>\ 

J(F) J(F) J < 
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25. Obtain the following particular cases of Stokes’s theorem 


f (n A \ , )r/>dS = f <j> dr, 
J(S) J(C) 

[ (n A V) A q<iS=[ <Zr A q. 
J(S) J(C) 


Express the second in a form in which the triple vector product does not appear. 
26. If u is a unit vector, prove geometrically that 
u(b + c) = ub + uc, 
and deduce the distributive law for scalar products. 


27. By considering the vector product of an arbitrary unit vector X and the 
vector 

v = a A (b + c) - a A b - a A c, 

prove, using the distributive law for scalar products and the theorem of 19-2, that 
V = 0, thereby proving the distributive law for vector products. 
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gliding, 372. 

ideal angle of attack, 142, 150. 
of attack, 7. 
of downwash, 198. 
of stagger, 158. 

Angular momentum, 389. 

Approximate solution of quartic, 403. 
Approximations, 23. 

Archimedes, principle of, 1. 

Argand diagram, 54. 

Argument, 55. 

Aspect ratio, 5. 
change of, 204, 
corrected, 213. 
small, 225. 
zero, 227. 

Asymmetric group of equations, 394, 396. 
moments, 375. 


Atmosphere, standard, 37. 

Attitude, 372. 

Autorotation, 241. 

Axes, chord, 192. 
moving, 411. 
of reference. 191. 
wind, 192. 

Axial edge, 328. 

Axis of profile, first, 116. 
second, 119. 
third, 124. 

Axis of propeller blade, 234 
of zero lift, 118. 
of zero moment, 119. 

Banked turn, 375. 

Bergman, S., 284. 

Bernoulli’s theorem, 29. 
constant in, 31. 
in adiabatic expansion, 35. 
in compressible fluid, 34, 273. 
special form, 29. 

Betz, method of, 211. 

Biconvex profile, 131, 301. 

Biot and Savart, law of, 170. 

Biplane, approximate theory, 159. 
equal, 160. 

two-dimensional, 158. 

Blade, 234. 
angle, 259. 
axis, 234. 
profile, 234. 
tip, 233. 

Blade element, 234. 
force on, 239. 
solidity of, 240. 

Blasius, theorem of, 89, 91. 

Blenk’s method, 220. 

Bollay, W., 225. 

Bound vortex lines, 182. 

Boundary conditions, 331. 

Boundary layer, 20. 

Boundary value problem, 333. 

Boyle’s law, 37. 

Brake, propeller as, 241. 

Brennan, M. J., 137. 

Brown, B. M., 398. 

Brunt, D., 71. 

Buoyancy, 1. 

Busemann, A., 307. 

Camber, 6. 

Camber line, 6. 
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Camber line, determination of, 151. 
function, 137. 
surface, 337. 

Camber of circular arc profile, 100. 

Carafoli, E., Ill, 134, 136. 

Carafoli profiles, 111, 134, 136. 

Carroll, Lewis, 372. 

Cauchy’s integral theorem, 59. 
residue theorem, 61. 

Cauchy-Riemann equations, 58. 

Centre, aerodynamic, 123. 
of lift, 121, 133. 
of pressure, 122. 
of pressure coefficient, 122. 
of pressure, fixed, 145. 
of pressure, travel of, 145. 
of profile, 115. 

Centroid of circulation, 123. 

Change in scalar function, 165, 415. 

Change from chord to wind axes, 387. 

Chaplygin, A., 283. 

Characteristic coefficients, 240. 

Characteristic lift surface, 369. 

Characteristics of hyperbolic equations, 
291. 

Charles's law, 37. 

Chord axes, 192. 

Chord of an aerofoil, 5. 

Chord of a profile, 4. 

transformation inequalities, 114. 

Circle theorem, 84, 
second, 93. 

Circle transformed into ellipse, 98, 264. 

Circuit, 47. 

Circular arc profiles, 99. 
camber of, 100. 

Circular cylinder, 
circulation about, 85. 
force on. 89. 
in a wind, 86. 
stagnation points, 86. 

Circular plan, aerofoil of, 230. 

Circular vortex. 71, 273. 
size of, 73. 

Circulation, 48. 

about a cylinder, 85. 
centroid of, 120. 
integral equation for, 200. 

Kelvin’s theorem on, 166. 
strength of, 1 1 6. 

Coefficient, 

centre of pressure, 122. 
characteristic, 240. 
drag, 19. 
lift,' 19, 117. 
of viscosity, 15. 
pitching moment, 20, 117. 
rate of advance, 240. 

Collar, A. R., 300. 

Compatibility equations, 326. 


Complex numbers, 54. 

multiplication of, 56. 

Complex potential, 63. 
of doublet, 64. 
of point vortex, 64, 74. 

Complex velocity, 65. 

Complex velocity components, 326. 
Compressible fluid, 7. 

Compressive flow, 295. 

Conformal mapping, 61. 

application, 65. 

Conical flow, 317. 

Conjugate complex numbers, 55. 

Con jugate functions, 58. 

Conservative field of force, 30. 

Constant lift distribution, 342. 
Continuity, equation of, 10, 417. 
Coordinates z, z, 59. 

Core of a profile, 130. 

Crescent profile, 131. 

Critical angle, 307. 

speed, 273. 

Curl, 165, 414. 

Curve, Hugoniot, 304. 

Cusp of a Joukowski profile, 101. 

velocity at, 107. 

Cusp, suction force at a, 127. 

Cyclic motion, 54. 

Cyclone, 71. 

d, increment symbol, 165, 415. 

Damped oscillation, 398. 

Decalage, 158. 

Deflection, 299. 

8, 208. 

Delta wing, 321, 338. 

Density, 11. 
of air, 37. 

relative aircraft, 394. 

Derivative coefficients, 325. 

Derivatives, 392. 

Derived quantities, 16. 

Derived units, 395. 

Differentiation, 57. 

Dihedral angle, 386. 

Dimensional theory, 17. 

Dimensions, 16, 17. 

Direction of lift, 1 16. 

Direction of motion, 2. 

Distortion of streamlines, 277. 
Distribution of load, 194. 

Div, 165, 415. 

Divergence of disturbance, 398. 
Dividing streamline, 47. 

Doublet, complex potential of, 64. 

substitution, 158. 

Down wash, 173. 
angle of, 198. 
effect on incidence, 197. 
velocity, 195, 196, 207, 209, 222, 229. 
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Drag, 2. 

coefficient, 19. 

due to skin friction, 199. 

form, 200. 

induced (see Induced drag), 
profile, 199. 

Durand, W. F., 397. 

Dynamical stability, 397. 

Eccentric angle for profile, 136. 
for span, 192. 

Edge, 328, 329. 

Edge conditions, 333. 

Effective incidence, 199. 

Efficiency of profile, 303. 
of propeller, 233, 241. 

Elevators, application of, 402. 

Ellipse mapped on circle, 264. 

Elliptic functions, 258. 

Elliptic loading, 194, 200, 202, 203, 
252. 

Encased propeller, 247. 

Energy due to vortex pair, 78. 

Entropy, 271. 

Equation of continuity, 10, 417. 
disturbed aircraft motion, 391. 
motion of aircraft, 389, 417. 
motion of fluid, 165,418. 

Euler's exponential theorem, 55. 

Euler's theorem on homogeneous 
tions, 326. 

Expansive flow, 294. 

Experimental mean pitch, 241. 

Eye of the storm, 72. 

Feathered propeller, 235, 241. 

Ferrari s method, 403. 

First axis of profile, 116. 

Flat aerofoil, 127, 138. 
supersonic, 308. 

Flap, effect of, 146. 
supersonic aerofoil with, 310. 

Flight, horizontal, 373. 
linear, 369. 

Flow, compressive, 295. 
conical, 317. 
expansive, 294. 
irrotational sonic, 274. 
linearised subsonic, 276. 
linearised supersonic, 291. 
pattern, 9. 
round a corner, 293. 

Fluid particle, 8. 

Fluids, 7. 

Flux, 43. 

Focus of a profile, 120. 
thin aerofoil, 144. 

Folium of Descartes, 306. 

Force at a sharp point, 125. 
on delta wing, 338. 


Force, on a vortex, 77. 
on circular cyhnder, 89. 

Form drag, 200. 

Free vortex lines, 182. 

Friction drag, 21, 199. 

Froude’s law, 244. 

Fuchs, method of, 213. 

Function /(z), 58. 

Fundamental physical quantities, 16. 

Gap, 158. 

Gases, 7. 

Gates, method of, 399. 

Gauss’s theorem, 168, 174. 415. 

General Joukowski profile, 97. 

Geometrical hypotheses (lifting line), 191. 
incidence, 6, 117, 197. 

Given stagnation point, 87. 

Glauert, H., 141, 266, 275, 328,395.. 

Glauert’s compressibility correction, 281. 
loading method, 205. 
method for thin aerofoils, 141. 
theorem, 253. 

Gliding angle. 2, 372. 

Glover, T. R., 171. 

Goldstein, S., 281. 

Gradient, 165, 414. 

Hamilton, W. R., 413. 

Helmholtz’s first theorem, 51. 
fourth theorem, 169. 
second theorem, 168. 
third theorem, 169. 

Hodograph equations, 283 
method, 281. 

Holomorphic functions, 57. 

Homentropic flow, 272. 

Horizontal flight, disturbed, 393. 

Horseshoe vortex, 172. 

Hugoniot curve, 304. 

Hurricane, 71. 

Hypothesis (lifting line), I, II, III, 193, 194, 
195. 

JOUKOWSKI’S, 115. 
strip, 383. 

Ideal angle of attack, 142, 150. 

Ideal fluid, 8. 

Image of vortex in plane, 75. 

Imaginary part, 55. 

Impulse of vortex pair, 185. 
of vortex ring, 184. 
theory of lift, 210. 
i Impulsive pressure, 53. 

| Incidence, 6. 

absolute, 117, 197. 

| effective, 199. 

geometrical, 117, 197. 
stalling, 371. 
sudden increase of, 374. 



426 


INDEX 


INDEX 


427 


Incompressible air, 7. 

Increasing oscillation, 398. 

Incremental velocity, 147, 275. 

Induced drag, 184, 189, 194, 195, 202, 208, 
223, 220. 
minimum, 209. 

Induced lift, 219. 

Induced velocity, 71, 141, 166, 169. 
field, 71, 167. 
law of, 169. 

Inherent stability, 397. 

Instability of vortex sheet, 185. 

Integral, principal value of, 79. 
trigonometrical, 80. 

Intensity of a vortex, 168. 
a vortex tube, 169. 

Interference angle, 248. 
factors, 239, 244. 
of conical flows, 363. 
velocity, 238. 

Internal energy of a gas, 271. 

Intrinsic energy, 33. 

Inverse of a circle, 103. 
points, 83, 102. 
problem of thin aerofoils, 151. 

Inviscid fluid, 8. 

Irrotational motion, 51. 
permanence of, 51. 

Irrotational sonic flow, 274. 

Jacobian elliptic functions, 258. 

Jones, B. M., 380, 397. 

Joukowski, N., 91, 97, 115. 
fins, rudders, 99. 
hypothesis, 115. 
transformation, 97. 
transformation, reversal of, 105. 

Joukowski profile, airflow, 106. 
cusp of, 101. 

geometric construction, 101. 
tangent to, 106. 

Joule’s law, 272. 

Karman, Th. v., Ill, 128. 

KarmAn-Trefftz profiles, 128. 

Kelvin’s theorem, 166, 184. 

Kinner, W., 230. 

Krienes, K., 231. 

Kutta, W. M., 94. 

Kutta and Joukowski, theorem of, 94, 280. 

Lanchester, F. W., 186. 
phugoids, 366. 

Laplace equation, 53. 
transform, 400. 

Lateral axis, 191. 
stability, 404. 

Law, adiabatic, 34, 272. 
first, of thermodynamics, 270. 

Froude’s, 244. 


Law, gas, 36, 270. 

Joule’s, 272. 
loading, 197. 
of induced velocity, 169. 
second, of thermodynamics, 272. 

Leading edge, 398. 

L’Hospital’s theorem, 25. 

Lift, 2, 185, 189, 193, 202, 203, 207, 229. 
centre of, 122, 131. 

Lift, coefficient, 19, 143, 340, 341, 342. 
for lifting surface, 230. 

-incidence graph, 117. 
on profile, 116, 142. 
slope of, 203. 
theoretical value of, 117. 

Lift, induced, 219. 
on cylinder, 89. 
on profile, 92, 116. 

Lift on thin aerofoil, 142. 
rule for direction of, 92. 

Lift reduction ratio, 349, 354, 355. 

Lifting line element, 216. 
hypothesis, 194. 

Lifting pressure, 319, 322, 328. 

Lifting surface, 220. 

Lighthill, M. J., 308. 

Limerick, 171. 

Line of vortices, 79. 

Linear flight, 369. 
perturbations, 275. 
scale, 62. 

Linearised subsonic flow, 276. 
supersonic flow, 291, 321. 

Liouville’s theorem, 259. 

Liquid, 7. 

Load grading curve, 194. 

Loading law, 197. 

Localised vector, 406. 

log 2 , 56. 

Longitudinal axis, 191. 
stability, 397. 

Mach angle, 290, 392. 
circle, 325. 
cone, 290. 
line, 290. 
number, 18. 
parallelogram, 292. 

Maclaurin’s theorem, 23. 

Magnification, 62. 

Malavard, L., 206. 

Mapping a circle, 102. 
affine, 276. 
conformal, 61. 
ellipse on circle, 264. 
function, 62. 
rectangle on circle, 262. 

Maxwell, J. C., 15. 

Mean camber, 6. 
chord, 5. 


Measure ratios, 16. 

Metacentric parabola, 121. 

ratio, 380. 

Meyer, Th., 294. 

Milne-Thomson, L. M., 55, 62, 73, 80, 84, 
143, 169, 185, 263, 266, 284, 323, 334, 
335, 358, 359. 

Minimum induced drag, 209. 

Mnemonic, 87. 

Modulus, 55. 

Moments, 190. 

due to rolling, 384. 
due to side-slip, 386. 
due to yawing, 385. 

Monoplane, 3. 

Motion of fluid element, 50. 

Moving axes, 411. 

disturbance, 286. 

Munk’s theorems, 219. 

Mutual action of two vortices, 77. 

Nabla, 165, 413. 

Neutral centre of gravity positions, 381. 
Neville, E. H., 259, 266. 

Non-dimensional form of equations, 405. 
Non-lifting aerofoil, 337. 

Normal axis, 192. 
flight, 371. 

0, definition, 113. 

Operator, V, 165, 413. 

Pair of vortices, 73. 

Parameter k, 394. 

Parameter /i, 394. 

Path line, 10. 

Period of phugoid oscillation, 378, 403. 
Periods of elliptic functions, 259. 
Perturbation velocity, 148, 176, 275, 292. 
Phugoid, 376. 

oscillation, 378, 403. 

Physical dimensions, 16. 

Physical plane, 324. 

Pitching moment, 115, 119, 120, 144, 339, 
368, 379. 

coefficient, 20, 118. 

Pitching stability, 397. 

Pitot tube, 32. 

Plan area, 5. 

Plan, elliptic, 231. 

Plane of symmetry, 3. 

Point vortex, 74. 

Polar curve, 203, 208, 231. 

Pole, 60. 

Poles of elliptic functions, 260. 

Polygonal aerofoil, 328. 

Polygonal profile, supersonic, 310. 

Port wing, 4. 

Potential, Acceleration, 227. 
complex. 63. 


Potential, energy, 30. 

velocity, 52. 

Power series, 57. 

Prandtl, L., 191. 

Prandtl-Glauert equation, 276. 
Prandtl-Meyer expansion, 296, 298. 
Pressure, 11. 
a scalar, 12. 

distribution on aerofoil, 180. 
excess, 148. 
impulsive, 53. 
lifting, 319, 322, 328. 
method, 147. 

method, the boundary problem, 148. 
on cylinder, 88. 
side of aerofoil, 181. 

Principal value of argument, 55. 

of integral, 79. 

Probstein, R., 301. 

Profile, 4. 

biconvex, 131, 311. 

Carafoli, 111, 134, 136. 
centre of, 115. 
crescent, 131. 
drag, 199. 

equation of, 223, 230. 
focus of, 120. 

Karman -Trefftz, 111, 128. 

lift coefficient of, 116. 

pitching moment of, 115, 119, 120. 

supersonic, 311. 

von Mises, 111, 131. 

with centre of lift, 145. 

Propeller, (see also blade, slipstream), 233. 
as brake, 241. 
assumptions, I, II, 234. 

Ill, IV, 239. 

V, VI, VII, 244. 
characteristic coefficients, 240. 
disc, 234. 

efficiency, 233, 241. 
encased, 243. 
variable pitch, 241. 
with infinitely many blades, 242. 
Properties of profiles, 114. 

Quarter point, 123, 144, 231. 

Quartic, approximate solution of, 403. 
character of roots, 398. 

Rankine’s theorem, 44. 

Rate of advance coefficient, 239. 
Rayleigh number, 18. 

Real part, 55. 

Reciprocal theorem, Munk's, 219. 
Rectangular aerofoil, 221, 317, 349. 
Rectilinear vortex, 70. 

velocity distribution, 72. 

Relative aircraft density, 394. 

Relative wind, 2. 
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Relatively steady motion, 9. 

Releve, 131. 

Residue, 60. 

Residue theorem, 61. 

Resolution of vectors, 407. 

Reversal of Joukowski transformation, 105. 

Reynolds’ number, 18. 

Rolling moment, 232, 339, 369, 383. 
due to side-slip, 306. 

Rolling, moments due to, 384. 

Rosenhead, L., 264, 267. 

Rotational disturbance, 391. 

Routh’s discriminant, 348. 

Rudder, centre of pressure of, 122. 

Sauer, R., 283. 

Scalar, 406. 
field, 406. 
product, 408. 
triple product, 412. 

Scale effect, 19. 
of mapping, 99. 

Second axis of profile, 119. 

Second circle theorem, 93. 

Sharp point, force at, 125. 
on a profile, 112. 

Shear flow, 94. 

Shock, detached, 308. 
polar, 305. 
wave, 302. 

Side force, 374. 

Side-slip, 231, 374. 
moments due to, 386. 

Side-slipping rectangular aerofoil, 224. 

Side-wash, 345. 

Similar systems, 19. 

Simple pole, 60. 
source, 64. 
zero, 112. 

Singularity, 60. 

Size of a circular vortex, 73, 274. 
source. 73. 

Skeleton of a profile, 100. 

Skin friction, 199. 

Slipstream, 235. 
extension of, 237. 
pressure in, 237. 
velocity in, 237. 

Slug, 38.' 

Smoothing, importance of, 22. 

Sonic edge, 349. 

Solution of quartic, 403. 

Sonic speed, 273. 

Sound, speed of, 13, 273. 

Source, size of two-dimensional, 73. 

Span, 4. 

Specific heats, 271. 

Speed, critical, 273. 
measurements, 36. 
of sound, 13, 273. 


Speed, stalling, 371. 

Squared modulus, 259. 

Stability, dynamical, 397. 
inherent, 397. 
lateral, 404. 
longitudinal, 397. 
pitching, 397. 
quartic, 403. 
static, 379. 

Stagger, 157. 

Monk’s theorem of, 219. 

Stagnation point, 32, 65. 
on cylinder, 86, 87. 

Stalling, 369. 
incidence, 371. 
speed, 371. 

Standard atmosphere, 38. 

Starboard wing, 4. 

Starting vortex, 183. 

Static margin, 380. 

Static stability, 379. 

Steady motion, 9. 

Stevenson, A. C., 137. 

Stokes’s theorem, 49, 418. 

Straight flight, 390. 

Straight side-slip, 374. 

Straight vortex filament, 171. 

Stratosphere, 38. 

Stream filament, 10. 

Stream function, 43. 
for circular cylinder, 46. 
for uniform wind, 45. 
in compressible flow, 282. 
velocity derived from, 44. 

Stream tube, 10. 

Streamline motion, 9. 

Streamlines, distortion of, 277. 

Streamlining, 22. 

Strength of circulation, 116. 
vortex, 72. 

Strip, 197. 

Strip hypothesis, 383. 

Subsidence of disturbance, 398. 

Subsonic edge, 329. 

Subsonic flow, 273. 
lifting line, 281. 
linearised, 276. 
two-dimensional, 279. 

Substitution vortex, 156. 

Suction force. 230, 231, 333. 
at a cusp, 127. 

Suction side of aerofoil, 181. 

Superposition of small changes, 25. 

Supersonic edge, 329. 

Supersonic flow, 273. 
linearised, 291. 
past aerofoil, 308. 

Supersonic jet, 290. 

Surface, characteristic lift, 369. 
vorticity, 174, 182. 


Sweep-back, 219, 319. 

Symmetric group of equations, 394, 396. 
moment, 379. 

Symmetrical profile, centre of pressure, 122. 

Symmetry, plane of, 3. 

Table for Prandtl Meyer expression, 300. 

Tail lever arm, 381. 

Tail volume ratio, 381. 

Tangent to Joukowski profile, 106. 

Taylor’s theorem, 23, 25. 

Temple, G., 284. 

Terminal velocity dive, 372. 

Theodorsen, T., 142. 

Theorem, circle, 84. 

Thermodynamics, 270. 

Thickness function, 137. 
determination of, 154. 
ratio, 6. 

Thin aerofoil, 138. 
axis of zero lift, 143. 
focus of, 144. 

Glauert’s method, 141. 
inverse problem for, 151. 
lift coefficient, 143. 
pitching moment, 144. 
pressure method, 147. 

Third axis of profile, 124. 

Thrust due to pressure, 12. 
of propeller, 234. 

Tip vortices, 186. 

Trailing edge, downwash at, 196. 

Transformation, general, 111. 
origin at centre of circle, 113. 

Trefftz, E., Ill, 128. 

Triple product, scalar, 412. 
vector, 412. 

Troposphere, 38. 

Turbulent motion, 9. 

Twist, 7, 198. 

Two-dimensional motion, 42. 
wind tunnel, 42, 255. 

Types of profile, 111. 

Typhoon, 71. 

Uniform, loading, 194. 
shear flow, 94. 
wind, 63. 

Units, 16, 394. 

Unstaggered biplane, 160. 

Upwash, 173. 

Valensi, J., 186, 236. 

Vector, 406. 
area, 411. 

components of, 340, 407. 

density of vorticity, 170, 171, 174. 

differentiation, 413. 

field, 407. 

localised, 406. 


Vector, moment, 189, 411. 
notation, 165. 
position, 407. 
product, 409. 
resolution of, 407. 
unit, 406. 
vorticity, 167. 

Velocity, 8. 
at cusp of profile, 107. 
correction factor, 284. 
induced, 141. 
induced by vortex, 71. 
of air near aerofoil, 187. 
of point of vortex sheet, 176. 
of side-slip, 375. 

perturbation, 147, 176, 272, 275, 286, 292. 
potential, 52. 

Venturi tube, 36. 

air flow measured by, 37. 

V-formation, 209. 

Viscosity, 7, 15. 

Von JIises profiles, 111, 131. 

Vortex between parallel planes, 76. 
complex potential of, 64. 
cores in wake, 188. 
filament, 168. 

filament, equation of continuity, 168. 

force on a, 77. 

horseshoe, 172. 

image in a plane, 75. 

in compressible fluid, 274. 

intensity of, 168. 

line, 168. 

lines, bound, 182. 

lines, free, 182. 

pair, 74. 

pair, energy due to, 78. 
rectilinear, 70. 
ring, impulse of, 184. 
sheet, 173, 176, 346. 
sheet, aerofoil as, 175, 182. 
sheet, velocity of point of, 176. 
size of circular, 73, 274. 
starting, 183. 
straight filament, 171. 
substitution, 156. 
tube, 168. 

tube, intensity of, 169. 

Vortices in the wake, 209. 
continuous line of, 79. 
mutual action of two, 77. 

Vorticity, 50, 167. 
amount of, 170. 

Wake, 175, 182, 209. 

Whittaker and Watson, 348. 

Wind axes, 192. 

Wind tunnel, 247. 

boundary conditions, 248. 
closed circular, 250. 
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Wind tunnel, corrections, 248. 
elliptic loading, 252. 
elliptic section. 266. 
general problem, 256. 

Glauert’s theorem, 253. 
interference angle, 248, 251. 
open circular, 253. 
plane parallel walls, 255. 
rectangular, 262. 

reduction to two dimensions, 249. 
theorem for circular, 253. 
uniform loading, 251. 

Windmill, 241. 

Wing tips, 4. 
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Wings, 3. 

Winter,, H., 227. 

Work done in expansion, 33. 

Yarwood, J., 284. 

Yawing moment, 368, 383. 

moments due to, 385. 
Young, A. D., 281. 

Zero aspect ratio, 227. 

Zero lift, axis of, 118. 

Zero moment, axis of, 119. 
Zero of a function, 112. 



